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ẁv u}= ?=wH "OvwW|t xO=iDU= =yl =N u=tR `@=D Q=DiQ u=}@ |=Q@ |a}Uw OL QO =v} RQB

u=tR `@=D |HRr |Q}tN CtUk l} w u=tR R= pkDUt |v=UWm CtUk l} pt=W =ypOt
Ovv=t =yl =N |Q=DiQ |=yx@vH R= |NQ@ '|oO=U seQ|ra |R=UpOt ẁv u}= QO "CU=
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hOy xmu; x@ xHwD =@ j}kLD u}= QO "O};|t CUOx@ sII Q=Okt |xv}tm '�|WWm
|=yl =N QO u=tR QF= xmu; x@ xHwD =@ w CU= =yl =N u=tR `@=D Q=DiQ uOQmpOt
|xrO=at QO 8 |x]@=Q CQwYx@ =Q |oOv@UJ QF= =Pr OwW|t Qy=_ QDW}@ |UQ

"s}vm|t OQ=w |@=QN K]U
sIIh(�)�Rm(I1 + I1c) = 0 (8)

K]U 1 pmW QO "O};|t CUOx@ l =N |oOv@UJ ?UL Q@ xm CU= |QDt=Q=B I1c
"CU= xOW xO=O I1 VvD ?ULQ@ |i=QLv= VvD uqB w |i=QLv= uqB QO |@=QN

K]U pmW =@ ?U=vDt |i=QLv= sR}v=mt QO s}rUD K]U pmW pOt u}= QO
j@]vt sy Q@ |DU}=@ K]U wO u}= |@=QN |xrLQt QO�CU= xOW xDiQo Q_vQO |@=QN

"�OvwW
fd(�ij ; R) = sIIh(�)�R(I1 + I1c) = 0 (9)
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|Q}
tN

�|
Q}tN

|v=U
Wm

|Q=
DiQ

pOt
l}=@ pwOt wO u}= "OvDUy |tHL pwOt w |WQ@ pwOt ?}DQDx@ K w G u; QO xm

%OvDUy \w@ Qt VvDQwUv=D pw= Q}eDt=v x@ 29 w 28 |=yx]@=Q

K = Ke0
�
I1

3Pa
�n

(28)

G = G0
�
I1

3Pa
�n

(29)

"OvDUy |a=HDQ= sR}v=mt |=yQDt=Q=B n w G0 'Ke0

|HRr |Q}tN sR}v=mt
x@U=Lt |HRr � |Q}tN VvQm MQv 'VvD |xi=[= |Qw�D T=U=Q@ j}kLD u}= QO
|i=QLv= CtUk wO R= pmWDt |HRr |Q}tN sR}v=mt x}=B pOt =@ ?U=vDt "OwW|t
xDiQo Q_vQO OLDtQ}e CQwYx@ |i=QLv= CtUk QO u=} QH uwv=k "CU= u=Uty w
w |i=QLv= |=yCtUk R= xrY=L |HRr |Q}tN VvQm MQv ?}DQDu}O@ "OwW|t

%Ow@ Oy=wN 30 |x]@=Q CQwYx@ |Q}tN
_"vpij = � h�1(F1)iGvpij + �i

3 h�2(F2)i �ij (30)

|Q=PoQ=@ x@ \w@ Qt VvD |xi=[= `@=D �1(F1) w CHRr QDt=Q=B � '30 |x]@=Q QO
%OwW|t xDiQo Q_vQO u; |=Q@ 31 |x]@=Q xm |i=QLv=

�1(F1) = exp (N(R�Rv))� 1 (31)

%O};|t CUOx@ 32 |x]@=Q R= 9 |x]@=Q x@ xHwD =@ R
R = sIIh(�)

I1 + I1c
(32)

x@ |oDU@ u; C=Q}}eD "CU= |HRr |Q}tN sR}v=mt QO |oOvwWCNU QDt=Q=B Rv
w xJN} Q=D w '�R � Rv� 8|HRr C}a[w w |rai VvD C}a[w u}@ |xrY=i
33 |x]@=Q CQwYx@ Ov=wD|t Rv MQv |=Q@ xO=U pmW l} "OQ=O Kr=Yt X=wN

%OW=@
_Rv = h��1(F1) (33)

=@ j}kLD u}= QO "CU= Kr=Yt X=wN w xJN} Q=D |xOvvmu=}@ h '33 |x]@=Q QO
pOt QO |oOvwWCNU uwv=k =@ xU}=kt QO w |oOvwWCNU u=Uty pmW x@ xHwD
xm CU= pOt C@=F QDt=Q=B l} Av 'u; QO xm OW xDiQo Q_vQO h = AvI1�x}=B
xDiQo Q_vQO x} wv=F VRN uOQmpOt |=Q@ � "OwW|t u}}aD l =N ẁv x@ |oDU@
|=y|Q=PoQ=@ CLD Kr=Yt R= |[a@ QO OvyO|t u=Wv |@ QHD G}=Dv "CU= xOW
xOvy=m CaQU =@ =OD@= VRN R= |W=v |HRr |Q}tN VvQm 'O=} R ,=D@Uv |i=QLv=
CaQU 'X=N C}a[w l} x@ uO}UQ R= TB |rw CU= xOW O=H}= �9x}rw= VRN�
u=mt= xm |DQ=@a "CU= x} wv=F VRN u=ty `k=w QO xm Ov=t|t C@=F VvQm O}rwD
xDiQo Q_vQO 34 |x]@=Q CQwYx@ OyO|t Q=Qk Q=}DN= QO =Q x} wv=F VRN uOQmpOt

%OW
� = 1� ! Rv

Rm
(34)

x@ w CU= xOW xO}HvU �R Q=Okt |xv}W}@� Rmx@ C@Uv Rv '34 |x]@=Q QO
|@=QN 'OUQ@ Rm x@ R VvD C}a[w |Dkw =Q} R OwW|tv QDW}@ u; R= xHwI}y

uwv=k R= u; u}}aD |=Q@ w CU= |Q}tN p}Uv=DB `@=D jDWt Gij '17 |x]@=Q QO
%CU= xOW xO=iDU= �18 |x]@=Q� `=UD=

_"dpv = �
�
sII
scII
� 1
� ���sij _edpij

���
sII

(18)

_"dpij �ij��
�
sII
scII
� 1
� ���sij _edpij

���
sII

= _"dpij nij = 0pmW x@ u=wD|t =Q uwv=ku}=
CQwYx@ |Q}tN p}Uv=DB K]U Q@ T=tt OL=w QwUv=D nij u; QO xm CWwv R}v

%Ow@ Oy=wN 19 |x]@=Q

nij =
�0 sijsII � �ijp

�02 + 3 (19)

%O};|t CUOx@ 20 |x]@=Q R= �0 '19 |x]@=Q QO
�0 = �

�
sII
scII
� 1
�
sign(sij _edpij ) (20)

'nij QO QwUv=D u}= |rN=O ?Q[ w @fd
@�ij

s}rUD K]U Q@ Owta QwUv=DR= xO=iDU= =@
%O};|t CUOx@ Gij |=Q@ 21 |x]@=Q

Gij = @fd

@�ij
�
�
@fd

@�kl
nkl
�
nij (21)

s=v x@ |L]U xm CU= 7xYNWt VvD C}a[w scII '20 w 19 |=yx]@=Q QO
%Ovm|t h} QaD =Q 22 |x]@=Q CQwYx@ xYNWt K]U

sIIh(�)�Rc(I1 + I1c) = 0 (22)

`k=w QO "CU= pOt QDt=Q=B l} u=wvax@ xYNWt K]U |xR=Ov= |xOvvmu}}aD Rc
uqB QO xYNWt K]U \UwDt `=aW 'xOWxO=O I1 l} |=Q@ Rc(I1 + I1c)
CU= Kr=Yt Z=@kv= w `=UD= C}a[w |xOvvm =OH 'xYNWt K]U "CU= |i=QLv=
|Q}tN |Q=OQ@ Q=@ C}a[w QO `=UD= Qwy_ R= sign(sij _edpij ) CQ=@a "�1 pmW�

"Ovm|t |Q}owrH
QwLt Q@ Owta |xLiY l} u=Uty |Q}tN sR}v=mt QO s}rUD K]U

%�23 |x]@=Q� CU= |rY= |=yVvD |=[i QO l}D=DUwQO}y
f i(I1; Q) = I1

3 � (Q+ I1c
3 ) = 0 (23)

%�24 |x]@=Q� CU= xOW ZQi OLDt sR}v=mt u}= |=Q@ u=} QH uwv=k
"Piij = �i @f

i

@�ij
= �i

3 �ij (24)

%OwW|t s=Hv= �25 |x]@=Q� u=Uty |oOvwWCNU uwv=k =@ s}rUD K]U pwLD
_Q = Kp _q = Kp

o

�
Q
Pa

�n
_q (25)

%OwW|t s=Hv= 26 |x]@=Q j@] u; C=Q}}eD w CU= |oOvwWCNU Q}eDt q
_q = ��@f i

@Q
= �i = _"Piv (26)

|a=HDQ= uwv=k "CU= q Q}eDt =@ OLDt |m}t=v}OwtQD |wQ}v Q w 'pOt QDt=Q=B Kp
0

%�27 |x]@=Q� CU= l}DUq=wB}y |U} wvpwtQi ẁv R= pOt u}= QO

_"eij = _sij
2G +

_I1
9K �ij (27)
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tLt xmu; x@ xHwD =@ "CU= I1 ?UL Q@ sIIh(�) uqB QO |@=QN K]U ?}W Rm
|xrO=at QO ?trwm � Qwt |@=QN K]U |xrO=at R= |Q=Po|=H =@ 'CU= C@=F I1c

%O};|t CUOx@ Rm |=Q@ 41 |x]@=Q '40

Rm = 2
r2

3
(1� )1=6 sin�

3� sin�
(41)

|Q}oQ=mx@ w 11VWm QO w Q=Wi QO |QwLt xU |=yV}=tR; G}=Dv R= xO=iDU= =@
?trwm � Qwt |@=QN K]U Q@ j=@]v= =@ "CU= u}}aDp@=k  QDt=Q=B 40 |xrO=at

%O};|t CUOx@ QDt=Q=B u}= u}}aD |=Q@ 42 |xO=U |x]@=Q�1� 
1 + 

�1=6
= 3� sin�

3 + sin�
(42)

Oy=wN RmI1c =@ Q@=Q@ -=O@t R= ZQa 'OW=@ I1 = 0 Qo = |@=QN K]U |xrO=at QO
R= ZQa u; QO xm ?trwm � Qwt Q=}at Q@ j=@]v= =@ Cr=L u}= QO "�1 pmW� Ow@
%O};|t CUOx@ 43 |x]@=Q R= I1c QDt=Q=B 'CU= �c = �1��32 � |oOv@UJ '-=O@t
I1c = 2

Rm

r2
3c(1� )1=6 (43)

|=y|vLvt uDW=O CUO QO =@ x}=B |Q}tN |a=HDQ= pOt |=yQDt=Q=B Q}=U
\=@DQ= 2 pmW QO "OvDUy u}}aD p@=k |oO=Ux@ |QwLt xU V}=tR; R= pY=L
xO=O u=Wv |QwLt xU V}=tR; |=y|vLvt w |i=QLv= sR}v=mt hrDNt |=yQDt=Q=B

|Q=PoQ=@ l} CLD xOW |WmyR |QwLtxU V}=tR; l} |R=Ux}@W "2 pmW
"`} QU |xDUw}B

VRN COW xm CU= |QDt=Q=B ! "ODi=|t j=iD= x}=B pOt OQmrta R= |W=v Kr=Yt
VRN |xO}OB CU= ! = 1 |Dkw "CU= ! � 1xQ=wty w Ovm|t pQDvm =Q 10x} wv=F
Rv = R =D O@=}|t xt=O= QOku; |HRr pwLD w OwW|tv O=H}= Kr=Yt QO x} wv=F
_Rv = 0 xmu; x@ xHwD =@ wCU= xOW � = 0 |Y=N u=tR |] ! > 1 |=Q@ "OwW
=Q} R OwW|t O}rwD C@=F CaQU =@ |HRr |Q}tN VvQm Oa@ x@ xrLQt u}= R= 'OwW|t
xm CU= pOt C@=F QDt=Q=B l} N "CW=O Oy=wN QiYQ}e C@=F |Q=Okt R�Rv

"O};|t CUOx@ |y=oW}=tR; G}=Dv T=U=Q@
l} h} QaD =@Gvpij "OwW|t XNWtGvpij =@ |HRr |Q}tN VvQm MQv CyH
"OwW|t pY=L VvD QwUv=D x@ C@Uv `@=D u}= jDWt w |HRr |Q}tN p}Uv=DB `@=D

%CU= xOW xDiQo Q_vQO u; |=Q@ x}=B pOt QO Gij x@=Wt |rmW =Hu}= QO

Gvpij = @fd

@�ij
�
�
@fd

@�kl
nvpkl

�
nvpkl (35)

nvpij =
�0vp sijsII � �ijp

�0vp + 3 (36)

�0vp = �v
�
sII
scII
� 1
�

(37)

|=Q@ j}kLD u}= QO "CU= � |=Hx@ �v QDt=Q=B p=ta= 'Gij =@ Cw=iD =yvD u}=Q@=v@
"CU= xOW xDiQo Q_vQO u=Um} � =@ �v |oO=U

`@=D 'I1 QO Q}}eD R= |W=v |HRr |Q}tN |tHL VvQm MQv |x@U=Lt |=Q@
%OwW|t xDiQo Q_v QO 38 |x]@=Q CQwYx@ �2(F2)

�2(F2) =
�
I1

3Pc � 1
�2

(38)

|Q}tN sHL Q}}eD?ULQ@ s}mLD Q=Wi sD} Q=or C=Q}}eD uDiQoQ_vQO|]N ZQi =@
%Ot; Oy=wN CUOx@ 39 |x]@=Q |HRr

Pc = Pco exp(c"vpkk) (39)

"CU= x}rw= |t}mLD Q=Wi Pco w pOt QDt=Q=B l} c '39 |x]@=Q QO

=yQDt=Q=B u}}aD |xwLv
u}}aDp@=k |oO=Ux@ |y=oW}=tR; pwtat |=yV}=tR; G}=Dv R= pOt |=yQDt=Q=B x}rm
|QwLt VvQm � |i=QLv= VvD |=y|vLvt C=}YwYN =@ pOt |=yQDt=Q=B "OvDUy
|=Q@ xm 'OvDUy \w@ Qt |QwLt xU V}=tR; QO |i=QLv= VvQm � |tHL VvQm w
xO=iDU= =@ '=yQDt=Q=B j}kO u}}aD |=Q@ "OQm xO=iDU= \@=wQ u}= R= u=wD|t x}rw= u}tND
=@ 'CU= xOW xDWwv |QwLt xU V}=tR; |RQt \}=QW |=Q@ xm pOt Q=Ri=sQv R=
|=y|vLvt j=@]v= u} QDW}@ hOy =@ 'l}D=twD= |xUwQB l} s=Hv= =} w =]N w |aU
|@=QN K]U |xrO=at |Q}oQ=mx@ =@ "OQ}o|t CQwY s=Ok= |R=Ux}@W w |y=oW}=tR;
\=@DQ= u=wD|t ?trwm � Qwt |@=QN K]U =@ j=@]v= w |QwLtxU V}=tR; \}=QW QO

"OQw; CUOx@ c |oOv@UJ =@ =Q I1c w �|rN=O l =m]Y= |x} w=R� � =@ =Q Rm
?}DQDu}O@ "CU= �2 = �3 w � = 0 |QwLt uQ=kD |QwLtxU \}=QW QO
Ovy=wN I1 = �1 + 2�3 w sII =

q
2
3 j�1 � �3j 'h(�) = (1 � )1=6

%Ow@ Oy=wN 40 |x]@=Q CQwYx@ \}=QW u}= QO |@=QN K]U |xrO=at "Ow@r2
3 j�1 � �3j (1� )1=6 �Rm(�1 + 2�3 + I1c) = 0 (40)
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QO x}rw= ?}W C=Q}}eD =} w |QwLt xU |x@v=H xty |Q=OQ@ Q=@-|Q=PoQ=@ |vLvt Q@ j=@]v= "\UwDt VvD x@ |a=HDQ= |=yQDt=Q=B |oDU@=w |xOvvmpQDvm n

"hrDNt |=y�3 =@ |QwLt xU |=yV}=tR;
"hrDNt |=y�3 =@ |QwLtxU |=yV}=tR; QO �|Q=OQ@ Q=@ =} |Q=PoQ=@ QO� x}rw= ?}W C=Q}}eD "|i=QLv= |=yVvD CLD pOt |a=HDQ= ?=wH |xOvvmpQDvm Go

"x@v=H xty |=yVvD CLD |QwLtxU V}=tR; R= xrY=L |Q=OQ@ Q=@-|Q=PoQ=@ |vLvt Q@ j=@]v= "x@v=H xty |=yVvD CLD pOt |a=HDQ= ?=wH |xOvvmpQDvm Ke
o

"x@v=H xty |=yVvD CLD |QwLtxU V}=tR; R= xrY=L |Q=PoQ=@ |vLvt Q@ j=@]v= "x@v=H xty |=yVvD CLD pOt |Q}tN ?=wH |xOvvmpQDvm Kp
o

q � "1 |vLvt =@ j=@]v= "|oOvwWCNU pwOt C=Q}}eD |xOvvmpQDvm A

uwv=k |Q}oQ=mx@ w "v � "1 |vLvt QO |a=UD= |x}L=v |=OD@= QO \UwDt ?}W R= xO=iDU==@ "VQ@ QF= QO |Q}tN sHL C=Q}}eD COW |xOvvmpQDvm �
"O};|t CUOx@ ,=t}kDUt � |QwLt xU \}=QW QO pOt `=UD=

w CU= �"v = 0=yu;QO xm q � "1 |=y|vLvt QO xYNWt VvD C}a[w R= xO=iDU==@ Cr=L |xOvvm =OH� xYNWt Cr=L K]U |xOvvmXNWt
Rc"O};|t CUOx@ ,=t}kDUt xYNWt Cr=L K]U xrO=at |Q}oQ=m x@ "�Z=@kv= w `=UD=

41 |xrO=at "|@=QN K]U ?}W |xOvvmXNWt Rm

42 |xrO=at "|i=QLv= uqB QO |@=QN K]U pmW |xOvvmXNWt 

43 |xrO=at "Kr=Yt |oOv@UJ p=ta= CyH I1c

"j}kLD s=Hv= QO xO=iDU= OQwt pOt |=yQDt=Q=B "2 pwOH
2 |xawtHt 1 |xawtHt QDt=Q=B

0 6 0 9 n

x}=B pOt

50 25 Ke
o(MPa)

50 30 Kp
o (MPa)

50 25 Go(MPa)

�1 85 �1 0 �

0 27 0 3 Rm

0 27 0 28 Rc

0 8 0 5 
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0 0 I1c

0 00098 0 0003 �(1=min:)
� |Q}tN0 25 2 N

|HRr0 00008 0 00005 Av(KPa:min:)�1

1 2 1 !

x@ |QDW}@ u=tR QO Rv 'CU= sm Av QDt=Q=B |Dkw TmaQ@ "Ow@ Oy=wN R}J=v |HRr
|QDW}@ |WRN VvQm O}rwD x@ QHvt u}= xm CU= xOW l}ORv OwN |xv}W}@ Q=Okt
|] =QVvQmC@Uvl} x@ � QDt=Q=B QOVy=m =}V}=Ri= 'O3 pmW j@=]t "OW Oy=wN
,=t}kDUt |HRr |Q}tN VvQm MQv 30 |xrO=at j@] =Q} R 'Ovm|t sm =} O=} R 'u=tR
pk=OL uOQm^=Lr xm CiQo xH}Dv u=wD|t ?}DQDu}O@ "OQ=O |oDU@ QDt=Q=B u}= x@

QO xYqN Qw]x@ =yQDt=Q=B u}}aD |xwLv w |m} R}i swyit 'u}vJty "CU= xOW
"CU= xOW x�=Q= 1 pwOH

|HRr |Q}tN sR}v=mt |=yQDt=Q=B u}}aD |xwLv
Q}Ut CLD |QwLt xU VRN V}=tR; G}=Dv Q@ j=@]v= =@ Av w N '� |=yQDt=Q=B
?=wH QO =yQDt=Q=B u}= R= l} Qy Vkv |xar=]t |=Q@ "OvwW|t u}}aD |i=QLv= VvD
CLD xOW|WmyR |QwLt xU VRN V}=tR; |R=Ux}@W |xawtHt l} 'pOt
200 Q@=Q@ |t}mLD VvD 'p}rLD |xawtHt u}= QO "OW s=Hv= |i=QLv= VvD Q}Ut
|=yQDt=Q=B "OW xDiQo Q_vQO p=mU=B wr}m 300 pO=at |i=QLv= VvD w p=mU=B wr}m
xOW x�=Q= 2 pwOH swU uwDU QO `HQt |HRr |Q}tN |=yQDt=Q=B w x}=B pOt
|xDUw}B |Q=PoQ=@ CLD xOW|WmyR |QwLt xU V}=tR; l} |R=Ux}@W "CU=
|i=m u=tR '`} QU |Q=PoQ=@ l} QO "CU= xOW xO=O u=Wv 2 pmW QO `} QU
|xOt; CUOx@ VvQm =Pr &CW=O Oy=wNv OwHw |HRr |Q}tN VvQm O}rwD |=Q@
'OwW|t xO}O pmW QO xmQw]u=ty "CU= x}=B pOt R= pY=L |Q}tN |v=UWm
C}a[w u}vJty w |i=QLv= VvD QF= CLD sHLQ}}eD 'VvQm � VvD |]NQ}e Q=DiQ
xOW x�=Q= pOt ?=wH QO N QDt=Q=B Q}F-=D '?3 pmW QO "CU= u=}@p@=k |@=QN
|HRr |Q}tN VvQm O}rwD CaQU QDt=Q=B u}= V}=Ri= =@ xm OwW|t xOy=Wt "CU=
Q}}eD "OwW|t EO=L x}rw= |=yu=tR QO VvQm |xOta VN@ w CU= xOW O=} R
CQ=@ax@ "CW=O Oy=wNv O=} R u=tR QO VvQm O=H}= QO |}xOta Q}F-=D QDt=Q=B u}= QO
N QDt=Q=B R= QF-=Dt u=OvJ VRN V}=tR; l} QO |HRr |Q}tN pm VvQm Qo}O

"CU}v
Av x=oQy pmW u}= QO "CU= xOW xO=O u=Wv 'hr=3 pmW QOAv QDt=Q=BVkv
|oOv@UJ C}a[w xH}DvQO &Ovm|t =O}B V}=Ri= Rv QO Q}}eD CaQU 'OwW O=} R
|Q}tN VvQm QO V}=Ri= Oa@ x@ xrLQt u}= R= xm OUQ|t OwN |}=yv Q=Okt x@ QD`} QU
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