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xQwO l}i=QD X}YND QO =}wB xt} QH VwQ OQ@ Q=m
xQo C}iQ_ C}OwOLt =@

�|QDmO |wHWv=O� QByW u}ULQ}t=
�O=DU=� |v=}DW;|}�P C}=Oy

h} QW |DavY x=oWv=O 'u=Qta |UOvyt |xOmWv=O
�Q=}O=DU=� xO=R=@=@ T=@a

u=QyD x=oWv=O 'u=Qta |UOvyt |xOmWv=O

pkv w ptL |xm@W l} |=yu=tm QO u=} QH `} RwD |xr�Ut 'l}i=QD X}YND |xr�Ut
OwOLt=v C}iQ_ |=Q=O xm@W |=yxQo w =yu=tm xm|Dr=L QO 'xr�Ut u}= pL |=Q@ "CU=

u}= QO "OvQ=O OwHw hrw � lv=Qi Q}_v |}=Q=m |Q=QmD |=yVwQ 'OvW=@ �u=} QH Qw@a |=Q@�
|=yGwR u}@ Q}Ut u} QDx=Dwm |xr�Ut pO=at 'Q=QmD Qy QO xOW|]N |xr�UtQ} R =yVwQ
w CU= OwOLt xm@W |=yxQo w =yu=tm C}iQ_ '|rmCr=L QO |rw "CU= OYkt � -=O@t

x@ xOW|]N |xr�UtQ} R xm OwW|t ?@U =yC}OwOLt ẁv u}= K} QY uDiQoQ_vQO
"OwW CNU Q=}U@ u; pL xH}Dv QO w p}O@D xv}tm |xv} Ry =@ |}q=m OvJ u=} QH |xr�Ut
l} R= xO=iDU= =@ C}iQ_ C}OwOLt |vt[ uDiQoQ_vQO pmWt u}= pL |=Q@ VwQ l}
QiU u=tR x@ xt} QH `@=D u}= uOQmxi=[= xm |wLvx@ 'CU= C}iQ_ x@ T=UL |xt} QH `@=D
OQ@ Q=m G}=Dv 'l}i=QD X}YND C=}@O= QO "OwW C}iQ_ C}OwOLt C}=aQ ?@U =yu=tm
|}=Q=m w OwHwt |ak=w |=yxm@W QO u=tm C}iQ_ C}OwOLt uDiQoQ_vQO |=Q@ xt} QH `@=wD
C}iQ_ C}OwOLt uDiQoQ_vQO |=Q@ |H}=Dv u}vJ xm|r=L QO 'CU= uWwQ |@ wNx@ =yv;
X}YND |xr�Ut pL QO =} wB |xt} QH `@=D VwQ Q=DWwv u}= QO "CU= xOWv VQ=Ro xQo

'CU= u=tm C}iQ_ C}OwOLt R= QDCNU ?D=Qtx@ xm xQo C}iQ_ C}OwOLt =@ l}i=QD
|xm@W l} R}v w hrDNt O=a@= =@ |W}=tR; |xm@W OvJ |=Q@ u; OQmrta w OwQ|t Q=mx@

"OwW|t x�=Q= |ak=w

am shahpar@civil.sharif.edu
ashtiani@sharif.edu
ababazadeh@ut.ac.ir "=} wB |xt} QH VwQ 'C}iQ_ C}OwOLt 'l}i=QD X}YND %|O}rm u=oS=w

xtOkt
Q=}U@ Q}Ut u} QDx=Dwm |xr�Ut =@ xU}=kt QO u; pL xm OwW|t xv}tm |xv} Ry =@

"CU= Q=wWO
|@v=H |=yC}OwOLt uDiQoQ_vQO R= |Y=N Cr=L u=tm C}iQ_ C}OwOLt
u}= pL |=Q@ xOWx�=Q= |=yVwQ "CU= xDiQo Q=Qk xHwD OQwt QDW}@ uwvm =D xm CU=
%OvwW|t s}UkD xDUO wO x@ '|}q=mOvJ u=} QH |xr�Ut pL R= R}yQB hOy =@ xr�Ut
xO=iDU= =@ swO |xDUO w Ovvm|t xO=iDU= |@v=Ht QiU u=tR `@=wD R= pw= |xDUO
|=yxr�Ut R= |}xr=@vO x@ =Q |rY= |xr�Ut �Sv=Qo q ?}=Q[ =}� xt} QH VwQ R=
R= xO=iDU= =@ Q=@ u}rw= "Ovvm|t p}O@D C}iQ_ C}OwOLt uwO@ l}i=QD X}YND
xDiQo Q_v QO |vt[ CQwYx@ =yu=tm C}iQ_ C}OwOLt '|@v=Ht QiU u=tR `@=wD
|=yQiU u=tR OQw;Q@ ?@U VwQ u}= OvO=O u=Wv u=kkLt R= |NQ@ xD@r= [2]"OW
&OwW|t C}iQ_ l}ORv l}i=QD u=} QH =@ |=yu=tm |=Q@ nQR@ Q=}U@ w |ak=wQ}e
u=} QH =@ |=yQ}Ut |WNQJ |}=H@=H ?@U 'pO=aD |x]kv |m}ORv QO u}vJty

[3]"OwW|t xr�Ut pL QO |OOa CqmWt RwQ@ w C@Ft

l} |=yu=tm QO =Q l}i=QD u=} QH `} RwD |ovwoJ 'l}i=QD X}YND |xr�Ut
|=Q@ xm|t=O=t l}i=QD X}YND C=}@O= QO "Ovm|t u}}aD pkv w ptL |xm@W
xDiQoQ_v QO |D}iQ_ C}OwOLt 'xm@W |=yxQo w =yu=tm R= |Qw@a l}i=QD u=} QH
w =yu=tm '|rmCr=L QO |rw "OwW|t x�=Q= xr�Ut pL |=Q@ |}=Q=m |=yVwQ &OwWv
'=yC}iQ_ u}= x@ l}i=QD u=} QH uO}UQ =@ xm OvQ=O |OwOLt C}iQ_ xm@W |=yxQo
=yxQo C}iQ_ C}OwOLt uDiQoQ_vQO wQu}= R= "OwW|t p}mWD x}rkv p}=Uw hY
|rw "OwW|t l}i=QD X}YND |xr�Ut G}=Dv Ow@y@ ?@U 'xm@W |=yu=tm w
lv=Qi Q}_v |rL |=yVwQ |}=Q=m uDiQu}@ R= ?@U =yC}OwOLt u}= uOWxi=[=
u} QDx=Dwm uDi=} pO=at 'xOW |]N |xr�UtQ} R =yVwQ u}= QO [1]"OwW|t hrw �
x@ |@v=H |=yC}OwOLt uOWxi=[= xm |r=L QO &CU= OYkt � -=O@t Qy u}@ Q}Ut
|}q=mOvJ u=} QH |xr�Utl} x@ xr�Ut u}= p}O@D?@U 'l}i=QDX}YND |xr�Ut
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m"O}t=v@ s OYkt x@ r -=O@t R= |=yQ}Ut |xawtHt =Q Krs w O} Q}o@ Q_vQO pYDt
w 's OYkt x@ r -=O@t R= k Q}Ut u=} QH frsk 'a u=tm u=} QH xa O}vm ZQi 'xwqax@
|]}=QW QO "OvDUy Q}Ut w u=tm u=} QH|=yQ=OQ@?}DQD x@ f = (frsk )wx = (xa)

'OW=@ ta(xa) CQwYx@ VOwN QO u=} QH R= |a@=D \ki a u=tm Qy QiU u=tR xm
|R=Uxv}y@ |xr�Ut CQwYx@ |@v=H |=yC}OwOLt =@ l}i=QD X}YND |xr�Ut

%OwW|t u=}@ �SCTAP� |]NQ}e
Min z(x) =

X
a2A

Z xa

�
ta(w)dw (1)

s:t:
X
k2Krs

frsk = qrs 8r 2 R; s 2 S (2)

frsk � � 8 k 2 Krs; r 2 R; s 2 S (3)

xa =
X
r2R

X
s2S

X
k2Krs

frsk �
rs
ak 8a 2 A (4)

gj(x) � 1 8j 2 J (5)

x@ r -=O@t R= k Q}Ut |wQ a u=tm Qo = �rsak w hOy `@=D z(0) '5 =D 1 |=yx]@=Q QO
C}OwOLt `@=D R}v gj(:) "CU= QiY CQwYu}= Q}e QO w l} Q@=Q@ OW=@ s OYkt
|@}mQD =} =yQ}Ut '=yxQo '=yu=tm Q}_v xm@W |=[a= R= |}xawtHt J w j |@v=H
�SCTAP� xm s}vm|t ZQi "OvDUy C}OwOLt |awv |=Q=O xm CU= =yu; R=
'xDUw}B ta : [�;1) ! (�;1) xm ZQi u}= =@ "CU= Q}PBu=mt= ?=wH |=Q=O
'Q}PBjDWt 'xDUw}B gj : [�;1)jAj ! (�1;1) w '|OwaY -=O}m = w C@Ft
"Ow@ Oy=wN ?OLt |R=Uxv}y@ |xr�Ut l} �SCTAP� 'OW=@ ?OLt w '=wvm}
w s} Q}o@ Q_vQO 5 w 2 |=yC}OwOLt Sv=Qo q ?}=Q[ ?}DQDx@ =Q �j w urs Qo =
KKT pw= |x@DQt |ov}y@ \}=QW x=ou; � = (�j) w u = (urs)s}vm h} QaD

%OvwW|t u=}@ Q} R CQwYx@ �SCTAP� |=Q@
(
X
a2A

( ta(xa) +
X
j2J

�j
@gj(x)
@xa

) �r sak � urs)fr sk = �

8 k 2 Krs; r 2 R; s 2 S (6)X
a2A

( ta(xa) +
X
j2J

�j
@gj(x)
@xa

) �r sak � urs � �

8 k 2 Krs; r 2 R; s 2 S (7)

fr sk � � 8 k 2 Krs; r 2 R; s 2 S (8)X
k2Krs

frsk = qrs 8r 2 R; s 2 S (9)

xa =
X
r2R

X
s2S

X
k2Krs

frsk �
rs
ak 8a 2 A (10)

(gj(x)� 1)�j = � 8j 2 J (11)

gj(x)� 1 � � 8j 2 J (12)

�j � � 8j 2 J (13)

|xDi=}s}taD QiU u=tR uDiQoQ_vQO =@ [9]A=QOQ=w pO=aD pY= Qou=}@ 7 w 6 |=yx]@=Q
%OvDUy 14 |x]@=Q pmW x@ k Q}Ut Qy

crsk (x; �) =
X
a2A

( ta(xa) +
X
j2J

�j
@gj(x)
@xa

) �r sak (14)

=} xt} QH `@=D R= xO=iDU= =@ u=tm C}iQ_ C}OwOLt 'swO ẁv |=yVwQ QO
swO ẁv |=yVwQ u} QDpwtat R= "OwW|t pkDvt hOy `@=D x@ w O=R; 'Sv=Qo q ?}=Q[
?}=Q[ VwQ w [4]'1�IPF�|rN=O |xt} QH `@=D s=vx@ xOWx�=Q= VwQ x@ u=wD|t
|xU}=kt ut[ R}v u=QoWywSB R= Qo}O|NQ@ [5]"OQm xQ=W= 2�ALM�|W}=Ri= Sv=Qo q
x@ QO=k =yp=Ft |xty |=Q@ IPF VwQ xm OvO=O u=Wv ALM w IPF VwQ wO
OQ=O p=tDL= ALM VwQ QO xm|r=L QO 'CU= xOw@ umtt ?=wH x@ |@=}DUO
IPF VwQ QO xr�Ut pL u=tR 'p@=kt QO [6]"O}; CUOx@ R}v umttQ}e |=y?=wH
ALM VwQ R= QDnQR@ Q=QmD Qy QO ?=wH |Q}PBu=mt= \}=QW uDiQoQ_vQO p}rOx@
OvDiQo xH}Dv =yv; "O@=}|t V}=Ri= xm@W O=a@= uOWnQR@ =@ pL u=tR hqDN= w CU=
pw@k =@ CU= QDy@ w CU}v |OQ@ Q=m IPF VwQ |ak=w |=yxm@W pL |=Q@ xm

"OwW xO=iDU= ALM VwQ R= sm |Q}PBu=mt= sOa =@ |}=y?=wH x@ |@=}DUO
|xr�Ut pL |=Q@ 3�DPF� |m}t=v}O |xt} QH `@=D |Q=QmD VwQ |oR=Dx@
VwQ u}= QO [7]"CU= xOW x�=Q= =yu=tm C}iQ_ C}OwOLt =@ l}i=QD X}YND
CQwYx@ =yu=tm QiU u=tR x@ xt} QH `@=wD uOQmxi=[= =@ =yu=tm C}iQ_ C}OwOLt
X}YND |xr�Ut 'VwQ u}= Q=QmD Qy QO TBU "CU= xOW xDiQo Q_vQO |vt[
uwO@ |r}tmD X}YND |xr�Ut l} x@ 4�SCTAP� |@v=H C}OwOLt =@ l}i=QD
VwQ R= xO=iDU= =@ w p}O@D 5xDi=}s}taD QiU u=tR `@=wD =@ |@v=H |=yC}OwOLt
xOW xOQ@ Q=mx@ xOWxDN=vW |xm@W OvJ |=Q@ VwQ u}= "OwW|t pL |R=U|]N
VwQ xm O=O u=Wv Q=m u}= G}=Dv "CU= xOW xU}=kt [6]u=kkLt Q}=U =@ G}=Dv w CU=
Q}PBu=mt= |@=wH x@ |QDtm u=tR COt QO IPF w ALM VwQ wO x@ C@Uv DPF

"Ovm|t =O}B CUO |QDy@ [8]utm@ hOy `@=D Q=Okt =@
uDiQoQ_vQO =@ l}i=QD X}YND |xr�Ut pL |=Q@ |irDNt C=ar=]t xJQo =
xQo C}iQ_ C}OwOLt x@ uwvm =D |rw 'CU= xOW x�=Q= =yu=tm C}iQ_ C}OwOLt
C}iQ_ uOw@OwOLt p}rO x@ xQo C}iQ_ C}OwOLt C}ty= "CU= xOW xHwD QDtm
Q=Okt R= Ov=wD|tv =yu; x@ |OwQw l}i=QD u=} QH ẁtHt w CU= xm@W |=y`]=kD
hqN Q@ xQo C}iQ_ C}OwOLt xm |r}qO u} QDsyt R= |m} "OwW QDW}@ |YNWt
ha[ 'CU= xDiQo Q=Qk xHwD OQwt u=tm C}iQ_ C}OwOLt R= QDtm Q=}U@ u; C}ty=
u=tR `@=wD =yVwQ u}= QO "CU= l}i=QD X}YND |xr�Ut swUQtpL |=yVwQ
C}OwOLt uDiQoQ_vQO |=Q@ xm|r=L QO 'OvwW|t ZQi 6uQ=kDt �xt} QH =}� QiU
|OwQw |=yu=tm |t=tD l}i=QD u=} QH x@ xt} QH `@=D =D CU= sRq xQo C}iQ_
=Pr "OW Oy=wN 7uQ=kDt=v |a@=D xt} QH `@=D Cr=L u}= QO "OW=@ T=UL xQo x@
w p}O@D |]NQ}e |r}tmD |xr�Ut x@ l}i=QD X}YND |xr�Ut Q=DWwv u}= QO
|Q=QmD VwQ Qw_vt u}= |=Q@ "OwW|t pL uQ=kDtQ}e xt} QH `@=wD uDiQoQ_vQO =@
VwQ u}= QO "OwW|t xO=O xaUwD xQo C}iQ_ C}OwOLt =@ xr�Ut pL |=Q@ DPF

Q=QmD Qy R= Oa@ xm OvDUy X=N |=y|oS} w w XNWt |Q=DN=U =@ xt} QH `@=wD
G}=Dv u}vJty "OvwW|t s=ovyx@ p@k Q=QmD G}=Dv T=U= Q@ =} wB CQwYx@ pL VwQ
x�=Q= OyWt QyW |ak=w |xm@W w hrDNt O=a@= =@ xm@W OvJ |=Q@ VwQ u}= OQ@ Q=m

"CU= xOW

xr�Ut |Ov@pwtQi pOt
|xawtHt w I |=yxQo |xawtHt =@G(I; A)h=QoCQwYx@ =Q|m}i=QD |xm@Wl}
ta(0) QiU u=tR `@=D l} |=Q=O a u=tm Qy u; QO xm 'O} Q}o@ Q_vQO A |=yu=tm
w OvDUy I QO OYkt w -=O@t |=yxQo |xawtHt ?}DQDx@ S w R O}vm ZQi "CU=
,=} wk =Q G |xm@W "CU= qrs C@=F Q=Okt s OYkt Qy x@ r -=O@t Qy R= QiU |=[=kD
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Q}t= pL VwQ

=@ �RSCTAP� |xr�Ut pL '�SCTAP� |xr�Ut pL |=Q@ Q=DWwv u}= VwQ
u}= h} QaD xm =Hv; R= "CU= 20 |x]@=Q j@] pj(x; �j) |xt} QH `@=D R= xO=iDU=
x@ � K}LYD =@ |Q=QmD VwQ l} VN@ u}= QO 'CU= xDU@=w aj Q=Okt x@ `@=D

%OwW|t x�=Q= �RECTAP� |xr�Ut pL |=Q@ 22 |x]@=Q CQwY

�nj = pj(xn; �n�1
j ) = �n�1

j  (gj(xn)) (22)

Q=Okt <=R= x@ n Q=QmD QO xr�Ut |=Q@ xOt;CUOx@ ?=wH xn '22 |x]@=Q QO xm
QO xm CU=} wB |xt} QH `@=D ẁv l} Pj xt} QH `@=D 'Qo}OCQ=@ax@ "CU= �n�1

V}=Ri= &OW=@ gj(xn) > 1 Qo = n Q=QmD x@ C@Uv n+ 1 Q=QmD QO Pj Q=Okt u;
"O@=} |t Vy=m 'OW=@ gj(xn) < 1 Qo = w O@=}|t

OwN |OL h} QaD x@ Q=QmD V}=Ri= =@ 1 ZQi QO d w c \}=QW '?}DQD u}O@
QO pL VwQ "Ovm|t p}t �j Sv=Qo q ?} Q[ CtU x@ R}v pj xH}Dv QO w QDl}ORv
|@ wN ?} QkD =@ � = �n <=R= x@ 12 w 11 |=yx]@=Q Qo = OwW|t hkwDt n Q=QmD
24 w 23 |=yx]@=Q CQwY x@ u=wD|t =Q n Q=QmD QO hkwD \}=QW "OvW=@ Q=QkQ@

%CiQo Q_vQO

gj(xn) � 1 8j 2 J (23)

(1� gj(xn))�nj � ��j� 8 j 2 J : gj(xn) < 1� � (24)

"CU= j 2 J |@v=H C}OwOLt Sv=Qo q ?} Q[ x}rw= Q=Okt ��j '24 |x]@=Q QO
�SCTAP� |xr�Ut |xv}y@ ?=wHCtU x@ xn x=ou; �! � Qo = xmCU= |y}O@
Q}PBu=mt= ?=wH l} xQ=wty xn xm Ovm|t u}t[D 23 \QW 'xwqax@ "Ovm|t p}t
xm CU= u; |O=yvW}B pL VwQ QO xHwD u=}=W |xDmv "OW=@ Q}N= |xr�Ut |=Q@
uwO@ l}i=QD X}YND |xr�Ut l} OwN '� > � Qy |=Q@ �RSCTAP� |xr�Ut
%CU= 25 |x]@=Q CQwYx@ =yu=tm |xDi=}s}taD QiU u=tR =@ |@v=H |=yC}OwOLt

�ta(x) = ta(xa) +
X
j2J

pj(x; �j)
@gj(x)
@xa

(25)

|r}tmD pOt l} x@ p}O@D p@=k '�ta(:) `@=D uOw@ C@Ft ZQi R= xO=iDU= =@ xm
a u=tm u=} QH Qo = 'QDj}kO Qw]x@ [10]"CU= =yQ}Ut QO u=} QH ?UL Q@ |]NQ}e

%26 |x]@=Q CQwYx@

xa(f) :=
X
r2R

X
s2S

X
k2Krs

frsk �
rs
ak (26)

%OvwW h} QaD 27 |x]@=Q CQwYx@ k Q}Ut |xDi=} s}taD QiU u=tR w

crsk (f; �) :=
X
a2A

( ta(xa(f)) +
X
j2J

pj(x(f); �j)
@gj(x(f))
@xa

) �rsak

(27)

%OwW|t u=}@ 33 =D 28 |=yx]@=Q CQwY x@ �NCP(�)� |r}tmD pOt

u=tR 'Ovm jOY 13 =D 6 \}=QW QO xm (f; u; x; �) Qy |=Q@ 'Qo}O CQ=@ax@
=@ CU= Q@=Q@ fk > � =@ k 2 Krs Q}Ut Qy |=Q@ crsk (x; �) |xDi=}s}taD QiU
xDi=}s}taD QiU u=tR '14 |x]@=Q `k=w QO "urs = Mink2Krs fcrsk (x; �)g
R= |W=v hY |=yQ}N-=D w =yQiU u=tR ẁtHt Q@=Q@ xm CU= Q}Ut Qy
'j 2 J Qy |=Q@ "CU= Q}Ut u; |wQ |=yu=tm QO |@v=H |=yC}OwOLt
h} QaD�j > � Qy |=Q@ Pj(:; �j) : [�;1)jAj ! [�;1) `@=D O}vm ZQi
u}= VwQ "p(:; �) = (pj(:; �j)) w � = (�j) O}yO Q=Qk w CU= xOW
|xt} QH uOQmxi=[= Q@ |vD@t |@} QkD |WwQ '�SCTAP� |xr�Ut pL |=Q@ Q=DWwv
`@=D ,qw= xm|Qw] x@ 'CU= a u=tm Qy QiU u=tR x@ Pj2J pj(x; �j)

@gj(x)
@xau}= p=ta= ,=}v=F w Ovvm |R=@ xr�Ut QO =Q �j Sv=Qo q ?} Q[ Vkv pj(:; :) xt} QH

x@ QHvt C=}YwYN u}= "OwW 13 =D 11 \}=QW |vt[ C}=aQ ?Hwt =yxt} QH
%OwW|t Q} R ZQi

%CU= Q} R |=y|oS} w |=Q=O �j > � Qy |=R= x@ pj(x; �j)|xt} QH `@=D "1 ZQi
&CU=wvm} w |ivtQ}e 'Q}PBjDWt 'xDUw}B �a�

&CU= �j Q@=Q@ gj(x) = 1 |=Q@ �b�
&CU= nQR@ |i=m QOkx@ gj(x) > 1 |=Q@ �c�

"CU= lJwm |i=m QOkx@ gj(x) < 1|=Q@ �d�
|xOWO=R; pOt '13 =D 11 |=yx]@=Q hPL R}v w �j |=H x@ pj(x; �j) |v} Ro}=H

%OyO|t xH}Dv =Q �RSCTAP�

(
X
a2A

(ta(x) +
X
j2J

pj(x; �j)
@gj(x)
@xa

)�rsak � urs)frsk = �

8 k 2 Krs; r 2 R; s 2 S (15)X
a2A

(ta(x) +
X
j2J

pj(x; �j)
@gj(x)
@xa

)�rsak � urs � �

8 k 2 Krs; r 2 R; s 2 S (16)

frsk � � 8 k 2 Krs; r 2 R; s 2 S (17)X
k2Krs

frsk = qrs 8r 2 R; s 2 S (18)

xa =
X
r2R

X
s2S

X
k2Krs

frsk �
rs
ak 8a 2 A (19)

|OL h} QaD R= |@} QkD =@ =Q pj(x; �j) |xt} QH `@=D s} Q} Ro =v '|rta p�=Ut QO
%CU= Q} R CQwY x@ `@=D u}= |=Q@ ?=NDv= l} "s}vm ?=NDv= Q}N=

pj(x; �j) = �j (gj(x)) (20)

%OwW|th} QaD 21 |x]@=Q j@] � < � < 1 QDt=Q=B Qy |=Q@  (:) '20 |x]@=Q QO

 (y) :=

8<: �
2(1�y) y < 1� �
y�1
2� + 1 y � 1� �

(21)

|xDUw}B w |OwaY 'C@Ft  (:) : [�1;1) ! (�;1) xm CU= K[=w
ZQi QO d w c \}=QW �! � |=Q@ 'xwqax@ "  (1) = 1 R}v w 'CU= Q}PBjDWt

"Ovvm|t p}t R}v OwN |OL h} QaD x@ 1
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}i=QD

X}
YN

DQO
=}wB

xt}Q
HV

wQO
Q@Q=

m

crsk (:; �) uOw@|]NQ}ep}rOx@ |rw 'OW Ovy=wN �NCP(�)� |rY= |xr�Ut R=
|=Q@|v=}DW; "CU= pmWt Q=}U@|]NQ}e|r}tmD|twta pL |=yVwQ =@ u; pL
|R=U|]N Q=QmD Qy QO "CU= xOQm xO=iDU= |Q=QmD |R=U|]N R= pmWt u}= pL
Q} R "OwW|t pL w |R=U|]N �f |rai ?=wH QO �NCPrs(�)� |xr�UtQ} R

%CU= 36 w 35 \}=QW pt=W xOW|]N |xr�Ut

(crsk ( �f; �) +
X

k02Kwrs
[(fk0 � �fk0)

@ crsk ( �f; �)
@ fk0

] � urs) frsk = �

8 k 2 Kw
rs (35)

crsk ( �f; �) +
X

k02Kwrs
[(fk0 � �fk0)

@ crsk ( �f; �)
@ fk0

] � urs � �

8 k 2 Kw
rs (36)

Kw
rs p=ai |=yQ}Ut xawtHt |=Q@ 29 w 28 \}=QW |xOW|]N |xNUv xm

%CU= 37 |x]@=Q CQwY x@ |R=U|]N hkwD \QW "OvDUy

( max
k2Kwrs: �fk>�

crsk (f; �)� urs)
�

max
k2Kwrs: �fk>�

crsk (f; �) � " (37)

OYkt �-=O@t |=Q@ " ?} QkD =@ (frs; urs) ?=wH l} ' 37 |x]@=Q |Q=QkQ@ =@
� -=O@t |=yGwR |xty x@ \w@ Qt p�=UtQ} R pL R= TB "O};|t CUOx@ (r; s)

VwQ "OUQ|t u=}=B x@ (f; u) ?=wH l} u}}aD =@ pL VwQ Q=QmD l} 'OYkt
QO xOt;CUOx@ ?=wH |=]N \UwDt Qo = OwW|t hkwDt Q=QmD l} u=}=B QO pL

%O};|t CUOx@ 38 ]QW OW=@ " |w=Ut =} QDlJwm Q=QmD u;

(
X
r2R

X
s2S

qrs"rs)
�

(
X
r2R

X
s2S

qrs � " (38)

h} QaD 39 |x]@=Q j@] w CU= (r; s) OYkt �-=O@t |=]N "rs '38 ]QW QO
%OwW|t

"rs := j Max
k2Kwrs: �fk>�

crsk (f; �)� ursj
�
urs (39)

|R=U|]N VwQ x@=Wt �CkO =@ �SCTAP� pL |=Q@ Q=DWwv u}= |O=yvW}B VwQ
u}= QO xm � �j |=yQDt=Q=B xm Cw=iD u}= =@ 'CU= �NCP(�)� pL |=Q@ |v=}DW;
j@] Q=QmD Qy QO w ẁQW x}rw= Q=Okt l} R= �OvDUy �j Sv=Qo q ?}=Q[ u=ty VwQ
|xt} QH `@=D VwQ |xt=O= QO VwQ u}= "OvwW|t s=ovy@ =} wB Qw]x@ '20 |x]@=Q
%CU= Q} R CQwY x@ DPF VwQ |tUQ u=}@ "OwW|t xO}t=v �DPF� |m}t=v}O

�x}rw= |yO Q=Okt� 1 s=o
&O}vm ?=NDv= =Q C@Ft �� Q=OQ@ l} w � w " C@Ft Q}O=kt "1"1
&Kw

rs = � O}yO Q=Qk (r; s) OYkt �-=O@t GwR Qy |=Q@ "2"1
&n = 0 w 'x� = x(f) 'f = 0 O}yO Q=Qk "3"1

�|R=U |]N VwQ Q=QmD l} s=Hv=� 2 s=o
&n = n+ 1 O}yO Q=Qk "1"2

%O}yO s=Hv= r 2 R -=O@t Qy |=Q@ "2"2
T=U= Q@ =Q s 2 S OYkt Qy x@ r -=O@t R= krs Q}Ut u} QDx=Dwm "1"2"2
u} QDx=Dwm u=tR urs O}vm ZQi "O}@=}@ �ta(xn�1) |=yu=tR

&CU= s OYkt x@ Q}Ut
%O}yO s=Hv= s 2 S -=O@t Qy |=Q@ "2"2"2

(crsk (f; �)� urs)frsk = � 8 k 2 Krs; r 2 R; s 2 S (28)

crsk (f; �)� urs � � 8 k 2 Krs; r 2 R; s 2 S (29)

frsk � � 8 k 2 Krs; r 2 R; s 2 S (30)

(
X
k2Krs

fr sk � qrs) urs = � 8r 2 R; s 2 S (31)X
k2Krs

fr sk � qrs � � 8r 2 R; s 2 S (32)

urs � � 8r 2 R; s 2 S (33)

x=ov; 'OW=@ =wvm} w |ivtQ}e 'Q}PBjDWt 'xDUw}B @gj(:)=@ � a `@=D xm|DQwY QO
"Ow@ Oy=wN =wvm} ,=O}m = w Q}PBjDWt' xDUw}B 'C@Ft crsk (:; �) |ivtQ}e � Qy |=Q@
jDWt |xDUw}B |a@=wD \UwD =yu=tm QiU u=tR Qo = |DL C}YwYN u}= u}vJty
OwHw OvwW u=}@ R}v ta(x) CQwY x@ u=tm u=} QH Q=OQ@ R= =wvm} ,=O}m = w C@Ft 'Q}PB
|xv=o} ?=wH |=Q=O �NCP(�)� |r}tmD pOt CQwY u}= QO "CW=O Oy=wN
"CU= gj(:) uOw@|]N @gj(:)=@xa |}=wvm} |=Q@ |i=m \QW "CU= (x; u)

�|@v=H |=yC}OwOLt uwO@� l}i=QD X}YND |r}tmD |=ypOt s}kDUt pL
Q@u=tR ,=O}OW u; uOw@|]NQ}e w =yQ}eDt O=} R O=OaD Cra x@ |rta |=yOQ@ Q=m QO
ẁv u}= pL |=Q@ |R=U|]N VwQ s=v x@ |Q=QmD |WwQ "CU= umttQ}e ,qta w

VwQ u}= xm OvO=O u=Wv u=QoWywSB |NQ@ 'xwqax@ [10]"CU= xOW |iQat pOt
R}v sm =QDt |v=oty |=ysDU}U QO Qi=Ut X}YND |xr�Ut pL |=Q@ |R=U|]N

[11]"CU= Q}PBs}taD
|R=U|]N VwQ =@ � � � Qy |=Q@ �NCP(�)� |r}tmD pOt 'Q=DWwv u}= QO
|wQ u w f |=yQ}eDt |x} RHD =@ 'VwQ u}= Q=QmD Qy QO "OwW|t pL |v=}DW;
s=v x@ |rY= |xr�Ut R= |}xOWOwOLt |xr�UtQ} R 'OYkt � -=O@t |=y GwR
pt=W \ki xm OwW|t pY=L (r; s) OYkt � -=O@t GwR Qy |=Q@ �NCPrs(�)�
GwR Q}=U x@ \w@ Qt |=yQ}eDt w CU= urs w frs = (frsk )k2Krs |=yQ}eDt
VwQ Q=QmD Qy QO "OvwW|t xDW=O xov C@=F =yu; |rai Q=Okt QO OYkt � -=O@t |=y
l} (r; s) GwR Qy |=Q@ (frs; urs) u}}aD w p�=UtQ} R s=tD pL R= TB 'pL
Q=QmD pL VwQ "O};|t CUOx@ Q=QmD u; QO |rY= |xr�Ut |=Q@ (f; u) ?=wH

"Ovm jOY 29 w 28 \}=QW QO |@U=vt ?} QkD =@ (f; u) xm|Dkw =D OwW|t
p�=UtQ} R O=a@=Vy=m |=Q@ Q}Ut O}rwDl}vmD R= u}vJty '|R=U|]N VwQ QO
�-=O@t GwR Qy x@ \w@ Qt (frs; urs) ?=wH 'VwQ u}= QO "OwW|t xO=iDU=
p=ai |=yQ}Ut xawtHt l} |=Q@ u; x@ \w@ Qt |xr�UtQ} R pL =@ (r; s) OYkt
QDtm Kw

rs |=yQ}Ut O=OaD xJ Qy 'CQwYu}= QO "O};|t CUOx@ Kw
rs � Krs

|xawtHt "Ow@ Oy=wN QDxO=U u; pL xH}Dv QO w QDlJwm xr�UtQ} R O=a@= 'OW=@
TBU w OvDUy |yD Q@=Q@ pL VwQ ẁQW QO OYkt �-=O@t GwR Qy p=ai |=yQ}Ut
u} QDx=Dwm '(r; s) GwR Qy |=Q@ 'Q=m u}= s=Hv= |=Q@ "OvwW|t s=ovy@ Q=QmD Qy QO

34 \QW Qo = w 'u}}aD �ta(x(f)) |rai |=yu=tR T=U=Q@ s x@ r R= Q}Ut

( min
k2Kwrs

crsk (f; �)� urs)
�
urs � " (34)

pw] urs '34 ]QW QO "OwW|t xi=[= Kw
rs |xawtHt x@ Q}Ut u; Ow@v Q=QkQ@

Vy=m |=Q@ "CU= hkwD \}=QW x@ uO}UQ CkO " � � w 's x@ r R= Q}Ut u} QDx=Dwm
CNQO l} Q=QmD Qy QO 'VwQ u}= QO =yQ}Ut u} QDx=Dwm |x@U=Lt C=aiO O=OaD
xO=iDU= =@ OvJ Qy"OwW|t x@U=Lt r 2 R Qy |=Q@ r |xW} Q =@ Q}Ut u} QDx=Dwm
QDlJwm Q=}U@ �NCPrs(�)� p�=UtQ} R O=a@= Q}Ut O}rwD w x} RHD |=yVwQ R=
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|v=}

DW;|
}=mP

C}=
Oy

'QBy
Wu

}UL
Q}t= 'Cr=L u}= QO "CU= i 2 �I Qy x@ \w@ Qt |xt} QH `@=D Qou=}@ 43 |x]@=Q

|=yC}OwOLt uwO@ l}i=QD X}YND |xr�Ut l} � > 0 Qy |=Q@ �NCP(�)�
"Ow@ Oy=wN 44 |x]@=Q CQwYx@ xDi=}s}taD QiU u=tR `@=wD =@ |@v=H

�ta(x) =

8<:ta(xa) + pe(a)(x; �e(a)=sa if e(a) 2 �I

ta(xa) if e(a) 2 In�I
(44)

"CU= xDU@=w =yu=tm Q}=U QO l}i=QD u=} QH x@ w uQ=kDt=v �ta `@=D |twta Cr=L QO
u=}@ |R=Uxv}y@ |xr�Utl} CQwYx@ u=wD|tv =Q �NCP(�)�Cr=L u}= QO xJQo =
|]NQ}e |r}tmD |=yVwQ R= xO=iDU= u=mt= xr�Ut u}= |r}tmD CQwY |rw OQm

"Ovm|t sy=Qi =Q |v=}DW; |R=U|]N VwQ Ovv=t

|OOa G}=Dv
l}i=QDX}YND |xr�Ut pL |=Q@ DPF |O=yvW}B pL VwQ|}=Q=mVN@ u}= QO
VISUAL C++\}Lt QO DPF VwQ "CU= xOW x�=Q= xQoC}iQ_C}OwOLt =@
512SD RAM |x_i=L w 1 8GHz VR=OQB CQOk =@|}xv=}=Q |wQ w |R=UxO=}B
`@=D "OyO|t u=Wv =Q xOWV}=tR; |=yxm@W C=YNWt 1 pwOH "CU= xOW =QH=
|xHQO w 0 15?} Q[ =@ BPR `@=D |W}=tR; |=yxm@W s=tD QO =yu=tm QiU u=tR
Q=Okt "CU= xOW xDiQo Q_vQO 0 001 Q@=Q@ " =y=QH= s=tD QO 'xwqax@ "CU= 4
��i = (0 1t�)(Pa:e(a)=i Sa) =yxQo C}iQ_ C}OwOLt |=Q@ �� Q=OQ@ |x}rw=
xm@W |=yu=tm O=R; QiU u=tR \UwDt t� u; QO xm CU= xOW xDiQo Q_vQO

"CU=
9 |=yxm@W |=Q@ xQo C}iQ_ C}OwOLt uDiQoQ_v QO |=Q@ =OD@= DPF VwQ
=yu=tm `=@W= OOQD MQv =yxm@W u}= QO "OW xOQ@ Q=mx@ s}y=v; w Rr=i Tmw}=U '|}xQo
Q_vQO =yu=tm C}iQ_ R= |@} Q[ Q@=Q@ xQo C}iQ_ |@v=H C}OwOLt QO xO=iDU= |=Q@
Q=Okt 'QDW}@ `=@W= |=yxQo O=OaD w p�=Ut uDW=Oxov Q}PBu=mt= |=Q@ "OW xDiQo

"xOW V}=tR; |=yxm@W C=YNWt "1 pwOH
OYkt � =O@t O=OaD u=tm O=OaD xQo O=OaD xm@W

4 18 9 |}xQo 9
528 76 24 Rr=i Tmw}=U
1406 914 416 s}y=v;
7157 2526 917 OyWt

"xQo C}iQ_ C}OwOLt |=Q@ DPF VwQ OQ@ Q=m G}=Dv |xYqN "2 pwOH
pL u=tR Q=Okt |xv}W}@ `@=D O=OaD QDt=Q=B xm@W�x}v=F� xQo C}iQ_ C}OwOLt hOy Q=QmD �

� 0 999602 1412 49 17 0 05 |}xQo 9� 0 999788 1410 95 27 0 01
0 14 0 999438 36 57 13 0 05 Tmw}=U
0 39 0 999369 36 16 35 0 01 Rr=i
4 23 0 9999997 1203479 15 0 05 s}y=v;8 88 0 999975 1203226 34 0 01

O}yO Q=Qk CU}v Q=QkQ@ � = �n�1 |=Q@ 34 \QW Qo = "1"2"2"2
&fkrs = � w Kw

rs = Kw
rs [ fkrsg

&k 2 Kw
rs |=Q@ �fk = fk O}yO Q=Qk "2"2"2"2

|R=U|]N �f |x]kv QO =Q �NCPrs(�n�1)� |xr�Ut "3"2"2"2
&O} Qw; CUOx@ =Q (frs; urs) w

s=o x@ CU}v Q=QkQ@ � = �n�1 |=Q@ 37 \QW Qo = "4"2"2"2
"O} wQ@ "2"2"2"2

x@U=Lt � = �n�1 |=Q@ 39 |x]@=Q R= =Q "rs Q=Okt "5"2"2"2
"O}vm

�|R=Us=ovy@� 3 s=o
&�n = p(xn; �n�1) w xn = x(f) O}yO Q=Qk "1"3

�|}=Qosy uwtR;� 4 s=o
"O} wQ@ 2 s=o x@ CU}v Q=QkQ@ 38 \QW Qo = "1"4

hkwD CU= Q=QkQ@ � = �n w �� = �� |=Q@ 24 w 23 \}=QW Qo = "2"4
� "O} wQ@ 2 s=o x@ xvQow 'O}vm

u; |}=Q=m V}=Ri= |=Q@ |}=ysR}v=mt R= u=wD|t |O=yvW}B VwQ OQ@ Q=m QO
" |va} ?=wH CkO x@ \w@ Qt |=yQDt=Q=B Q}O=kt u=wD |t 'xrtH u; R= "OQm xO=iDU=
"O=O Vy=m =Q =yu; G} QODx@ w CiQoQ_vQO |QDnQR@ Q}O=kt x}rw= |=yQ=QmD QO =Q � w
G}=Dv |rw 'OwW|tv x�=Q= DPF VwQ |}=Qosy |=Q@ |D=@F= Q=DWwv u}= QO OvJ Qy
R= u=Wv |@v=H C}OwOLt ẁv wO |=Q@ w hrDNt O=a@= =@ |}=yxm@W |=Q@ u; OQ@ Q=m

"OvQ=O u; ?wN |}=Qosy

xQo C}iQ_C} wOLt
u=tR xm ZQi u}= =@ 'i �xQo � `]=kD Qy QO OvtWwy |}=tvy=Q |=yd=QJ OQmrta
xOW pOt Q} R C}OwOLt =@ 'CU= `]=kD x@ |OwQw u=} QH pm R= |a@=D R=i Qy R@U

[12]%CU=X
a : e(a)=i

xa
sa
� 1� w

c
(40)

C@Uv wc w a u=tm `=@W= u=} QH sa 'a u=tm |}=yDv= |xQo e(a) '40 |x]@=Q QO
|=yxQo |xawtHt �I � I O}vm ZQi "CU= d=QJ pm}U pw] x@ xOWhrD u=tR
R= xO=iDU= w 'J := �I h} QaD =@ "CU= |OwQw |=yu=} QH |=Q@ OwOLt C}iQ_ =@
|U} wvR=@ Q} R CQwYx@ u=wD|t =Q �15�|@v=HC}OwOLt 'w = �|=Q@ 40 |x]@=Q

%OQm
gi(x) =

X
a: e(a)=i

xa
sa
� 1 i 2 �I (41)

�NCP(�)�|xr�Ut QO xO=iDU=|=Q@k Q}Ut Qy|xDi=}s}taD QiUu=tRCQwYu}= QO
%CU= 42 |x]@=Q CQwYx@

crsk (f; �) :=
X
a2A

(ta(xa(f))�rsak+X
a: e(a)2�I

(pe(a)(x(f); �e(a))
�
sa))�rsak (42)

%42 |x]@=Q QO
pi(x; �i) = �i (

X
a : e(a)=i

xa
sa

) (43)
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mQ}O=kt w Rr=i Tmw}=U |xm@W |=Q@ DPF VwQ |=QH= QO =Q (Max
i2�I

gi(x)) xQo
"OyO|t u=Wv � QDt=Q=B hrDNt

QyW l}i=QD X}YND |xr�Ut pL |=Q@ |O=yvW}B VwQ 'Qo}O |W}=tR; QO
QO "OW xOQ@ Q=mx@ xm@W u}= |=yxQo |=Q@ C}iQ_ C}OwOLt uDiQoQ_vQO =@ OyWt
xQo C}iQ_ |@v=H C}OwOLt QO xO=iDU= |=Q@ =yu=tm `=@W= OOQD MQv R}v xm@W u}=
xr�Ut uDW=Oxov Q}PBu=mt= |=Q@ "OW xDiQo Q_vQO =yu=tm C}iQ_ R= |@} Q[ Q@=Q@

"OW xO=iDU= Qw_vt u}= |=Q@ 1 40 ?} Q[ R= 'QDW}@ `=@W= |=yxQo O=OaD w
QOxm@W u}= QO � QDt=Q=BhrDNt Q}O=kt |=Q@ DPF VwQ OQ@ Q=mG}=Dv |xYqN
|xm@W |=Q@ l}i=QD X}YND xr�Ut |rO=aD ?=wH QO xJQo = "CU= xOt; 3 pwOH
26 |=Q@ 41 |x]@=Q Q=Okt xQo C}iQ_ C}OwOLt uDiQoQ_vQO uwO@ OyWt QyW
C}OwOLt uDiQoQ_vQO =@ |rw 'CU= 2 24 Q@=Q@ u; |xv}W}@ Q=Okt w 1 R= QDq=@ xQo
|@=wH QO xr�Ut � QDt=Q=B hrDNt Q}O=kt |=Q@ DPF VwQ R= xO=iDU= w xQo C}iQ_
VwQ '� QDt=Q=B Vy=m =@ 'OwW |t xOy=Wt xmQw]u=ty "OwW |t =Qosy Q}PBu=mt=
`@=D Q=Okt xH}Dv QO w xOQm xO=iDU= =Q xm@W |=y xQo C}iQ_ R= |QDW}@ Q=Okt pL
pL u=tR 'hOy `@=D |OYQO 0 06 Ow@y@ p@=kt QO xD@r= "CU= xDi=} Ow@y@ hOy
"OQ=O OwHw sy s}y=v; |xm@W OQwt QO xOy=Wt u}= "CU= xOW Q@=Q@ 2 7 xr�Ut
|=Q@ |QDnQR@ Q}O=kt R= nQR@ O=a@= =@ |=yxm@W |=Q@ =D OwW|t O=yvW}B wQu}= R=

"OwW xO=iDU= � QDt=Q=B

|Q}oxH}Dv
pL |=Q@ DPF s=v x@ =} wB |xt} QH `@=D Q@ |vD@t |Q=QmD VwQ l} 'Q=DWwv u}= QO
Qy QO "OW x�=Q= xQo C}iQ_ C}OwOLt uDiQoQ_vQO =@ l}i=QD X}YND |xr�Ut
|xr�Ut l} x@ |@v=H C}OwOLt =@ l}i=QD X}YND |xr�Ut 'VwQ u}= Q=QmD
=@ w p}O@D |twta QiU u=tR `@=wD =@ |@v=H |=yC}OwOLt uwO@ |]NQ}e |r}tmD
9 |=yxm@W |=Q@ DPFVwQ "OwW|t pL |v=}DW; |R=U|]N VwQ R= xO=iDU=
=yv; G}=Dv xm OW V}=tR; OyWt QyW |ak=w |xm@W w s}y=v; 'Rr=i Tmw}=U '|}xQo
xOWx�=Q= VwQ R= xO=iDU= =@ "CW=O VwQ u}= ?wN |}=Qosy C=}YwYN R= u=Wv
|xr�Ut pL CkO xQo C}iQ_ C}OwOLt uDiQoQ_vQO =@ u=wD |t Q=DWwv u}= QO

"O=O V}=Ri= =Q l}i=QD X}YND
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1. inner penalty function (IPF)
2. augmented lagrangian multiplier (ALM)
3. dynamic penalty function (DPF)
4. side constraints tra�c assignment problem (SCTAP)
5. generalized travel time function
6. symmetric
7. asymmetric
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