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""" xO=iDU= =@ Q=OxRQO |ovU |=yxOwD |m}v=mt p}rLD

%xm
A(x) =

nX
I=1

w(x)pT (xI)p(xI) (9)

B(x) = [w1(x)p(x1); w2(x)p(x2); :::; wn(x)p(xn)]

(10)
u = [u1; u2; :::; un] (11)

%CW=O s}y=wN 1 |x]@=Q QO 8 |x]@=Q |Q=Po|=H =@
uh(x) =

nX
i=1

mX
j=1

pj(x)(A�1(x)B(x))ji ui (12)

=}
uh(x) =

nX
i=1

�i(x)ui (13)

%R= CU= CQ=@a pmW `@=D xm
�I(x) =

mX
j=1

pj(x)(A�1(x)B(x))jI � pT (x)A�1(x)B(x)

(14)
%CWwv u}vJ u=wD|t =Q pmW `@=D jDWt u}vJty

�I;i =
mX
j=1

n
pj;i(A�1B)jI + pjA�1(B;i �A;iA�1B)jI

o
(15)

"CU= C@Ft |Q=Okt xQ=wty wI(x) `@=D
%s}=xOQw; CUOx@ 16 |x]@=Q R= =Q uRw `@=D VywSB u}= QO

w(x�x1) =8>>>><>>>>:
23 � 4s2 + 4s3 : s <= 12
43�4s+4s2� 43s3 : 12<s <=1

0 : s > 1
(16)

u; QO xm
s = dI=r w dI = jjx� xI jj
|=Q@ uRw `@=D xm OwW|t Qw;O=} "CU= |@=NDv= Q}F-=D |xRwL `=aW r w
VQ=Okt 'OwW QwO u; R= xJ Qy w CU= |oQR@ Q=Okt x x@ l}ORv xI
QiY Q}F-=D |xRwL R= GQ=N QO u; Q=Okt xm =Hu; =D OwW|t QDlJwm

"OW Oy=wN

u}ir-wt \UwD xOW xDWwv |xt=vQ@ R= pY=L G}=Dv j=@]v= uO=O u=Wv
"CU= xOW xOQw; j}kO pL =@

xm@W uwO@ u}mQr=o VwQ "2
VwQ 'DEM VwQ QO pmW `@=D KqY= =@ Vv=Q=mty w wmJ}r@
|=Q@ =yu; [11]"OvOQm x�=Q= �xm@W uwO@ u}mQr=o VwQ� s=vx@ |O}OH
xO=iDU= 23 lQLt C=a@ Qt |=]N u} QDsm ?} QkD R= 'pmW `@=D u}}aD

%OwW|t h} QaD u}vJ ?} QkD u}= "OvOQm
uh(x) =

mX
j=1

pj(x)aj(x) � pT (x)a(x) (1)

%R= CU= CQ=@a x 'u; QO xm
xT = [x; y; z] (2)
|Oa@l} |=[i QO xm CU= |}xrtHOvJ 24|}x}=B `@=wD pj(x) w

%R= CU= CQ=@a
PT (x) = [1; x; x2; : : : ; xm] (3)

%R= CU= CQ=@a ?}DQDx@ |Oa@ wO |=[i QO w
PT (x; y) = [1; x; y; xy; x2; y2; : : : ; xm; ym] (4)

%R= Ow@ Oy=wN CQ=@a |Oa@xU |=[i QO ,=D}=yv w
PT (x; y; z) =

[1; x; y; z; xy; yz; zx; x2; y2; z2; :::; xm; ym; zm] (5)
"CU= x}=B `@=D |}xrtHOvJ |=yxrtH O=OaD m xm

CUOx@ 6 |x]@=Q R= J uOQm xv}tm =@ w CU= ?}=Q[ Q=OQ@ a(x)
%O};|t

J =
mX
I=1

w(x� xI)[pT (xI)a(x)� uI ]2 (6)

%xm |Qw]x@ CU= `@=D |}xQo Q=Okt uI u; QO xm
uI = u(xI)

%CW=O s}y=wN a(x) x@ C@Uv J uOQm xv}tm =@
A(x)a(x) = B(x)u (7)

%=}
a(x) = A�1(x)B(x)u (8)
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|v=tQyk uqUQ= w |R} Ra|H=L OtLt 'hD=y QO=v

%u; QO xm
K =X

e
te
ZZ


e
BT
b DbBbdxdy+

X
k
tk
Z
�k
BT
j DjBjds

(25)
P =

X
e

ZZ

e
NT fedxdy +

X
m
NTpm (26)

U = [u1; v1; u2; v2; :::; un; vn]T (27)
|=yxQo pm O=OaD n w 'k |xRQO Ct=N[ tk 'e lwr@ Ct=N[ te
pm u=mt Q}}eD Q=OQ@ =@ CU= Q@=Q@U "CU= xr�Ut |xUOvy QO OwHwt
28 |x]@=Q R= u=wD|t =Q xr�Ut |xRwL R= x]kv Qy u=mt Q}}eD "=yxQo

%OQw; CUOx@
u =Nub (28)

%u; QO xm
N =

0@�1(x);0;�2(x);0; :::;�n(x);0
0;�1(x);0;�2(x);0; :::;�n(x)

1A
VvQm u}vJty "CU= x |x]kv Q}F-=D |xRwL u=mt Q}}eD Q=OQ@ ub w
30 w 29 \@=wQ R= 'xr�Ut R= x]kv Qy |=Q@ u=wD|t =Q � VvD w "

%OQw; CUOx@
" = Bbub (29)
� = DbBbub (30)

%=yu; QO xm

Bb =

0BB@ �1;x(x);0; :::;�n;x(x);0
0;�1;y(x);0; :::;0;�n;y(x)

�1;y(x);�1;x(x); :::;�n;y(x);�n;x(x)

1CCA
(31)

Db = (E=(1� v2))

0BB@1 v 0
v 1 0
0 0 (1� v)=2

1CCA (32)

w 'K]Ut VvD |=Q@
Db =

(E=(1� 2v)(1+ v))

0BB@1� v v 0
v 1� v 0
0 0 (1� 2v)=2

1CCA
(33)

|=y\}Lt |=Q@ pO=aD |xrO=at |Ov@pwtQi "3
Q=OxRQO

%OQw; CUOx@ 17 |x]@=Q R= u=wD|t =Q lwr@ R= x]kv Qy u=mt Q}}eD
uh(x) = �(x)ua (17)

%O};|t CUOx@ 18 |x]@=Q R= w CU= pmW `@=D �(x) xm
�(x) = pT (x)A�1(x)B(x) (18)
xO=O K}[wD QDV}B 18 |x]@=Q CU=Q hQ] x@ \w@ Qt |=yxrtH

"Ov=xOW
|x]kv Q}F-=D |xRwL QO xmCU= |}=yxQo |=yu=mt Q}}eD Q=OQ@ ua
O};|t CUOx@ pO=aD |xrO=at R= =yxQo u=mtQ}}eD Q=OQ@ "OvQ=O Q=Qk x
`@=D "OQw; CUOx@ 25C=Q}}eD pY= R= u=wD|t R}v =Q pO=aD |xrO=at w

%CWwv u}vJ u=wD|t =Q Q=OxRQO |ovU |xOwD pm p}Uv=DB |SQv=
� = �b +�j +�f +�p (19)
|v=UWm VvQm |SQv= �j 'lwr@ |v=UWm VvQm |SQv= �b u; QO xm
p}Uv=DB |SQv= �p w 'fe |tHL |=ywQ}v p}Uv=DB |SQv= �f 'xRQO
pY=L 23 =D 20\@=wQ R= xO=iDU= =@ s=Om Qy xmCU= P RmQtDt |wQ}v

[12]%OwW|t
�b =

X
e
tb
ZZ


e

1
2"

TDb"dxdy

=
1
2
X

e
uTb

�
tb
ZZ


e
BT
b DbBbdxdy

�
ub (20)

�j =
X

k
tk
Z
�k

1
2�

TDj�ds

=
1
2
X

k
uTj

�
tk
Z
�k
BT
j DjBjds

�
uj (21)

�f = �X
e

ZZ

e
uT fedxdy

= �X
e
uTb

�ZZ

e
NT fedxdy

�
(22)

�p = �Xm
uTpm = �X

m
uTb (N

Tpm) (23)
|=y\}Lt QO VQF= xm CU= |v=UWm VvQm |SQv= u=ty `k=w QO �j

Q=mW; Q=OxRQO |=y\}Lt =} 'Q=OxRQO |ovU |=yxOwD Ovv=ty xDUUo
"OwW|t

|ovU|=yxOwD pO=aD |xrO=at 19 |x]@=Q QO� `@=D uOQmxv}tm =@
%O};|t CUOx@ Q} R ?}DQDx@ Q=OxRQO

KU = P (24)

5 ! sryJ |xQ=tW � h} QW

www.SID.ir



Arc
hi

ve
 o

f S
ID

""" xO=iDU= =@ Q=OxRQO |ovU |=yxOwD |m}v=mt p}rLD

"Ov=xOW \@DQt sy x@ xRQO l} \UwD xm lwr@ wO "1 pmW
%O};|t CUOx@ 40 |x]@=Q R= uj u; QO xm

uJ = [uTi ; u
T
j ]

T (40)
Q=OQ@ "Ov=xRQO Kw]U |wQ Q@ `k=w 'j w i \=kv u=mt Q}}eD uj w ui

%OQw; CUOx@ 41 |x]@=Q R= u=wD|t =Q xRQO VvQm0@ "n
ns

1A = �=h = (1=h)BJ uJ (41)

u}vJty "CU=|WQ@VvQm ns w �|Owta� p=tQvVvQm "n u; QO xm
%OQw; CUOx@ 42 |x]@=Q R= u=wD|t =Q xRQO VvD Q=OQ@0@�n

�s

1A = Dj� (42)

"CU= |WQ@ VvD � s w �|Owta� p=tQv VvD �n u; QO xm

|QwQ[ |RQt \QW p=ta= =@ pO=aD |xrO=at "5
u}mQr=o VwQ R= xm 'x xQo |=Q@ uh(x) ?} QkD `@=D R= xrY=L Q=Okt
Q@=Q@ xQo u; QO u(x) `@=D |ak=w Q=Okt =@ 'O};|t CUOx@ xm@W uwO@
uwO@ u}mQr=o VwQ QO pmW `@=D xm OwW|t Ea=@ ẁ[wt u}= "CU}v

%|va} "OW=@v Q@=Q@ 27QmvwQm |=DrO =@ xm@W
�I(xJ) 6= �IJ (43)
|RQt \QW xm OwW|t ?Hwt 'QmvwQm |=DrO =@ pmW `@=D uOw@v Q@=Q@
|RQt \QW p=ta= |=Q@ QF-wt w xO=U x=Q l} "OwWv =[Q= |QwQ[
u=wD|t =Q |QwQ[ |RQt \QW "CU= |Dr=vB VwQ R= xO=iDU= |QwQ[

%CWwv u}vJ
u = u �u RQt |wQ (44)

"CU= �u RQt |wQ xOW xO=O u=mt Q}}eD Q=Okt u u; QO xm
=@ w |QwQ[ |RQt \QW p=ta= =@ 'u}mQr=o R= pY=L |xrO=at

[13]%R= CU= CQ=@a |Dr=vB VwQ R= xO=iDU=Z



�(Lu)T c(Lu)d
�
Z



�uT bd
�
Z
�t

�uT �td�

�
Z
�u

0 5(u� u)T�(u� u)d� = 0 (45)

"CU= K]Ut VvQm |=Q@
" = ["x; "y; "xy]T (34)
� = [�x; �y; �xy]T (35)

|=y\}Lt QO xRQO =@ \@DQt |DNU T} QD=t "4
xDUUo

Q=OxRQO |=y\}Lt QO pO=aD |xrO=at |DNU T} QD=t QO xRQO syU
%R= CU= CQ=@a

Kj =
X

k
tk
Z
�k
BT
j DjBjds (36)

Q_vhQYKj |xRQO|DNU R= 'xRQO uwO@|ovU|=yxOwDp}rLD |=Q@
T} QD=t pt=W\ki pO=aD |xrO=at |DNUT} QD=t xH}Dv QO "OwW|t
|ovU |=yxOwD p}rLD |=Q@ "OW Oy=wN |ovU |=ylwr@ |DNU
xm |Qw]x@ &CU= |QwQ[ 'wO Qy 'Kb w Kj |x@U=Lt Q=OxRQO
ẁtHt R= Ow@ Oy=wN CQ=@a pO=aD |xrO=at QOK pm |DNU T} QD=t

'Ovt=v|t R}v �26Qw=DWo T} QD=t� u; xm Bj T} QD=t "Kb w Kj

%OwW|t h} QaD u}vJ
Bj = [O; : : : ;�LNi; O; : : : ;LNj ; O; : : :] (37)

xm OvDUy|}xRQO |=ylwr@ x@ \w@ Qt |=yT} QD=tNj wNi u; QO xm
|Q=PoxQ=tW QO xm =H u; R= "OvwW|t \@DQt Qo}Om} x@ xRQO u; \UwD
\UwD |r=wDt Qw]x@ |Q=PoxQ=tW Q_v R= lwr@ wO CU= umtt '=ylwr@
'u;NT} QD=t |=H x@CU= sRq 'OvQ}ov Q=Qk Qo}Om} Q=vm QO xRQOl}
|}=ylwr@ |=yN '|Q=PoxQ=tW ?}DQD x@ xHwD =@ w O=O Q=Qk QiY Q=Okt
1 pmW QO "OQm x@U=Lt OvwW|t \@DQt Qo}Om} x@ xRQO \UwD xm =Q
u=Wv 'OvwW|t \@DQt Qo}Om} x@ xRQO \UwD xm lwr@ wO w xRQO l}
C=YDNt xm |Qw]x@ 'CU= p=kDv= T} QD=t R}v L "CU= xOW xO=O

"Ovm|t p}O@D |rm C=YDNt x@ =Q |rLt
%OwW|t h} QaD u}vJ xRQO |=Q@ Dj |v=UWm T} QD=t

Dj =

0@ks 0
0 kn

1A (38)

Q}}eD "CU= xRQO |Owta |DNU kn w |WQ@ |DNU ks u; QO xm
w i \=kv u=mt Q}}eD |Q=OQ@ hqDN= CQwYx@ =Q (�) xRQO l} u=mt

%s}vm|t h} QaD �1 pmW� j

� = [�n; �s] = ~ui � ~uj = BJ uJ (39)

sryJ |xQ=tW � h} QW ! 6

www.SID.ir



Arc
hi

ve
 o

f S
ID

|v=tQyk uqUQ= w |R} Ra|H=L OtLt 'hD=y QO=v

Q=DiQ xm s}W=@ xDW=O CQ=_v CU= sRq 'OQ}o@ Q=Qk |WWmQ}e Cr=L
sRq |=yQ=}at "|Q}tN Cr=L QO =} CU= |v=UWm Cr=L QO u;
Q=DiQ "CU= 28u)D=B w ?trwm�Qywt |=yQ=}at Q=DiQ u}= X}NWD |=Q@
Kw]U "CiQo s}y=wN Q_v QO pt=m |Q}tN�|v=UWm CQwYx@ =Q xRQO
w |Owta |DNU '|oOv@UJ '\=U@v= |x} w=R 'l =m]Y= |=Q=O xRQO
|}xLiY wO VvmQOv= CQwYx@ =Q xRQO l} "OvDUy |WQ@ |DNU
"Ov=\@DQt sy x@ |WQ@ w |Owta |=yQvi j} Q] R= xm s}vm|t h} QaD
OwW ?=NDv= nQR@ xRQO |oOv@UJ =} l =m]Y= Q=Okt xm |DQwY QO
,qt=m CQwYx@ xRQO Q=DiQ w OQm |Q}owrH xRQO uOW |Q=H R= u=wD|t
CQ=@a ?trwm�Qywt Q=}at QO s}rUD `@=D [14]"OW=@ |a=HDQ= w |]N

%R= CU=
f =

����s���+ �n tan��C (49)
C w l =m]Y= |x} w=R � '|Q=WiVvD �n '|WQ@VvD �s u; QO xm

[15]%R= CU= CQ=@a u)D=B s}rUD `@=D u}vJty "CU= |oOv@UJ
f =

����s���+ �n tan(�b + i)�C (50)
|Q@ R K]U |x} w=R i w 'xRQO |x}rw= l =m]Y= |x} w=R �b u; QO xm
V}=Ri= w ��us� |WQ@ |@Uv |}=Hx@=H V}=Ri= Q=Okt "CU= xRQO
|Q}tN w |v=UWm CtUk wO R= ��un� |Owta |@Uv |}=Hx@=H

%OvU} wv|t u}vJ =Q =yu; xm CU= xOW p}mWD
�us = �ues +�ups (51)
�un = �uen +�upn (52)
|va} 'OW=@ QiY Q@=Q@ |Q}tN |=yu=mt Q}}eD xm OwW|t ZQi =OD@=
w |WQ@ VvD V}=Ri= xH}Dv QO &Ovm pta |v=UWm CQwYx@ xRQO

%Ow@ Oy=wN Q} R ?}DQDx@ |Owta
��s = ks�us (53)
��n = kn�un (54)
CUOx@ 56 w 55 \@=wQ R= O}OH |Owta w |WQ@ |=yVvD u}=Q@=v@

%Ot; Ovy=wN
� Is = �s +��s (55)

�In = �n +��n (56)
Q=Qk Q_v OQwt |oDN}Uo Q=}at QO =Q jwi |=yVvD Q}O=kt TBU
%s}W=@ xDW=O Qo = "s}vm |UQQ@ =Q u; uOW |Q=H u=mt= =D s}yO|t

f(�In; �
I
s ) < 0 (57)

=@ '|}=yv pO=aD |xrO=at 45 |xrO=at |wQQ@ sRq C=}rta s=Hv= =@
%R= Ow@ Oy=wN CQ=@a '|QwQ[ |RQt \QW p=ta=

[K+K�]U = P+P� (46)
VwQ x@ |QwQ[ |RQt \QW p=ta= R= P� wK� |=yxrtH u; QO xm
%Ov};|t CUOx@ Q} R \@=wQ |=yp=QoDv= R= w Ov=xOW pY=L |Dr=vB

K� = �
Z
�u
NTN d� (47)

P� = �
Z
�u
NTu d� (48)

OW=@ QDnQR@ |Dr=vB?} Q[ xJQy "CU= |Dr=vB?} Q[ � =yu; QO xm
Oy=wN QDj}kOCU= xDiQ VOwN u=mt R= GQ=N x@ xm |RQt uOv=OQoQ@
R= =t= "OW=@ C}=yv|@ O}=@ ?} Q[ u}= Q=Okt p=xO}= Cr=L QO w &Ow@
QO |OOa CqmWt RwQ@x@ |Dr=vB ?} Q[ uOw@ nQR@ |r}N xm =Hu;
u; x@ |oQR@ |r}N OOa u=wD|tv 'OW Oy=wN QHvt |}xv=}=Q |=yxt=vQ@
u} QDnQR@ � ?} Q[ |=Q@ xm OwW|t |aU u}=Q@=v@ "O=O X=YDN=
,qwtat u; w 'OwW ?=NDv= 'Ot=Hv}v |}xv=}=Q pmWt RwQ@ x@ xm |OOa

"|v=UWm pwOt Q@=Q@ 1013 =D 103 u}@ CU= |OOa
Ca}@] QO Q=OxRQO |ovU |=yxOwD ,qwtat xm CU= QmP x@ sRq
x@ |Oa@ wO Cr=L QO =yRQt u}= uOQmpOt "Ov=C}=yv|@ |=yRQt pt=W
pt=W xm |ovU |=yxOwD �|v=DLD� u}}=B CtUk xm CU= ?}DQD u}=
CyH wO Qy QO 'CU= ZQa w pw] CyH wO Qy QO C}=yv|@ RQt
QO \ki xm |@v=H |=yRQt =t= 'OvwW|t xDiQo Q_v QO Q=OQ}o y w x
Q=OQ}oCyH u=ty QO \ki 'OvwW|t C}=yv|@ RQt pt=W CyH l}
,qwtat "OW=@ xDW=O u=mt Q}}eDCU= umtt Qo}OCyH QO w OvwW|t
QO ẁ[wt u}= "CU= x QwLt |=DU=Q QO |@v=H |=yRQt QO |Q=OQ}o
|=yRQt pt=W xm l =N w nvU =@ \@DQt |UOvyt |=yKQ] |x}rm
|vat u}= x@ RQt l} uOQm Q=OQ}o "OwW|t Qw_vt OvwW|t C}=yv|@
s}yOv xR=H= =} 's} Q}o@ Q_v QO QiY =Q RQt u; u=mt Q}}eD xm CU=
|xrO=at QO |QwQ[ |RQt \QW u}= p=ta= "OW=@ xDW=O |}=Hx@=H
CU= RQt |wQ 'swrat u=mt Q}}eD u xm |Qw]x@ "OwW|t xOy=Wt 45
QiY Q@=Q@ |ovU |xOwD RQt R= |}=yCtUk u=mt Q}}eD s}y=wN@ Qo = w

"s}vm|t QiY CqO=at QO =Q u; u Q=Okt OW=@

Q=DiQ =@ xRQO Kw]U Q=DiQ x@ \w@ Qt CqO=at "6
|Q}tN

w |Q=Wi '|WQ@ CQwYx@ =yxRQO uOQm pOt x@ Ovtxkqa ,qwtat =t
VvD 'OQ}o@ Q=Qk |WWm Cr=L QO xRQO Q=DiQ Qo = "s}DUy |WWm =}
QO Qo = w CiQo s}y=wN Q_v QO QiY =@ Q@=Q@ =Q u; |Q=Wi w |WQ@

7 ! sryJ |xQ=tW � h} QW
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""" xO=iDU= =@ Q=OxRQO |ovU |=yxOwD |m}v=mt p}rLD

p=Ft OvJ |UQQ@ "7
"OwW|t x�=Q= p=Ft OvJ xm@WuwO@VwQ R=pY=LG}=Dv uO=O u=Wv|=Q@
OwHwt u; j}kO pL xm �2 pmW� |}xQ] Q}D l} p=Ft u}= QO "1 p=Ft
pY=L G}=Dv =@ j}kO pL R= pY=L G}=Dv w OwW|t |UQQ@ CU=
xm P Q=@ '|}xQ] Q}D |=yDv= QO "OwW|t xU}=kt xm@W uwO@ VwQ R=
|x]@=Q =@ j@=]t xm CU= xOW p=ta= 'CU= pmW |tyU CQwYx@
"O};|tCUOx@ Q}D |=yDv= R= x]kv Qy QO �xy = Py(D�y)=(2I)
\@=wQ j} Q] R= [17]Q}=Owo w wmv}Wwt}D \UwD |}xQ] Q}D l} j}kO pL

%CU= xOW xO=O 67 w 66

ux = �(p=6EI)(y �D=2)[3x(2L� x)+
(2+ v)y(y �D)] (66)
uy = (p=6EI)[x2(3L� x) + 3v(L� x)(y �D=2)2+
(4+ 5v)D2x=4] (67)

%xm
I = D3=12

E =

8><>:E |}xLiY VvD Cr=L |=Q@
�
E=(1� �2) |}xLiY VvQm Cr=L |=Q@

�� =

8><>:� |}xLiY VvD Cr=L |=Q@
�=(1� �) |}xLiY VvQm Cr=L |=Q@

xOW pL Q} R \}=QW |=Q@ w |}xLiY VvQm Cr=L |=Q@ xr�Ut u}=
%CU=

P = 1000N; E = 2e7Pa;D = 4m; L = 8m; v = 0 3

\=kv O=OaD w OwW|t ?=NDv= 29xU xHQO |}xrtHOvJ uRw `@=D
pm O=OaD "CU= (6 � 6) pwrU Qy QO |Q}op=QoDv= |=Q@ |@=NDv=
'p=QoDv= |x@U=Lt |=Q@ pwrU pm O=OaD wCU= xQo 60|@=NDv= |=yxQo

"u; QO |@=NDv= |=yxQo w wmv}Wwt}D Q}D "2 pmW

\@=wQ R= pY=L |=yVvD w OQ=O Q=Qk |v=UWm Cr=L QO xRQO x=ou;
Q=Okt Qo = =t= "Ov=|}=yv |=yVvD R= |L}LY |=yOQw;Q@ 56 w 55
R= pY=L |=yVvD x=ov; OwW QiY R= QDnQR@ =} '|w=Ut s}rUD `@=D
"OvwW K}LYD O}=@ w OvDU}v |L}LY |=yVvD 56 w 55 \@=wQ
xwqa O}=@ w CU= xDiQo Q=Qk |Q}tN Cr=L QO xRQO 'Qo}O CQ=@ax@
R= |W=v |=yu=mt Q}}eD '|v=UWm Q=DiQ R= |W=v |=yu=mt Q}}eD Q@
|Q}tN u=mt Q}}eD V}=Ri= uDi=} |=Q@ "OvwW x@U=Lt R}v |Q}tN Q=DiQ

%R= CU= CQ=@a xm s}vm|t xO=iDU= u=} QH `@=D R= �upn w �ups
g =

����s���+ �n tan (58)

MQv w VvD |x]@=Q |twta pmW "CU= \=U@v= |x} w=R  u; QO xm
u}vJ 'O};|t CUOx@ s}rUD `@=D =@ j@=]t 'xD}r=tQv \QW R= xm =Q VvQm

[16]%OvU} wv|t

"Iij = �
@f
@�ij

(59)

'|Owta w|WQ@ |Q}tN|=yu=mt Q}}eD?ULQ@ u=wD|t =Q 59|x]@=Q
%CWwv u}vJ 'u=} QH uwv=k |oDUw}B=v uDiQo Q_v QO =@ w

�ups = �
@g
@�s

= � sgn(�s) (60)
�upn = �

@g
@�n

= � tan( ) (61)

'xOW O=} \@=wQ R= xO=iDU= =@ w (f = 0) s}rUD `@=D <=[Q= Qw_vtx@
%R= Ow@ Oy=wN CQ=@a � ?} Q[ |x]@=Q

� =
f(�In; � Is )

ks + kn tan� tan 
(62)

%OW Oy=wN u}vJ =yVvD |xOW K}LYD Q}O=kt u}=Q@=v@
�s = � Is � ks�ups (63)
�n = �In � kn�upn (64)

'OUQ|t |Q}tN Cr=L x@ xRQO R= |}x]kv |Dkw xm CU= xHwD p@=k
xOW KqY= |DNU T} QD=t "OwW KqY= O}=@ R}v u; |DNU T} QD=t

%O};|t CUOx@ u}vJ

Dep = De �
�
De: @g@�n

��
De: @f@�n

�T�
@f
@�n

�T
:De:

�
@g
@�n

� (65)

`@=D g '|v=UWm T} QD=t De 'xOW KqY= T} QD=t Dep u; QO xm
"CU= s}rUD `@=D f w u=} QH

sryJ |xQ=tW � h} QW ! 8

www.SID.ir



Arc
hi

ve
 o

f S
ID

|v=tQyk uqUQ= w |R} Ra|H=L OtLt 'hD=y QO=v

"y = 3 QO j}kO pL w xm@W uwO@ VwQ |xU}=kt "6 pmW

"y = 4 QO j}kO pL w xm@W uwO@ VwQ |xU}=kt "7 pmW

"Ov=\@DQt sy@ xRQO l} \UwD xm |ovU lwr@ wO "8 pmW

uwO@ u}mQr=o VwQ R= xrY=L G}=Dv "CU= xOW pL OwOLt p[=iD
u}= QO "Ov=xOW xU}=kt 12 =D 9 |=ypmW QO OwOLt p[=iD w xm@W
|}=yxQo |=Q@ |ki= u=mt Q}}eD '|Q=PoQ=@ uOw@ |ki= x@ xHwD =@ =ypmW
"CU= xOW sUQ 'OvQ=O Q=Qk y = 4 w y = 3 'y = 2 'y = 0 QO xm
OwOLt p[=iD VwQ wO ?wN j@=]D |xOvyOu=Wv xOW sUQ p=mW=
QO |}xr�Ut u}vJ j}kO pL xm u}= x@ xHwD =@ =t= 'CU= xm@W uwO@ w
Qy uOw@ QDK}LY x@ C@Uv |k}kO Cw=[k u=wD|tv 'CU}v TQDUO
R= pY=L G}=Dv u; QO xm 1 p=Ft x@ xHwD =@ O}=W "CW=O =yVwQ R= s=Om
u=wD@ 'CU= j@]vt j}kO pL R= pY=L G}=Dv Q@ ,=k}kO xm@W uwO@ VwQ
u}vJty "OQm x=ov 'xm@W uwO@ u}mQr=o VwQ x@ |QDW}@ Q_v uUL =@
x@ C@Uv |QDsm u=tR xm@W uwO@ VwQ QO G}=Dv uOQw; CUOx@ |=Q@
VwQ |=Q@ u=tR u}= xm |Qw]x@ &CU= xOW hQY OwOLt p[=iD VwQ
"CU= x}v=F 22 OwOLt p[=iD VwQ |=Q@ w x}v=F 0 42 xm@W uwO@
xHwD p@=k VwQ wO|v=tR hqDN= 'xOt;CUOx@ C=aq]= T=U=Q@
|=Q@ OwOLt p[=iD VwQ uOw@ Q@u=tR x@ u=wD|t =Q u; Cra xm CU=

"O=O C@Uv pO=aDt=v |=ywQ}v uOQm l}ORv QiY x@
Q=@ ZQat QO xm Q=OxRQO |ovU |xOwD l} p=Ft u}= QO "3 p=Ft

"�13 pmW� OwW|t |UQQ@ 'CU= |vDw}v 100;000 |ki=

"y = 0 QO j}kO pL w xm@W uwO@ VwQ |xU}=kt "3 pmW

"y = 1 QO j}kO pL w xm@W uwO@ VwQ |xU}=kt "4 pmW

"y = 2 QO j}kO pL w xm@W uwO@ VwQ |xU}=kt "5 pmW

1e+ 5 |Dr=vB ?} Q[ w 1 955 Q@=Q@ Q}F-=D |xRwL "CU= pwrU 44
xOW x�=Q= 7 =D 3 |=ypmW QO pY=L G}=Dv "CU= xOW xDiQo Q_v QO
w |tyU pmW x@ Q=@ xm u}= x@ xHwD =@ 7 =D 3 |=ypmW QO "CU=
'y = 2 'y = 0 QO xm |}=yxQo |=Q@ Q}D s�=k u=mt Q}}eD 'CU= s�=k

"CU= xOt; 'Ov=xDiQo Q=Qk y = 4 w y = 3
j}kO pL R= pY=L G}=Dv |xU}=kt OwW|t xOy=Wt xm Qw]u=ty
C}r@=k |xOvyOu=Wv xm OvQ=O |@ wN Q=}U@ j@=]D xm@W uwO@ VwQ w

"CU= xm@W uwO@ VwQ ?wN
Q=@ ZQat QO xm Q=OxRQO |ovU |xOwD l} p=Ft u}= QO "2 p=Ft
QDt 2 |ovU lwr@ Qy `=iDQ= "�8 pmW� OwW|t |UQQ@ CU= |ki=

"CU= xOW xDiQo Q_v QO QDt 3 u; ZQa w
"CU= QDt Q@ p=mU=B 0=5e8 Q@=Q@ |Owta w |WQ@ |=y|DNU
p=mU=B 2e10 w 0 3 ?}DQDx@ 'nvU |v=UWm pwOt w uwU=wB C@Uv
O=OaD 'uDw}v 1000 Q@=Q@ xOQ=w |ki= |wQ}v "CU= xOW xDiQo Q_v QO
"CU= xQo 24 Q@=Q@ =yxQo pm O=OaD w '(2 � 2) lwr@ Qy |=ypwrU
QO 1 5 Q@=Q@ QF-wt `=aW w CU= xU xHQO |}xrtHOvJ l} 'uRw `@=D
w CU= xOW pL K]Ut VvQm Cr=L QO xr�Ut "CU= xOW xDiQo Q_v
|OOa VwQ =@ xr�Ut u}= u}vJty "CU= 1000E Q@=Q@ |Dr=vB?} Q[

9 ! sryJ |xQ=tW � h} QW
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""" xO=iDU= =@ Q=OxRQO |ovU |=yxOwD |m}v=mt p}rLD

"Ov=\@DQt sy@ xRQO wO \UwD xm |ovU lwr@ xU "13 pmW

"y = 1 QO x QwLt |=DU=Q QO u=mt Q}}eD "14 pmW

"y = 3 QO x QwLt |=DU=Q QO u=mt Q}}eD "15 pmW

"y = 5 QO x QwLt |=DU=Q QO u=mt Q}}eD "16 pmW

p[=iD VwQx@ w xm@W uwO@ VwQx@ pL R= pY=L G}=Dv "CU= xOW
|=ypmW QO xOWO=}G}=Dv |xU}=kt "OvQ=O j@=]D sy =@|@ wNx@ OwOLt
QO xm |}=yxQo |ki= u=mt Q}}eD =ypmW u}= QO "CU= xOt; 16 =D 14

"CU= xOW sUQ ?}DQDx@ 'OvQ=O Q=Qk y = 5 w y = 3 'y = 1
C@�Uv |QDsm u=tR xm@�WuwO@VwQ QOG}=Dv uOQw;CUOx@ |=Q@
u=tR u}= xm |Qw]x@ &C�U= xO�W hQY OwO�Lt p[=iD VwQx@
43 OwOLt p[=iD VwQ |=Q@ w x}v=F 1 23 xm@W uwO@ VwQ |=Q@
x@ u=wD|t R}v =Q VwQ wO u}= |v=tR O=} R hqDN= Cra "C�U= x}v=F
|=ywQ}v uOQml}ORv Qi�Y x@ |=Q@ OwO�Lt p�[=iD VwQ uOw@ Q@u=tR

"CUv=O pO=�aDt=v

"y = 0 QO x QwLt |=DU=Q QO u=mt Q}}eD "9 pmW

"y = 2 QO x QwLt |=DU=Q QO u=mt Q}}eD "10 pmW

"y = 3 QO x QwLt |=DU=Q QO u=mt Q}}eD "11 pmW

"y = 4 QO x QwLt |=DU=Q QO u=mt Q}}eD "12 pmW

p=mU=B wr}m 25 |oOv@UJ |=Q=O |ovU |xOwD u}= |=yxRQO
QiY Q@=Q@ wO Qy \=U@v= |x} w=R w |rN=O l =m]Y= |x} w=R w CU=
8 u; pw] w QDt 2 |ovU lwr@ Qy `=iDQ= "CU= xOW ZQi xHQO
0 5e8 Q@=Q@ |Owta w |WQ@ |=y|DNU "CU= xOW xDiQo Q_v QO QDt
?}DQDx@ 'nvU |v=UWm pwOt w uwU=wB C@Uv "CU= QDt Q@ p=mU=B
uRw `@=D "CU= xQo 81 Q@=Q@ =yxQo pm O=OaD "CU= p=mU=B 2e7w 0 3
Q_v QO 1 42 Q@=Q@ u; QF-wt `=aW w CU= xU xHQO |}xrtHOvJ l}

"CU= xOW xDiQo
Q@=Q@|Dr=vB?} Q[wCU= xOWpLK]UtVvQmCr=L QO xr�Ut
pL R}v OwOLt p[=iD |OOa VwQ =@ xr�Ut u}= "C�U= 100,000E

sryJ |xQ=tW � h} QW ! 10
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|v=tQyk uqUQ= w |R} Ra|H=L OtLt 'hD=y QO=v

u}= QO wCU= O}OH w wv |Q=m xmCU= xOt; |Q}tN w |v=UWmCr=L
u}vJty "OvDUy |rw@k p@=k G}=Dv Qou=Wv xOW pL |=yp=Ft 'x]@=Q
=yxRQO Q}Ut QO |Q}}eD Qo = w CU= sRq x@U=Lt |=Q@ |QDsm u=tR
|=yVwQ Ovv=ty 'xRQO Q@ xm@W |xQ=@ wO j=@]v= x@ |R=}v O}; V}B

"CU}v xm@W Q@ |vD@t

|Q}oxH}Dv "8
Q@ xwqa xm@W uwO@ VwQ R= xO=iDU= =@ Q=OxRQO |ovU |=yxOwD p}rLD
|=Q@|@U=vt |=Wox=Q OW=@ xDW=OQ@ QO|rw@k p@=k G}=Dv Ov=wD|t xm u}=
QO "CU= xm@W Q@ |vD@t |=yVwQ R= xO=iDU= =@ p}rLD CqmWt `iQ
QO Q=OxRQO |=y\}Lt |=Q@ xm@W uwO@ VwQ |Ov@pwtQi Q=DWwv u}=

CWwv=B
1. bad geometry
2. �nite element method
3. �nite di�erence method
4. joint element
5. boundary element
6. discrete element
7. discontinuous deformation analysis
8. rigid �nite element
9. mesh
10. arbitrary lagrangian-eulerian
11. T.-P. Fries and H.-G. Matthies
12. smoothed particle hydrodynamics
13. di�use element method
14. element free galerkin
15. least squares meshfree method
16. meshfree local petrov galerkin
17. local boundary integral equation
18. partition of unity method
19. hp clouds
20. natural element method
21. meshless �nite element method
22. reproducing kernel element method
23. moving least squares approximation
24. Basis Functions
25. variational principles
26. moment matrix
27. kronecker delta
28. patton
29. cubicspline `@=vt
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