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OwW|t pY=L s}kDUt |=y|Q}oxR=Ov= T=U=Q@ xm |m}v=mt h=mW |xR=Ov= "OwW
Twmat C=@U=Lt R= xOt;CUOx@ QF-wt |m}rwQO}y |=yh=mW |xR=Ov= R= ,qwtat
|}=ypOt "CU= QDnQR@ xOt;CUO x@?amt uwv=k R= xO=iDU= =@|t�=OCr=L u=} QH
uwv=k |xrO=at QO xRQO l} O=ODt= QO h=mW |xR=Ov= C=Q}}eD Q}F-=D u=}@ |=Q@ R}v

[32]"CU= xOW x�=Q= ?amt
|ovU |=yxRQO 'u=} QH C=@U=Lt QO h=mW |xR=Ov= C=Q}}eD uOQmOQ=w |=Q@
[21]"CU= xOW |R=Ux}@W �3 pmW� |R=wt |}xLiY |=yQ=w}O R= |D=a]k =@ s_vt=v
|x]@=Q =D OW |aU h=mW |xR=Ov= C=Q}}eD |Ot=U@ `} RwD `@=D h} QaD =@ =Pr

|rmWQ}}eD xvwoI}y u; QO xm xrwr =} p=v=m l} j} Q] R= u=} QH Ovv=ty xRQO l}
=DU=Q u}= QO [17]"OW|t |R=Ux}@W OQ}o|tv CQwY |HQ=N |=yVvD Q}F-=D CLD
|x@U=Lt |=Q@ Cq=}U l}v=mt QO [19w18] 6xrw}U=wB hwQat uwv=k R= T=@Dk= =@
|xLiY wO j} Q] R= u=} QH |@O '=yxrwr j} Q] R= Q}PB=vsm =QD GRr p=}U u=} QH |@O
QO 'h=mW |xR=Ov= QDt=Q=B |=Q@ 3 u=wD OwHw p}rOx@ u; QO xm Ot; CUOx@ |R=wt

%OW hwQat ?amt uwv=k x@ nvU l}v=mt
Q = J 


12�b
3l (1)

� &xRQO h=mW |xR=Ov= b &xRQO C=a]k |=vyB l &|m}rwQO}y u=}O=Qo J 'u; QO xm
pmWQ}}eD 'pta QO =t= "CU= p=}U XwYNt uRw 
 &p=}U |m}t=v}O |oOv@UJ
?; |=yQ=Wi w OyO|t Q}}eD =Q xRQO R= |Qw@a|@O u=R}t '|HQ=N |=yVvD R=|W=v
|Oa@ |=yVywSB QO "OQ=O p=@vOx@ =Q |oDUw}B=v |Oa@ |=ypmWQ}}eD R}v xOWO=H}=
h=mW |xR=Ov= 'xRQO K]U |Q@ R R= |a@=D xRQO R= |Qw@a u=} QH xm OW xO=O u=Wv
|oDi=}CyH x@ C@Uv =yu; C=yH w |HQ=N |=yQ=@ Q=Okt 'xRQO O=ODt= QO Q}eDt

[22�20]"CU= u; |xOvvmQB Kr=Yt X=wN w xRQO

K]U |Q@ R Q}F-=D "1"3
u=} QH Qw@a T=U=Q@ xm?amt uwv=k pmW x@ ,qwtat |oDUw}B=vl} j} Q] R= u=} QH
u=QoWywSB "OwW|t u=}@ 'CU= xOW h} QaD h=Y |R=wt C=LiY j} Q] R= |}x}q
|=Q@ u=wD|t =Q ?amt uwv=k xm OvOQm O=yvW}B |y=oW}=tR; C=ar=]t G}=Dv T=U= Q@

[24w23]"OQm xO=iDU= R}v sm |xOvvmOwOLt VvD =@ |ak=w |=yxRQO w Q@ R Kw]U
uwQO u=} QH Oy Ci= Ea=@ =yxRQO K]U |Q@ R xm CW=O xHwD O}=@ p=L u}= =@
u}= R= =D OvOW xar=]t =yxRQO |Q}PBPwiv |wQQ@ K]U |Q@ R Q=F; "OwW|t =yxRQO
|=y|Qw�D '|Q@ R Q=F; |UQQ@ |=Q@ [27�25]"Ovvm KqY= =Q ?amt uwv=k |x]@=Q j} Q]
[25]"OW xO=O \U@ OvwQ|t Q=mx@ =QHt l} u=}t R= u=} QH p}rLD |=Q@ xm |OwHwt
|xR=Ov= w Re ROrwv} Q OOa R= |a@=D xm 7�?} Q[ 'K]U |Q@ R Q=F; uOQm^=Lr |=Q@
?} Q[ Q=Okt x@ xDU@|ovU|oDUw}B=vl} |=Q@ "OwW|th} QaDCU= xRQO h=mW
Cr=L QO "OvyO MQ Ovv=wD|t xDiW; w |}x}q u=} QH pFt u=} QH hrDNt |=yOt '�
�Dh� |m}rwQO}y h=mW |xR=Ov= w �k� xRQO |Q@ R 'ROrwv} Q OOa R= |a@=D � |rm
R= |a@=D \ki � ?} Q[ '�k=Dh � 0 033� h=Y |xRQO l} |=Q@ "CU= u;
� ?}=Q[ [25]"OwW|t xDiQo Q_vQO |}x}q pmWx@ R}v u=} QH w CU= ROrwv} Q OOa
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xRQO l} |wQ Q@ p=tQv w |WQ@ VvD C=Q}F-=D "3"3
u=}@ et = e0 � �n =@ =yu=tR |xty QO 'et '|oDUw}B=v l} h=mW |xR=Ov=
|oOWR=@� �n w t u=tR QO h=mW |xR=Ov= et 'x}rw= h=mW |xR=Ov= e0 xm OwW|t
pmWQ}}eD |=yxir-wt nvU l}v=mt QO "CU= t u=tR pqN QO �xRQO |oOWxDU@ =}

:[34]OvwW|t u=}@ 3 w 2 |=yx]@=Q =@ |WQ@ w p=tQv
�n = 1

kn
[�1 cos� + �3 sin�] (2)

�s = 1
ks

[�3 cos� � �1 sin�] (3)

&xRQO Q@ OQ=w |ki= VvD �3 &xRQO Q@ OQ=w |Owta VvD �1 %3 w 2 |=yx]@=Q QO
p=tQv |oOWR=@ �n &xRQO O=ODt= � &xRQO |WQ@ |DNU ks &xRQO p=tQv |DNU kn
xRQO K]U Q@ Owta ?; Q=Wi xmv}= x@ xHwD =@ "CU= xRQO |ki= |}=H@=H �s &xRQO

%OQm KqY= 4 |x]@=Q pmW x@ u=wD|t =Q 2 |xrO=at 'Ovm|t pta
�n = 1

kn
[�1 cos� + �3 sin� � Pw] (4)

VvD Q=Okt x@ xDU@ =y|oDUw}B=v |oOWR=@ Q}O=kt "CU= xRQO uwQO ?; Q=Wi 'Pw
QO 'pta QO p=Lu}= =@ "CU= Q}eDt 'VvD C=yH x@ C@Uv xRQO |oDi=}CyH w
xRQO QO |rmWQ}}eD w OwW|t hkwDt =yxRQO uOWxDU@ 'VvD R= XNWt |L]U
8�xOv=t}k=@ |oOWR=@� 'VvD K]U u}= QO xRQO h=mW |xR=Ov= x@ "ODi=|tv j=iD=
X=wN w xRQO K]U |x}rw= p}iwQB '|HQ=N |=yVvDC}a[w R= |a@=D xm Ov} wo|t
R= xO=iDU= =@ ,q@k �xOv=t}k=@ |oOWR=@� QDt=Q=B u}= "CU=yu; |m} R}i w |UOvy
R}v |y=oW}=tR; C=ar=]t Qo}O [35w26]"CU= xOW |UQQ@ |QwLtxU |=yV}=tR;
x@ xDU@ XNWt nvU |awv |=Q@ xOv=t}k=@ |oOWR=@ Q}O=kt xm OyO|t u=Wv

"CU= Q}eDt x}rw= |m}rwQO}y h=mW |xR=Ov=

|Q=OQ@ Q=@ w |Q=PoQ=@ C=Q}F-=D "4"3
xJv=vJ "CU= syt Q=}U@ |Q=OQ@ Q=@ w |Q=PoQ=@ Cra x@ u=} QH C=Q}}eD x@ xHwD
OUQ@ OwN Q=Okt u} QDtm x@ h=mW |xR=Ov= Q=Okt xm OW=@ |}xR=Ov= x@ |Q=PoQ=@ ?w=vD
xm OW=@v |}xR=Ov= x@ VvD Kw]U xJv=vJ |DQ=@ax@ "CU= xHwD p@=k u=} QH C=Q}}eD
x=ou; 'OyO MQ xRQO |xQ=OH QO |oO}yr =} w OwW sy x@ xRQO |=yxQ=OH T=tDEa=@
u=R}t Qo = p@=kt QO "OW Oy=wN pY=L xRQO |x}rw= |Q}PBPwiv '|Q=OQ@ Q=@ R= TB
|Q}PBPwiv 'OOHt |Q=OQ@ Q=@ R= TB 'OUQ@ OwN Q=Okt u} QDtm x@ h=mW |xR=Ov=
u}L QO |yHwDp@=k wLvx@ xRQO R= |Qw@a |@O u=R}t [35]"OW Oy=wNv pY=L x}rw=
VvD xm|v=tR "Ovm|t =O}B Vy=m |Q=PoQ=@ pw= |xQwO QO xOvvmOwOLt VvD V}=Ri=
"OyO|t MQ u=} QH u=R}t QO |mOv= C=Q}}eD 'OUQ@ p=mU=B=ot 10 x@ xOvvmOwOLt
|Wkv |Q=OQ@ Q=@ w |Q=PoQ=@ |xQwO u}twU w u}twO xm CU= syt xDmv u}= x@ xHwD
Cra x@ Q}PB=vCWoR=@ |=yVvQm OUQ|t Q_vx@ "OvQ=Ov |Qw@a u=} QH C=Q}}eD QO

"OvyO|t MQ |Q=OQ@ Q=@ w |Q=PoQ=@ |xQwO u}rw=

=y|oDUw}B=v R= |}xm@W uwQO u=} QH "4
CLD nvU xOwD l} QO p=}U u=} QH |Dkw xm OvO=O u=Wv u=QoWywSB |NQ@
Q=}U@ Vkv nvU xOwD QO =yu; |r=oJ u=R}t w p=YD= 'CU=y|oDUw}B=v Q}F-=D

"|oDUw}B=v l} u=}t R= u=} QH "2 pmW

QO xRQO l} h=mW |xR=Ov= C=Q}}eD uOQmOQ=w |=Q@ |twyit |rOt "3 pmW
[21]"u=} QH C=@U=Lt

|xOWKqY= |x]@=Q G}=Dv |xU}=kt "OwW x�=Q= ?amtuwv=k |=Q@ |}xOW KqY=
|xR=Ov= C=Q}}eD `} RwD `@=D T=U=Q@ ?amt uwv=k pwtat |x]@=Q =@ xOt;CUOx@
|xR=Ov= QO xm O=O u=Wv [32]AQ=W |y=oW}=tR; |xar=]t QO |O=yvW}B h=mW
QO ?amt uwv=k lW uwO@ "CU= O=} R x]@=Q wO u}= Cw=iD 'lJwm |=yh=mW
,qwY= u; Q=@Da= 'O=} R |=yVvD QO |rw OQ=O |@ wN CkO sm |=yVvD C}a[w
QO w =yxv=OvO uOWOQN w xRQO |=yxQ=w}O u}@ O}OH T=tD \=kv O=H}= x@ |oDU@

"OQ=O xRQO |=[i QO xOvvmQB Kr=Yt uOv=t}k=@ xH}Dv
R= xO=iDU= =@ xRQO R= |Qw@a |@O Q@ Q}eDt h=mW |xR=Ov= Q}F-=D |WywSB QO
h=mW |xR=Ov=� xRQO sN w I}B xm OW xO=O u=Wv w [33]|UQQ@ |m} QDmr= u=} QH
xRQO l} R= |Qw@a |@O Q@ |tyt C=Q}F-=D Ov=wD|t u; K]U |Q@ R u}vJty w �Q}eDt
p}Uv=DB pO=at ?}DQDx@ K]U |Q@ R w |m}rwQO}y Oy Cr=L u}= QO "OW=@ xDW=O

"OvDUy |m} QDmr= u=} QH Q}Ut |m} QDmr= Ctw=kt w |m}rwQO}y
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}aU |=yOU x=ox}mD |Q=O}=B QO =y|}=Hx@=H u}= xm |D}ty= x@ xHwD =@ w p}rO u}tyx@
=yxRQO O=ODt= QO VRer w |oOWR=@ |xv}W}@ XN=W wO R= 'OvQ=O |Uwk |vD@
u} QDW}@ w |oOWR=@ u} QDW}@ u=wva =@ ?}DQDx@ XN=W wO u}= "s}vm|t xO=iDU=
u=} QH xmv}= x@ xHwD =@ |iQ] R= "OvwW|t h} QaD xRQO l} O=ODt= QO VRer
|vt}= |@=} RQ= |=Q@ |twU XN=W 'CU= u; |oOWR=@ R= |a@=D |oDUw}B=v uwQO
|oDUw}B=v l} |=QHt R= xm |@O u} QDW}@� |Qw@a |@O |xv}W}@ u=wva =@ x=ox}mD
MQ x]kv l} QO XN=W xU u}= Q}O=kt ,=twRr "s}vm|t h} QaD �Ovm|t Qw@a

"OvyO|tv
QDt=Q=B V}=Ri= p@=kt QO XN=W xU u}= R= l} Qy |v=yo =v w xQ=@l} V}=Ri=
Cr=L u}= QO "OwW|t Q}@aD x=ox}mD |oDN}Uo pO=at '10 SRF ?} Q[ w ?; Q=Wi
"OvwW|t xO=OV}=tv SRFfailure w Pfailure =@?}DQDx@ SRF ?} Q[ w ?; Q=Wi
xO=iDU= VwQ u}= x@ |vt}= ?}=Q[ R= p}rLD wO Qy QO |Q=O}=B |:tm u}tND |=Q@
Pfailure xm s}vm|t xO=iDU= Pfailure/P0 ?} Q[ R= pw= p}rLD QO %s}vm|t
CU= <=v@t ?; Q=Wi 'P0 = 2MPa w CU= |oDN}Uo |x_Lr QO ?; Q=Wi
?} Q[ Q=Okt swO p}rLD QO "CU= xDiQo CQwY u; T=U= Q@ x}rw= |R=Ux}@W xm
h} QaD x=ox}mD |vt}= ?} Q[ u=wva =@ 'SRFfailure '|oDN}Uo |x_Lr QO SRF

"OwW|t

x=ox}mD |Q=O}=B u}tND VwQ "7
|xO}OB ẁkw Q}F-=D u}vJty w =yxRQO uwQO ?; u=} QH Q}F-=D |UQQ@ |=Q@ j}kLD u}= QO

%OwW|t s=Hv= p}rLD ẁv wO 'OU |xR=U w x=ox}mD |Q=O}=B QO |m}v=mtwQO}y
|x]kv x@ uO}UQ =D OU CWB ?; Q=Wi p}rLD u}= QO %Q=@ V}=Ri= p}rLD �hr=
xOwD \}Lt pN=O x@ ?; CWv 'pw= Cr=L QO "Ovm|t =O}B V}=Ri= |oDN}Uo
QO "OwW|t xO=O =yxRQO uwQO R= ?; Qw@a |xR=H= w |R=Ux}@W x=ox}mD |ovU
x=ox}mD |ovU xOwD \}Lt uwQO R= |v=} QH xvwoI}y OwW|t ZQi 'swO Cr=L

"Ovm|tv Qw@a
'Ctw=kt Vy=m VwQ R= xO=iDU= =@ p}rLD u}= QO %Ctw=kt Vy=m p}rLD �?
Vy=m |oDN}Uo x@ uO}UQ =D =yxRQO |DNU w |Dtw=kt |=yQDt=Q=B 'SRF

=O}B Vy=m |Dtw=kt |=yQDt=Q=B \ki ,qwtat QwmPt VwQ QO xm OvJQy 'Ov@=}|t
w ?U=vDt Qo}Om} =@ ,=DOta Kr=Yt Ctw=kt w |DNU xmv}= p}rOx@ =t= "Ovvm|t
u=ty x@ R}v =yxRQO |DNU xar=]t u}= QO 'OvDUy |]N |x]@=Q |=Q=O ,=@} QkD
|=yx]@=Q j@] SRF Q}O=kt Q}}eD =@ p}rLD u}= QO "OvwW|t xO=O Vy=m C@Uv
\}Lt |Q=O}=B C}a[w w O@=}|t Vy=m |DNU w |Dtw=kt |=yQDt=Q=B 'Q} R

%OwW|t |UQQ@
Knd = (Kn0=SRF )

Ksd = (Ks0=SRF )

	d = (	0=SRF )

'd = tan�1(tan'0=SRF )

cd = (c0=SRF )

|x} w=R '|WQ@ |DNU 'p=tQv |DNU ?}DQDx@ c0 w '0 '	0 'Ks0 'Kn0'u; QO xm
"OvDUy =y|oDUw}B=v |x}rw= |oOv@UJ w |WQ@ l =m]Y= |x} w=R '`=UD=

u=}t p=YD= V}=Ri= =@ nvU xOwD |Q}PBPwiv w OvQ=O |Qw@a |@O u=R}t Q@ =Q |tyt
V}=Ri= =@ R}v nvU xOwD |Q=O}=B |iQ] R= [36w33'16]"O@=}|t V}=Ri= =y|oDUw}B=v
|v}tRQ} R |=yxR=U QO,qFt "OQm Oy=wN =O}B Vy=m Qo}Om} =@ =yxRQO \=@DQ= w p=YD=
RQt QO QF-wt VvD &Ovvm pkDvt O=} R Q=Wi =@ =Q |v=w=Qi ?; '=y|oDUw}B=v xJv=vJ
=yu; |oDN}Uo Ea=@ CU= umtt xH}Dv QO w Ovm|t =O}B Vy=m |Q=iL |=[i

"OwW
w C=yH 'xRQO pw] =D CU= sRq =OD@= QO '=y|oDUw}B=v u}@ \=@DQ= u=}@ |=Q@
p}mWD\@DQtsyx@|xRQOu}OvJR=|oDUw}B=v|xm@Wl} "OwWu}}aD =yu;C}akwt
'|oDi=}CyH uOw@|i=m =v Crax@ CU= umtt =y|oDUw}B=v R= |[a@ "CU= xOW
"OvW=@ livt =yxRQO Qo}O R= 'OwHwt |xm@W x@ p=YD= |=Q@ u=Wrw] =} C}akwt
|xR=Ov= w p=YD= u=R}t R= |a@=D =y|oDUw}B=v |xm@W R= |Qw@a ?; sHL u}=Q@=v@
QO |Q}PBPwiv xvwoJ xm OvOQ@ |B u=QoWywSB 1985 p=U QO "CU= =yxRQO h=mW
C=ar=]t [13]"Ovm|t Q}}eD |oDUw}Bsyx@hrDNt C=HQO =@ |oDUw}B=v |xm@Wl}
[37]"O@=}|t COW =yxRQO \=@DQ= V}=Ri= =@ |Q}PBPwiv xm OyO|t u=Wv R}v Q}N=
l} x@ |OwQw u=} QH u=R}t Q@ =HQ@ VvD C@Uv w |oDi=}CyH C=Q}F-=D u}vJty
s=Hv= UDEC OwOLt u=tr= Q=Ri= sQv R= xO=iDU= =@ |ovU xOwD \}Lt QO pvwD

[38]"OW

UDEC Q=Ri= sQv "5
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|=y\}Lt MU=B Q=Ri=sQv u}= "CU= xOW x}yD =RHt u=tr= VwQ T=U=Q@ xDUw}B=v
|m}t=v}O w |m}D=DU= |=y|Q=PoQ=@ p@=kt QO =Q �Q=OxRQO nvU xOwD pFt� xDUw}B=v
l} |=yxRQO u=}t R= p=}U u=} QH |R=Ux}@W C}r@=kUDEC "Ovm|t |R=Ux}@W
'CU= u=} QH |m}v=mtwQO}y p}rLD |=Q@ |@U=vt Q=Ri=sQv w OQ=O =Q Q}PBPwiv sDU}U
"OQ}o|t CQwY =y|oDUw}B=v R= |}xm@W j} Q] R= u=} QH xm|OQ=wt QO ,=YwYN

"CU= QF-wt VvD T=U=Q@ R}v =yxRQO |m}v=mt Q=DiQ
=y|oDUw}B=v OwHw =@ ,=t}kDUt xm|oDN}UohrDNt |=yOt T=U=Q@ Q=Ri=sQvu}=
xDUO w =y|oDUw}B=v R= |UOvy |wor= xvwoQy "CU= xOW x}yD 'CU= \=@DQ= QO
|Q=DiQ pOt u}OvJ Q=Ri=sQv u}= QO "OQm |R=Ux}@W UDEC =@ u=wD|t =Q =yxRQO
R= ?trwm VRer pOt [39]"CU= xOW xDiQo Q_vQO =y|oDUw}B=v w =ylwr@ |=Q@
'|oOv@UJ 'l =m]Y= |x} w=R '|v=UWm |DNU xmCU= OwHwt |=ypOt u} QDxO=U
Qo}O |=ypOt "OyO|t C@Uv xRQO l} x@ =Q `=UD= |=yQDt=Q=B w |WWm Ctw=kt
=yxRQO Q=DiQ |R=Ux}@W |=Q@ R}v T}Ov=@ uwDQ=@ pOt w 9xDUw}B s}rUD RQO pOt pFt
CU= OvtDQOk |U} wvxt=vQ@ u=@ R l} |=Q=O Q=Ri=sQv u}= xmv}= ut[ [39]"OQ=O OwHw
=Q Q=Ri=sQv u}= |}=Q=m V}=Ri= xH}Dv QO w O}OH C=QwDUO uOQmxi=[= |xR=H= xm
|=y\}Lt u=}t R= u=} QH |@=} RQ= |=Q@ Q=Ri=sQv u}= R= QoWywSB u}OvJ "OyO|t

[40]"Ov=xOQm xO=iDU= |ovU |xOwD

x=ox}mD |vt}= |=yXN=W "6
|Uwk |vD@ |=yOU x=ox}mD Q=DiQ w |oDN}Uo sR}v=mt |i}m w |:tm |@=} RQ=
|=y\}Lt =@ \@DQt |vt}= |=yXN=W R= xO=iDU= sRrDUt '|OOa |=yVwQ =@
Q=OxRQO nvU xOwD QO =y|}=Hx@=H 'OW u=}@ xm Qw]u=ty "CU= Q=OxRQO |ovUxOwD
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2. discrete 
ow analysis
3. porous medium
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7. pressure drop coe�cient
8. residual aperture
9. continuously yielding joint model
10. strength reduction factor
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