
h} QW |WywSB w |tra |xt=vrYi
135�123 "X 'sQ=yJ w |U |xQ=tW '1385 u=DU@=D

Ov}=Qi |R=Uxv}y@ |=Q@ Qo|QDWt *|NU=B OvJ Kw]U R= xO=iDU=
�Q=}O=DU=� xO=Rs_�u=QO=Q@ =[Q
�|QDmO |wHWv=O� |Q}W@ |Oyt

TQOt C}@ QD x=oWv=O '`}=vY |UOvyt w |vi |xOmWv=O
�O=DU=� uwUv}mD= |vwDv;

u=DUrov= LSE x=oWv=O 'Q=t; |xOmWv=O

'OW=@ |Ov}=Qi |OwQw |=yQ}eDt |xv}y@ C=t}_vD uDi=} x@ Ovtxkqa QoW}=tR; w OW=@v XNWt Ov}=Qi l} |=yQ}eDt u}@ |x]@=Q xm |t=ovy
CU= sRq xm OQ=O OwHw MU=B Q}eDt l} R= V}@ Ov}=Qi |=Q@ |y=o "OQm xO=iDU= Ov}=Qi |=yQDt=Q=B |R=Uxv}y@ |=Q@ MU=B K]U |SwrwODt R= u=wD|t
O}rwD |=y|OvtR=}v Q@ h=Oy= w O}rwD |=yOQ=Ov=DU= j} Q] R= ]ki QoW}=tR; xm CW=O xHwD O}=@ =t= "OvwW xv}y@ u=tRty CQwYx@ =yQ}eDt u}= |t=tD
|=yR=}v x@ xHwD uwO@ 'Ov}=Qi |xv}y@ C=t}_vD uDi=} Q=DU=wN w= Qo = "CU= `q]=|@ �|QDWt� xOvvmhQYt |=yR=}v R= w OQ=O |y=o ; �xOvvmO}rwD�
|=yR=}v wQ u}= R= "OW=@ xDW=Ov Q@ QO xOvvm O}rwD |OvtC}=[Q Q=vm QO =Q |QDWt |OvtC}=[Q C=@Hwt 'O}rwD R= TB =U@ xJ 'OW=@ |QDWt
'O=} R |=y|oO}J}B =@ q=@ |SwrwvmD =@ `}=vY Qo}O |wU R= "OW=@ KQ]t xv=oOvJ MU=B Kw]U p�=Ut QO |Qo}O MU=B u=wvax@ Ov=wD|t R}v |QDWt

"OyO Q=Qk |@=} RQ= OQwt =Q =yv; O}=@ R}v |QDWt w xO}WN@ Ow@y@ =Q xv=oOvJ C}i}m |=y|oS} w xQ=wty O}=@
u}= Ck}kL QO "s}vm|t |UQQ@ |QDWt |=yMU=B uDiQo Q_v QO =@ =Q =} wB |R=Uxv}y@ |=Q@ |NU=BOvJ Kw]U |R=UpOt |xO}= 'Q=DWwv u}= QO
|R=Uxv}y@ VwQ l} xr}Uwx@ xv}y@ \=kv uDi=} j} Q] R= '(VOC) 1 |QDWt |=OY w syx@ xDU@=w |xv=oOvJ |=yMU=B uOQmxrwtQi |=Q@ 'xar=]t

"CU= xOW xO=O K}[wD ẁ[wt C=}@O= R= |OQwt p=Ft l} |] |O=yvW}B VwQ "Ovm|t x�=Q= |O}OH OQm} wQ |[=} Q

l} CQwYx@ w OvwW|t u}at X = (x1; x2; : : : ; xn) |OwQw
|NU=BOvJ |xr�Ut l} =Pr "Ov=xOW |R=UpOt 'xQ}eDtOvJ MU=B

&OwW h} QaD 3 w 2 |=yx]@=Q CQwYx@ Ov=wD|t |twta
Optimize[by1(X); by2(X); :::; bym(X)] (2)

s:t: x 2 
; (3)

Q=OQ@ X 'xOW xOR u}tND MU=B Q}eDt u}t= j 'ŷj(x) u; QO xm
"CU= V}=tR; |x}L=v 
 w '|OwQw |=yQ}eDt

'|NU=BOvJ Kw]U |xr�Ut l} |=Q@ x}rw= |xO=U OQm} wQ l}
|tWJ |xOy=Wt =@ xv}y@ pL x=Q u}}aD w R=QDsy |=y|vLvt uDi=}
xOWu}}aD |=yMU=B QoV}=tR; '|NU=BOvJ Kw]U p�=Ut QO "CU=
|QDWt =t= 'OQ}o|t Q=mx@ pwYLtC}i}m Ow@y@ |=Q@ =Q xOvvmO}rwD\UwD
OwHw =Pr w OQ=O Vkv C}i}m h} QaD QO syt QYva l} u=wvax@ R}v
|QwQ[ |Q}os}tYD Ov}=Qi QO |QDWt |wU R= MU=B OvJ =} l}
Kw]U |x}rw= pOt u=wvax@ Q} R pOt j}kLD u}= QO =Pr "OUQ|t Q_vx@

"OwW|t O=yvW}B =Qo|QDWt |NU=BOvJ
yi = fi(x1; x2; :::; xn) ; i = 1; : : : ;m (4)

|iQat
|=yxw}W R= |}xawtHt pt=W (RSM)2 MU=B K]U |U=vWVwQ
|=y|oS} w u}@ x]@=Q uDi=} Qw_vtx@ |@ QHD C=ar=]t QO xO=iDU= OQwt
"CU= |OwQw |=yQ}eDt R= |O=OaD w �MU=B� Ov}=Qi =} pwYLt |i}m
|OwQw |=yQ}eDt |=Q@ |}xv}y@ C=t}_vD =D OWwm|t QoV}=tR; ',=DH}Dv
?=NDv= Ov}=Qi =} pwYLt `k=w QO w OR=U xv}y@ =Q MU=B Q}eDt xm O@=}@
'VwQ u}= "OW=@ Q_v OQwt |=y|oS} w |=Q@|}xv}y@C}a[w |=Q=O 'xOW
OwHwt CqwYLt Ow@y@ =} O}OH CqwYLt |xaUwD w |L=Q] QO
=} pwYLt |L=Q] QO G}=Q |xr�Ut [1]"OQ=O |}xOQDUo |O=yOQ@ Q=m
'p=Ft u=wvax@ "CU= |OwQw |=yQ}eDt |xv}y@ Q}O=kt ?=NDv= 'Ov}=Qi

%O} Q}o@ Q_v QO =Q 1 |x]@=Q
y = f(x1; x2; : : : ; xn) (1)

Q_vOQwt �i=1,. . . ,n� s=i Q}eDtxi w 'xQ}eDtl}MU=B y 'u; QO xm
|Oa@OvJ C}i}m 'CqwYLt ?re= |=Q@ xwqax@ "CU= Ov}=Qi QO
|QwQ[ =yV}=tR; |xv=oOvJ |=yMU=B |UQQ@ wQ u}= R= w CU=
Y = CQwYx@ MU=Bm O=OaD xm s}vm ZQi "OUQ|t Q_v x@
|=yQ}eDt R= |}xDUO |xr}Uwx@ xm OvQ=O OwHw (y1; y2; : : : ; ym)
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""" |=Q@ =Qo|QDWt *|NU=BOvJ Kw]U R= xO=iDU=

OQwt QO xOW s=Hv= |=yC}r=ai ?re= QO "O=O Q=Qk |UQQ@ OQwt Q=wDU=
&OvwW|t ZQi swO xHQO ẁv R= Tv=} Q=w w u}ov=}t `@=wD 'RPD

b� = b0 +X 0b+X 0BX (7)b� = c0 +X 0c+X 0CX (8)

xORu}tND ?}=Q[ xm OvDUy k�k |=yT} QD=t C w B =yu; QO xm
b &OvwW|t pt=W =Q =yMU=B R= l} Qy |=Q@ swO xHQO C=Q=@a |xOW
pw= xHQO C=Q=@a |v}tND ?}=Q[ xm OvDUy k� 1 |=yQ=OQ@ R}v c w
l} X w xOw@ Qr=mU= Q}O=kt c0 w b0 "OvyO|t p}mWD =Q MU=B Qy

[3]"Ov=|rQDvm =} |L=Q] |=yQ}eDt R= k�1 Q=OQ@
Q=vm QO xm CU= sRq 'xv=oOvJ |=yMU=B |R=Uxv}y@ s=ovy =t=
"OwW xHwD R}v =yv; u}@ |oDU@sy x@ MU=B |=yQ}eDt Tv=} Q=w x@ xHwD
'u}ov=}t xm syx@ xDU@=w |xv=oOvJ |=yMU=B =@ =Q |D=W}=tR; u=kkLt
OQwt Ov=xDU@=w |Ov}=Qi |OwQw |=yQ}eDt x@ =yv; |oDU@ty w Tv=} Q=w
w |}=U=vW pt=W '|D=W}=tR; u}vJ p}rLD [4]"Ov=xO=O Q=Qk |UQQ@
OQwt |L=wv QO MU=B |=yQ}eDt s=tD |Q}oQ=Qk p=tDL= |R=Uxv}W}@
MRS p�=Ut QO OwHwt |=yOQm} wQ R= Qo}O |m} "CU= =yv; Q=_Dv=
x@ MU=B |=yQ}eDt Vy=m TBU w MU=B Qy |=Q@ uRw l} X}YND
=Q Q=OuRw |UOvy u}ov=}t l} u=kkLt R= |m} "CU= MU=B l} =yvD
|=Q@ |rm Qw]x@ [5]"CU= xOQ@ Q=mx@ '=yMU=B |@Uv C}ty= u=}@ |=Q@
VwQ "1 %CU= OwHwt VwQ xU 'MU=B l}x@ =yMU=B O=OaD Vy=m
[6]"7 QQ[ `@=D VwQ w 6 C}@ wr]t `@=D VwQ '5 C} wrw= Q@ |vD@t
Qw]x@ MRS x@ \w@ Qt C=k}kLD QO |R=Uxv}y@ |=yOQm} wQ u} QDG}=Q

"CU= xOW x�=Q= 1 pwOH QO xYqN
`@=D u=wvax@ QDW}@ C} wrw= =@ MU=B l} 'C} wrw= Q@ |vD@t VwQ QO
=@ =yMU=B Q}=U w OwW|t ?=NDv= |R=Uxv}tm =} |R=Uxv}W}@ |=Q@ hOy
|x]@=Q� 'OvwW|t xDiQo Q_v QO C}OwOLt u=wvax@ Q=_Dv= OQwt Q}O=kt

%�9
Optimize Primary response

s.t. Requirements for secondary responses

x 2 
: (9)

uwO@ Q=Okt l} x@ =Q ŷ |xOWOQw;Q@ MU=B 'C}@ wr]t `@=D VwQ
MU=B |=Q@ xm Ovm|t p}O@D 'OwW|t xO}t=v �C}@ wr]t� xm 'T=}kt
QiY u}@ |OOa 'Q=Okt u}= "OwW|t xO=O V}=tv di CQwYx@ 's=i
"O@=}|t V}=Ri= '\@DQt MU=B C}@ wr]t V}=Ri= =@ xm CU= l} w
j} Q] R= xm 'l} w QiY u}@ CU= |Qo}O C}tm D pm C}@ wr]t
|xv}y@ s}_vD TBU "OwW|t u}}aD |�RH |=yC}@ wr]t Q}O=kt ?}mQD

x@ xHwD =@ |NU=BOvJ Kw]U p�=Ut QO |R=UpOt |rm OQm}wQ "1 pmW
"u=} QDWt |OvtC}=[Q

yc = fc(y1; y2; :::; ym) (5)

yc = fc(x1; x2; :::; xn) (6)

"CU= |QDWt MU=B Q}eDt yc w 'Ov}=Qi MU=B yi u; QO xm
x@ xHwD =@ |NU=BOvJ Kw]U p�=Ut QO |R=UpOt |rm OQm} wQ
OQm} wQ QO "CU= xOW xO=O u=Wv 1 pmW QO u=} QDWt |OvtC}=[Q
w 'G=QNDU= MU=B |=yQ}eDt R= l} Qy MU=B K]U =OD@= 'O=yvW}B
u=tRty CQwYx@ =D OwW|t xOwRi= u; x@ R}v u=} QDWt |=yR=}v TBU

"OwW |R=Uxv}y@
|=yMU=B =OD@= xm OwW|t |yOu=tR=U Q} R CQwYx@ Q=DWwv u}=
w OvwW|t xrwtQi w |UQQ@ xOvvmO}rwD |wU R= xHwD OQwt |xv=oOvJ
p}rLD w x} RHD =yMU=B Q}=U =@ u; |x]@=Q x=Qtyx@ |QDWt MU=B TBU
xOW xQ=W= |xr�Ut pL |=Q@ |O=yvW}B sD} Qwor= 'xt=O= QO "OwW|t
'|O=yvW}B OQm} wQK}[wD |=Q@|r=Ft |x�=Q= ut[,=D}=yv w OwW|t x�=Q=

"OwW|t x@U=Lt Q_v OQwt p=Ft |=Q@ =yQ}eDt |xv}y@ C=t}_vD

�xOvvmO}rwD =}� Ov}=Qi |=yMU=B
umtt pwYLt |i}m |oS} w Qy 'l}Uqm MU=BK]U |U=vWVwQ QO
xDWPo ?Q=HD T=U=Q@ =} |vi |=yOQ=Ov=DU= 'xOvvmO}rwD \UwD CU=
|Ov}=Qi C=t}_vD u} QD?U=vt uDi=} p=@vOx@ QoV}=tR; w OwW u}}aD
'�RSM� MU=B K]U |U=vWVwQ |Q=t; C}y=t Crax@ =t= "CU=
|}xr�Ut u}vJ "CU= R=}v OQwt 'Tv=} Q=w u} QDsm =@ u}ov=}t |R=Uxv}y@
u=kkLt 'swyitu}= QO "Ovt=v|t(DRS)3 |NU=B wOK]U |xr�Ut =Q
w u}ov=}t |R=Uxv}y@ =yv; hOy =t= OvQ=O xHwD MU=B Q}eDt l} x@ ]ki
|v=tR '(RPD)4Q=wDU= KQ] xm =QJ CU= u=tRty CQwYx@ Tv=} Q=w
OwN |xv}y@ K]U QO wO Qy u}ov=}t w Tv=} Q=w xm ODi=|t j=iD=
|=yKQ] p�=Ut u=wvax@ u=wD|t =Q DRS p�=Ut wQ u}= R= [2]"OvW=@

sQ=yJ w |U |xQ=tW � h} QW ! 2
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uwUv}mD= |vwDv; w |Q}W@ |Oyt 'xO=Rs_=mu=QO=Q@ =[Q

"OwW|t u}at D |R=Uxv}y@ j} Q] R= Ov}=Qi

di =

8>>>>><>>>>>:
0 ŷi(x) � ymini�
Ŷi(X)� Y min

i
Y max
i � Y min

i

�t
Y min
i � ŷi(X) � Y max

i

1 ŷi(x) � Y max
i ;

(10)

D = (dw11 � dw22 � : : :� dwkk )
1P
wj : (11)

Q}eDt Q=Okt u} QDW}@ w u} QDsm ?}DQDx@ ymax
i ; ymin

i '=yu; QO xm
"CU= |SwrwvmD |=yOQ=Ov=DU= x@ xHwD =@ Q_v OQwt |HwQN

CU= |}xv}y@ C=t}_vD uOQw;CUOx@ p=@vO x@ 'QQ[ `@=D VwQ =t=
"OR=U xv}tm =Q Q=_Dv= OQwt |=yMU=B Q}O=kt R= hqDN= u=R}t xm

L(Y (X)) = (Y (X)� �)0C(Y (X)� �) (12)

w '=yMU=B hOy Q=OQ@ � 'MU=B |=yQ}eDt Q=OQ@ Y(X) u; QO xm
u=Wv =Q =yMU=B R= l} Qy |@Uv C}ty= xm CU= xv} Ry T} QD=tC
13 |x]@=Q CQwYx@ 'OwW xv}tm O}=@ xm Q=_Dv=OQwt *QQ[ `@=D "OyO|t

"Ow@ Oy=wN
E[L(X)] = (E(y(X))� �)0C(E(y(X))� �)
+ trace[C�(X)] (13)

|Ov}=Qi |=yQ}eDt Tv=} Q=wwm � Tv=} Q=w T} QD=t ��X� u; QO xm
"CU=

|QDWt |=yMU=B
|=y|Qw=vi j} Q] R= CU= umtt 8�NPD� O}OH pwYLt |xaUwD
pLt R= Q_vhQY =t= "OwW |W=v 'Q=R=@ O}OH |=yCYQi =} O}OH
C}kiwtCtUx@ O}OH CqwYLt xm |t=ovy '=yCYQi |xOW O=H}=
s=Hv= =Q pwYLt OQwt QO |}=yv Cw=[k |QDWt \ki 'OvwQ|t V}B
xm CU= sRq 'CqwYLt R}t;C}kiwt |xaUwD Qw_vtx@ [40]"OyO|t
'wQ u}= R= "OvW=@ xDW=O |QDWt |=OY R= |L}LY lQO =yCmQW
's}W=@ xDW=O u=} QDWt R= Qo}O MU=B Q}eDt l} j}kLD u}= QO xJv=vJ
xm s}vm pL |}xvwox@ =Q |Ov}=Qi |=yQDt=Q=B s}_vD |xr�Ut s}v=wD|t
R= xm =QJ 'CW=O Q=_Dv= u=wD@ R}v =Q jiwt Q=R=@ l} 'xrY=L G}=Dv R=
QO "OwW|t s=eO= u=} QDWt |=yR=}v =@ |UOvyt |=yxO}= j} Q] u}=
|=Q@ =Q |i=m syU |QDWt |Q}os}tYD Ov}=Qi QO OQm} wQ u}= =@ 'Ck}kL

"CW=O Oy=wN OwHwt pwYLt Ow@y@ =} O}OH pwYLt |L=Q]
pL=Qt R= l} Qy |] Ov=wD|t �|QDWt� xOvvmhQYt C=k}kLD
'CYQi|}=U=vWpt=W '�NPD�O}OHpwYLt|xaUwDOv}=Qi|U=U=

=Q |rY= xN=W �� RSM C=k}kLD QO |R=Uxv}y@ |=yOQm}wQ "1 pwOH
"[39�7]�CU= xOQm O=H}=

1973 'QDQ=m w RQ}=t �

C}wrw= Q@ |vD@t VwQ

1990 'RQ}=t w nv}v} w �
1993 '|QtwoDvwt w wr}DU=m pO

1995 'u}r
1996 'wr}DU=m 1996{ 'uwUrv w OvrB wm

1997 'pBtU
1999 'u}@r; w pQw

1999 'Q}=U w wr}DU=m pO
2000 'Q}=U w |r

1965 'uwDov} Qy �

C}@wr]t `@=D VwQ

1994 'Qov} QO �
1994 'Q}=U w l}o

1996 'utBJ
1995 'u}r

1996 'Q}=U w wr}DU=m pO
1998 'u}r w s}m �
1999 'u}@r; w pQw

2000 'Q}=U w |QtwoDvwt
2000 'u}r w s}m �

2000 u}@r; w QwD=}rowi
2001 'Q}=U w nv=D
2002 'u}r w s}m �

2004 'u}r w s}m
1981 'urvwm w |QwN

QQ[ `@=D VwQ

1992 'Q}=U w RQ}=t
1993 'wrD=vo}B �

1993 'uJ w O=Ur=
1994 'nv=J w |q

1995 'wD w u}r �
1995 'u}r

1995 'Q}=U w nv=U
1997 'Q}=U w |OQ
1997 'Q}=U w Rt}=

1998 'u@ w nv}v} w �
1999 '|wU

1999 'u}@r; w pQw
2000 'Q}=U w Q}@} Q
2002 'Q}=U w wm �

2004 'hRwH �

3 ! sQ=yJ w |U |xQ=tW � h} QW
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""" |=Q@ =Qo|QDWt *|NU=BOvJ Kw]U R= xO=iDU=

,=DQwQ[ wCU= xDi=} xaUwD |@=}xv} Ry w |Ov@u=tR '|ywQo Q=m 'C} Q}Ot
[45]"OQ=Ov OwHw QFD |xwkr=@ |=yxv}tR OQ@ Q=m |=Q@ |v}at RQt

'Ov}=Qi QO |D=Q}}eD Ov=wD|t C}i}m OQmrta VQDUo C}=yv QO
Q@ QO =Q |QDWt C}=[Q C}=yv QO w Ovm O=H}= =ypQDvm =} w C=a]k
"Ovm|tv x�=Q= Ov}=Qi |R=Uxv}y@ QO xO=iDU= |=Q@ =Q |a@=D =t= 'OW=@ xDW=O
xtHQD |=Q@ O}it Q=R@= l} C}i}m OQmrta VQDUo xm Cio u=wD|t =Pr
O}vm ZQi "CU= Ov}=Qi |=yMU=B Q}=U w |QDWt |=yR=}v u}@ Ovw}B w
QO� |v}at |=yMU=B =@ |QDWt |=yR=}v xm s}@=} QO j} Q] u}= R= xm

%�14 |x]@=Q� CU= \@DQt �QFD hrDNt |=yT} QD=t
c1 �= y1; y2; : : : ; ym (14)

"CU= |QDWt Q=_Dv= c1 u; QO xm
|=Q@ xm CU= xQ}eDtOvJ l}vmD l} '�xDUw}B p}rLD w x} RHD� =t=
Q=mx@ C=tON =} CqwYLt |=Q@ u=oOvyOMU=B C} wrw= u}}aD =} u}tND
|@}mQD 'u=oOvvmhQYt |xDUw}B p}rLD w x} RHD j} Q] R= [46]"OwQ|t
CtON Qy =} pwYLt |oS} w Qy |xr}Uwx@ xOW O=H}= |=yVRQ= R=
C=@}mQD u=wD|t 'VwQ u}= =@ "OvyO|t Q=Qk |@=} RQ= OQwt =Q |Y=N
"OQm |@=} RQ= QDq=@ C} wrw= =@ OQ=wt uDi=} |=Q@ =Q =y|oS} w R= |[Qi
|=y|oS} w =@ CqwYLt w CU= =QopwYLt VwQ l} xDUw}B p}rLD
'OW=@ xDW=OQ@ QO =Q QDW}@ =} K]U wO Ov=wD|t |oS} w Qy xm x]w@ Qt
?}mQD u; XwYN QO w= C=Q_v =D OwW|t x�=Q= |QDWt x@ |}xvwox@
xm CU= u; xDUw}B p}rLD xar=]t R= hOy '`k=w QO "OwW u}}aD |oS} w
u}at OvyO|t K}HQD xm =Q |}=y|oS} w Kw]U w =y|oS} w 'u=} QDWt
|=y|oS} w |wQ|}=yv |Q}os}tYD R= p@k 'u=oOvvmhQYt `k=w QO "Ovvm
|=y|oS} w C=aq]= w OvyO|t s=Hv= =Q =y|@=} RQ= w =yCw=[k pwYLt
"Ovvm|t ?}mQD |}=yv pwYLt C}a[w |Q}opmW |=Q@ =Q hrDNt
|QDWt |=Q@ MU=B `@=D l} u=wD|t 'u=} QDWt C=Q_v |Qw;`tH R= TB
QO |Qo}O MU=B '|}=yv xH}Dv xm OQm u}}aD Q}os}tYD l} u=wvax@

"Ow@ Oy=wN MRS |xr�Ut

yc = fc(y1; y2; : : : ; ym) (15)

xr�Ut uOQmxrwtQi w VwQ p}rLD
|=yMU=B u=wvax@ =Q y1; y2; : : : ; ym MU=B |=yQ}eDt |rmQw]x@
u=wD|t u}vJty w CW=O s}y=wN �pwYLt |=y|oS} w� xOvvmO}rwD
"OQm u}}aD 'MU=B K]U |U=vWVwQ j} Q] R= =Q =yv; |=Q@ MU=B `@=wD
"OwW|t xi=[= xr�Ut |=yMU=B O=OaD x@ R}v |QDWt MU=B u}vJty
|OwQw |=yQ}eDt |=Q@ =Q xv}y@ C=t}_vD u=wD|t |}=yMU=B u}vJ =@

"CU= xOW xOQw; 2 pmW QO |O=yvW}B VwQ "OQw; CUOx@

|] QO C=k}kLD u}= ?re= =t= [41]"OQ}PB s=Hv= s=Ok= w V}=tR; 'xaUwD
R= "OwQ|t Q=mx@ s=Ok= w V}=tR; 'xaUwD pL=Qt |va} 'QN; |xrLQt xU
|QDWt C=k}kLD '|SwrwvmD Q_v R= jiwt |=yCmQW ?re= Qo}O |wU
VQ}PB OQwt Q=R=@ QO Qw[L R= TB O}OH pwYLt xmu; O}}-=D |=Q@ =Q

[42]"OvQ@|t Q=mx@ 'Ow@ Oy=wN u=oOvvmhQYt
Qo}O `@=D u=wvax@ =Q u=} QDWt |=yR=}v R= Qo}O `@=D 'j}kLD u}= QO
u}= R= "s} Q=O R=}v =yMU=B |t=tD x@ xHwD =@ Ov}=Qi |R=Uxv}y@ |=Q@ MU=B
MU=B x@ |@=}CUO |=Q@ u=wD|t =Q |QDWt |=OY xm s}vm|t ZQi wQ
XwYN u}= QO "OQm xO=iDU= �CYQi |}=U=vW� |xrLQt QO |Qo}O
VQDUo "OvQ=O OwHw xO=iDU= |=Q@ |irDNt |=yVwQ w =yl}vmD
(AHP) 10 |r}rLD |@D=Qt xrUrU Ov}=Qi '(QFD) 9 C}i}m OQmrta
"Ov=EL@ p@=k w \@DQt C=aw[wt �CA� 11xDUw}B p}rLD w x} RHD w
xOW xOQw; 2 pwOH QO QwmPt |=yl}vmD |xU}=kt R= |}xYqN
|@D=QtxrUrU CQwYx@ =yxv} Ro w =y|oS} w 'AHP l}vmD QO "CU=
QO w xOW s}UkD x}rw= |=y|oS} w x@ |rm hOy xm |}xvwox@ 'CU=
R= R}v =yC} wrw= "OwW|t \@DQt hrDNt |=yxv} Ro x@ K]U u} QDu}}=B
T=}kt R= xO=iDU= =@ w |oS} w Qy |=Q@ =yxv} Ro wOx@ wO C=U}=kt j} Q]

[43]"Ov};|t CUO x@ |@Uv
C}i}m QO OQmrta VQDUo 'xOW x�=Q= R}v 2 pwOH QO xm u=vJ
|=yR=}v x@ =Q u=} QDWt |=yR=}v w CU= |R} QKQ] Q=R@= l} u=wvax@ R}v
w x} RHD 'u=} QDWt |vi |=yR=}v |Qw;`tH R= Oa@ "OR=U|t \@DQt |vi
uOQm xO=t; ,=D}=yv wCYQi|}=U=vW|=Q@|m}vmD u=wvax@ xDUw}Bp}rLD
l} 'C}i}m OQmrta VQDUo [44]"CU= xO=iDU= p@=k |QDWt MU=B
*|vi |=yR=}v x@ u=} QDWt |=yR=}v |xtHQD u=mt= xm CU= |rm swyit
u}vJty "OR=U|t sy=Qi pwYLt |xaUwD R= xrLQt Qy |=Q@ =Q ?U=vt
|xaUwD |=Q@ |QDWt |=OY p}rLD w |Qw;`tH Qw_vtx@ Q=R@= u}=
xOW O=yvW}B u=} QDWt |=yR=}v <=[Q= w q=@ C}i}m =@ CqwYLt
C} Q}Ot 'pwYLt |xaUwD QFD |x}rw= |=yOQmrta 'u}=Q@=v@ "CU=
x@ QFD |=yOQmrta 'xt=O= QO "CU= |QDWt |=yR=}v p}rLD w 'C}i}m
'|UOvyt '|Q}os}tYD '|R} Qxt=vQ@ '|L=Q] Q}_v |QDxOQDUo |=yxv}tR

pwYLt|xaUwDXwYN QO =yl}vmD w =yVwQ R=|NQ@|xU}=kt "2 pwOH
"(NPD) O}OH

CA AHP QFD

|xrLQt QO Ov=wD|t |xrLQt QO Ov=wD|t |xrLQt QO Ov=wD|t
pL=Qt R= CYQi |}=U=vW pL=Qt R= CYQi|}=U=vW pL=Qt R= xaUwD

"OwQ Q=mx@ NPD "OwQ Q=mx@ NPD "OwQ Q=mx@ NPD

lQO |=Q@ |WwQ |r=@ Qe VwQ l} |R} QKQ] VwQ l}
CU= |QDWt R=}v CU= CU=

sQ=yJ w |U |xQ=tW � h} QW ! 4
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uwUv}mD= |vwDv; w |Q}W@ |Oyt 'xO=Rs_=mu=QO=Q@ =[Q

"=Qo|QDWt MRS |xr�Ut pL |=Q@ |O=yvW}B sD} Qwor= R= |rm |=tv "2 pmW

Max yc = pi � (
TX
t=1

uit �mit) (19)

m
Max
j=1 P (yi 2 S) (20)

Subjected to;

yi = fi(x1; x2; :::; xn 8i ; i = 1; :::;m (21)

TX
t=1

mit = 1 8i ; i = 1; :::;m (22)

mit

8><>:1 li < yi < ui

0 CQwYu}=Q}e QO
8i ; i = 1; :::;m (23)

mX
i=1

pi = 1 8i ; i = 1; :::;m (24)

S =
m\
j=1

(lj ; uj) (25)

L+K = m (26)

OwW|t u}}aD CA =@ xOW s=Hv= xar=]t R= xO=iDU= =@ =yQDt=Q=B u}=
uit; pi 2 R

8i ; i = 1; :::;m ; 8t ; t = 1; :::; T

w CU}v ẁv l} R= =yMU=B s=tD 'sD} Qwor= |x}rw= CtUk QO
%OvW=@ Q} R `=wv= R= |m} Ovv=wD|t

XNWt Q=Okt l} QO MU=B u}ov=}t |Q=Oyov xm %NTB12 ẁv �
"CU= Q_v Ot

OQwt umtt |xR=Ov= x@ MU=B Q=Okt uOQmxv}W}@ xm %LTB13 ẁv �
"Ow@ Oy=wN Q_v

OQwt umtt |xR=Ov= x@ MU=B Q=Okt |R=Uxv}tm xm %STB14 ẁv �
"CU= Q=_Dv=

j} Q] R= R}v x]w@ Qt |=yC}OwOLt w =yMU=B ẁv u}vJty
w u}v=wk =} =yOQ=Ov=DU= 'Ov}=Qi =} pwYLt |xS} w |=yC}OwOLt
"OwW|t u}}aD (DM) 15 xOvQ}os}tYD |=yxDU=wN w =yCw=[k
|}=U=vW p@=k 16 |x]@=Q R= MU=B Qy u}}=B w q=@ OwOL CU= |y}O@

%CU=
ymax
j = max

x2

fŷj(x)g ; j = 1; : : : ;m

ymin
j = min

x�

fŷj(x)g ; j = 1; : : : ;m (16)

%CW=O s}y=wN =Q Q} R |=yC}OwOLt w hOy `@=wD 's=Hv=QU w
Objective Function;

L
Max
l=1 yl (17)

K
Min
k=1 yk (18)

5 ! sQ=yJ w |U |xQ=tW � h} QW
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""" |=Q@ =Qo|QDWt *|NU=BOvJ Kw]U R= xO=iDU=

pL sD} Qwor=
Ck}kL u}= 'xiOylD |R=Uxv}y@ |xr�Ut |R=UpOt QO xOta pmWt
|Q=wWO Q=m xrO=at l} j} Q] R= =yvD xr�Ut l} |R=UpOt xm CU=
CU= umtt |R=UpOt |xrLQt |] Q=m u}= s=Hv= xm =QJ 'Ow@ Oy=wN
"OW=@ xDW=Ov Q@ QO =Q hOy `@=wD R= |NQ@ R}v w OW=@ x=Qty =]N =@
CQwYx@ xiOyOvJ |R=Uxv}y@ |xr�Ut pL R= TB 'Qo}O |wU R=
xm |Qw] OwW ?=NDv= |}x}L=v =ypL x=Q u=}t R= CU= sRq 'xv=o =OH
OwHw 'wQ u}= R= "OvwW xv}y@ sy Q=vm QO hOy `@=wD |t=tD C}=yv QO
"Ow@ Oy=wN |QwQ[ Q}os}tYD \UwD hrDNt *hOy `@=wD u}@ xvR=wt
?=NDv= 's}DUy xH=wt u; =@ |R=Uxv}y@ R= p@k xm |Qo}O pmWt
=Q xiOyOvJ |R=Uxv}y@ |=yVwQ 'Ck}kL QO "CU= |R=Uxv}y@ VwQ
'xr�Ut pL R= p@k 'pw= |xDUO QO [47]"OQm s}UkD xDUO xU x@ u=wD|t
u}@ sRq |=yxvR=wt w OwW|t Ci=} QO Q}os}tYD R= |}x}rw= C=aq]=
xv}y@ |x]kv uDi=} |=Q@ wHwCUH ,=D}=yv w 'OQ}o|t s=Hv= hOy `@=wD
CQwYx@ C=aq]= xr�Ut pL ut[ 'swO |xDUO QO "OQ}o|t s=Hv=
|R=Uxv}y@ s=Hv= ut[ '=yVwQ u}= QO "OwW|t Ci=} QO |Wvm syQ@
C=aq]= 'swU |xDUO QO w 'OwW|t xO}UQB |Dq=-wU Q}os}tYD R=
QO `k=w QO "OwW|t Ci=} QO xr�Ut pL R= TB Q}os}tYD R= |}=yv
x@ Q_v OQwt |x}L=v w '|}=U=vW xv}y@ |=[i R= |}x}L=v '=yVwQ u}=
|=ypL x=Q ?=NDv= |xR=H= j} Q] u}= R= w 'OwW|t x�=Q= Q}os}tYD

"OwW|t xO=O Q}os}tYD x@ hrDNt
pw= |xDUO ẁv R= Q=DWwv u}= QO |R=Uxv}y@ w wHwCUH VwQ
w |Q}os}tYD Ov}=Qi XwYN QO =Q |D=aq]= 'Q}os}tYD w CU=
`@=wD `}tHD |=Q@ 'Qo}O |wU R= "OQm Oy=wN sy=Qi |R=Uxv}y@ Qw_vtx@

%OQm xO=iDU= 31 |x]@=Q R= u=wD|t hOy `@=D l} CQwYx@ hOy

Min feq =

(
m+2X
j=1


j [(1� dj)]p
)1=p

(31)

OwHw Crax@ m+ 2 w OwW|t u}}aD Q}os}tYD \UwD 
j u; QO xm
|=Q@ MU=B l} ,=D}=yv w |QDWt MU=B l} w xOvvmO}rwD MU=B Q}eDt m

dj u}vJty "CU= MU=B Qy |=Q@|UOvyt |x}L=v QO |Q}oQ=Qk p=tDL=
'OwW|t |iQat xOvvmO}rwD MU=B Qy x@ \w@ Qt C}@ wr]t u=wvax@ xm R}v
|=yx]@=Q CQwYx@ STB w NTB 'LTB ẁv R= |=yMU=B |=Q@

%Ow@ Oy=wN 34�32

dLTBj =

8>>>>><>>>>>:
0 ŷj(x) � Y minj� ŷj(x)� Y minj

Y maxj � Y minj

�
Y minj � ŷj(x) � Y maxj

1 ŷj(x) � Y maxj ;

(32)

LTB ẁv R= |=yQ}eDt O=OaD ?}DQDx@ K w L 'jwi C=Q=@a QO xm
xQ=tWt "CU= Ov}=Qi MU=B |=yQ}eDt pm O=OaD m w xOw@ STB w
|=Q@ CA j} Q] R= xOW x@U=Lt C} wrw= pi '|Ov}=Qi |=yQ}eDt s}_vD
CA R= xOt; CUO x@ |QDWt C}@ wr]t Q=Okt uit w 's=i MU=B Q}eDt
Q}eDt u}}aD QO w� CU= Ov}=Qi s}_vD u}t=t QO yi MU=B Q}eDt |=Q@
i |q=@ w u}}=B OL ?}DQDx@ ui; li w �"OQ=O OQ@ Q=m |QDWt MU=B
Oy=wN =yMU=B |t=tD |=Q@ lQDWt x}L=v S xm CU= MU=B Q}eDt u}t=

"Ow@
w OQ=O OwHw s}_vDQy |=Q@ Q=QmD n O=OaD 'V}=tR; |xrLQt QO
M "OR u}tND =Q xQ}eDtOvJ p=tQv MU=B `@=wD |=yQDt=Q=B u=wD|t
xm Tv=} Q=wwm � Tv=} Q=w T} QD=t� � w �=yMU=B u}ov=}t Q=OQ@�
u; |Q]k Q}e QY=va w �21 ; �22 ; : : : ; �2

m CQwYx@ u; |Q]k QY=va
p@=k 29 w 28 w 27 |=yx]@=Q j} Q] R= �CU= �kl�k�l CQwYx@

&Ov=u}tND

�̂k =

nP
i=1

yki

n
; M = (�̂1�̂2; :::; �̂m) (27)

�̂2
k =

nP
i=1

(yki � �̂k)2

n� 1 (28)

�̂kl =

nP
i=1

mP
j=1

(yki � �̂k)(ylj � �̂l)s
nP
i=1

((yki � �̂k))2 mP
j=1

((ylj � �̂l))2
;

l � k < l � m (29)

�kl w 'MU=B u}t=k R= �i = 1::n� Q=QmD u}t=i 'yki =yu; QO xm
xrLQt u}= QO "CU= yk; yl MU=B Q}eDt wO u}@ |oDU@sy ?} Q[
pN=O QO MU=B Q}eDt uDiQo Q=Qk p=tDL= |va} 'P (Y 2 S) u=wD|t
20 |x]@=Q "O=O Q=Qk x@U=Lt OQwt =Q u; |xOW u}}aD |xOwOLt
x@U=Lt p=tDL= "Ovm|t QFm =OL =Q |}xS} w |x}L=v QO =yMU=B j=@]v=
Q=Qk Q_v Ot |Qo}O MU=B u=wvax@ Ov=wD|t pt=a Qy s}_vD |=Q@ xOW
OQwt u}= "OwW `k=w xO=iDU= OQwt '|R=Uxv}y@ |xrLQt QO w OQ}o
Q=Okt w OW=@ KQ]t Ov=wD|t |Q}os}tYD h=Oy= R= |m} u=wvax@
x@U=Lt 30 |x]@=Q R= 'xQ}eDtOvJ MU=B uOw@ p=tQv ZQi =@ p=tDL=

"OwW|t

f(y;M;�) = (2�)�m=2)j�j�1=2�
exp[�1=2(Y �M)0��1(Y �M)] (30)

sQ=yJ w |U |xQ=tW � h} QW ! 6
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uwUv}mD= |vwDv; w |Q}W@ |Oyt 'xO=Rs_=mu=QO=Q@ =[Q

�j =

8><>:e�
�fj
Tn �fj > 0

1 �fj � 0
t(�; 
) =

n
�
j=1(�j)


j

if �feq < 0then ~Z = ~X

else if rand (0; 1) < t(�; 
)then ~Z = ( ~X)

T = �(T )

if T < �T then end(while)

repeat (while)

Q=QmD |=Q@ �|DQ=QL C=}rta� VwQ R= j}kLD u}= QO xm s}vm|t xi=[=
"CU= xOW xO=iDU= |R=Ux}@W sD} Qwor=

|OQwt p=Ft
C=}@O= R= |OQwt p=Ft l} =@ |O=yvW}B |U=vWVwQ CtUk u}= QO
|}=}t}W Ov}=Qi l} QO u=kkLt "OwW|t xO=O K}[wD w |UQQ@ ẁ[wt
=tO w ��1� u=tR � Ov}=Qi Q}eDt wO x@ xHwD =@ xv}y@ |x]kv uDi=} |=Q@
pwOH QO |Ov}=Qi |=yQ}eDt Kw]U [1]"Ov=xO=O s=Hv= |W}=tR; � ��2�
'�y1� xOR=@ %R=OvDQ=@a |i}m |=y|oS} w xr�Ut u}= QO "Ov=xOWCU}r 3
=yv; QFm =OL p=@vOx@ xOvvmO}rwD xm �y3� |rwmrwt uRw w �y2� C_re

"CU=
MU=B Qy |=Q@|@U=vt MU=B K]U pOtCU= sRq 'pw= |xrLQt QO
s}_vD '(CCD) 17|RmQt |=y?}mQD KQ] R= xO=iDU= =@ "s}vm x}yD
Cra "OwW|t pY=L 4 pwOH CQwYx@ C=W}=tR; G}=Dv w =yQ}eDt
|=yKQ] ?U=vt |WN@ QF= 'xar=]t u}= QO CCD KQ] R= xO=iDU=
C=aq]= R=}v OQwt |=yQ=QmD R= |mOv= O=OaD =@ xm |}xvwox@ CU= QwmPt
|wU R= &O};|t sy=Qi V}=tR; |rm |=]N R}v w =yQ}eDt C=QF= R= |O=} R
R}v w CU= u}tND p@=k pt=a wO p@=kDt C=QF= w |]N C=QF= Qo}O

[1]"OvQ}PBh=]av= Q=}U@ QwmPt |=yKQ]
QO �y1� xOR=@ |=Q@ uw}UQoQ xOW xOR u}tND ?}=Q[ w MU=B `@=D

"CU= xOW xOQw; 5 pwOH

"|OQwt p=Ft |=Q@ |Ov}=Qi |=yQ}eDt Kw]U "3 pwOH
�xOW|Ov@Om � K]U pt=wa

�1 �1
90 80 �xk}kO� u=tR % �1
180 170 (�F ) =tO % �2

dSTBj =

8>>>>><>>>>>:
0 ŷj(x) � Y maxj� ymaxj � Ŷj(x)
Y maxj � Y minj

�
Y minj � ŷj(x) � Y maxj

1 ŷj(x) � Y minj ;

(33)

dNBj =

8>>>>><>>>>>:
0 ŷj(x) � Y mini or ŷj(x) � Y maxJ

1� Tj � ŷi(x)
Tj � Y mini

Y minj � ŷj(x) � Tj
1� ŷi(x)� Tj

Y maxi � Tj Ti � ŷj(x) � Y maxi

(34)

umtt 'O@=} V}=Ri= pt=wa O=OaD =} MU=B |=yQ}eDt O=OaD xJQy
Q=JO '|QU=QU |xv}y@ uDi=} QO |R=Uxv}y@ |DvU |=ysD} Qwor= CU=
|r=L QO u}= 'OvwW Q=DiQo |rLt |xv}y@ \=kv QO w xOW =]N
Q=mx@ |]=kv u}vJ uDi=} |=Q@ Ovv=wD|t |Q=mD@= |=ysD} Qwor= xm CU=

"OvwQ
|Q=mS=}r; |r=tDL= VwQ R= 'xv}y@ |x]kv uDi=} |=Q@ 'Q=DWwv u}= QO
Q}=U u} Ro}=H VwQ xm =QJ 'OwW|t xO=iDU= (SA)16 xOW |R=Ux}@W
uDi=}SA "CU= u=U; |DavY OQ=wt QO u; R= xO=iDU= w CU= =yVwQ
|}=y|oS} w Q]=Nx@ =t= Ovm|tv u}t[D =Q |QU=QU xv}y@ |x]kv
QO "CU= sm Q=}U@ |rLt |xv}y@ QO u; |Q=DiQo p=tDL= OQ=O xm
xDiQ}PB |}xOW OQw;Q@ p=tDL= =@ pL x=Q Qy 'SA sD} Qwor= QO Ck}kL

[7]"OwW|t
|=Q@ �|DQ=QL C=}rta� |SQwr=Dt Ov}=Qi Q@ CU= |vD@t VwQ u}=
=D =Q Rri u; QO xm 'Rri l} |r=DU} Qm Q=DN=U QO |SQv= pk=OL uDi=}
Ovvm|t OQU |t=Q; x@ TBU w OvyO|t CQ=QL |}q=@ Q=}U@ |=tO
SA |O=yvW}B sD} Qwor= "OvW=@ xDW=O u=tR uOW ?DQt |=Q@ =ysD= =D

&CU= Q} R CQwYx@ xar=]t CLD |xr�Ut pL |=Q@

Init T (initial temperature)

Init ~X(starting point)

Init�T (minimal temperature)

While (not(end))

~Z = neighbour( ~X)

�fj = fj(~Z)� fj( ~X)or�(1� dj) = [1� dj(~Z)]�
[1� dj( ~X)]

�feq = feq(~Z)� feq( ~X)

7 ! sQ=yJ w |U |xQ=tW � h} QW
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""" |=Q@ =Qo|QDWt *|NU=BOvJ Kw]U R= xO=iDU=

"Q}eDtwO w MU=BxU =@ CCD KQ] |=Q@ G}=Dv w C=W}=tR; C=t}_vD "4 pwOH
=yMU=B xOW Om |=yQ}eDt |a}@] |=yQ}eDt

y3 �|rwmrwt uRw� y2 �xD} RwmU} w� y1 �xOR=@� x2 X1 �2 �1
2940 62 76 5 �1 �1 170 80
3470 60 77 0 1 �1 180 80
3680 66 78 0 �1 1 170 90
3890 59 79 5 1 1 180 90
3480 72 79 9 0 0 175 85
3200 69 80 3 0 0 175 85
3410 68 80 0 0 0 175 85
3290 70 79 7 0 0 175 85
3500 71 79 8 0 0 175 85
3360 68 78 4 0 1 414 175 92 07
3020 71 75.6 0 �1 414 175 77 93
3630 58 78 5 1 414 0 182 07 85
3150 57 77 0 �1 414 0 167 93 85

"MU=B Q}eDt xU |=Q@ MU=B K]U "3 pmW

"�xR=@� MU=B |=Q@ uw}UQoQ ?}=Q[ w MU=B `@=D "5 pwOH
Term Coef SE Coef T P

Constant 79 940 0 11909 671 264 0 000
x1 0 995 0 09415 10 568 0 000
x2 0 515 0 09415 5 472 0 001

x1*x1 �1 376 0 10098 �13 630 0 000
x2*x2 �1 001 0 10098 �9 916 0 000
x1*x2 0 250 0 13315 1 878 0 103

S=0 2663 R-Sq=�98 3 R-Sq(adj)=�97 0
Max(y1) = 79=94 + 0=99x1 + 0=52x2 � 1=38x21�

x22 + 0=25x1x2

%Ow@ Oy=wN Q} R CQwYx@ =yMU=B Q}=U |=Q@ MU=B `@=wD u}vJty
Max(y2) = 70� 0=16x1 � 0=95x2 � 0=96x21
� 6=96x22 � 1=25x1x2
Max(y3) = 3386=2� 205=1x1 + 177=4x2

"CU= xOW s}UQD 3 pmW QO R}v MU=B Qy |=Q@ MU=B K]U Q=Owtv
xOvQ}os}tYD Vkv R}v |QDWt xm s}vm|t ZQi 'xrLQt u}= QO
xm OW=@ xDW=O Q_v QO R}v =Q |Qo}O MU=B Q}eDt CU= umtt w OQ=O
VwQ R= x]w@ Qt |=yQDt=Q=B uDi=} w u; MU=B `@=D x@ |@=}CUO Qw_vtx@
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