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p=L QO RwQ x@ RwQ w xDi=} xaUwD w \U@ CaQU x@ |OOa |=ysD} Qwor= w =yVwQ

"Ov=p}tmD w K}LYD
s=Hv= Qw=vW |=yumWGwt |wQ |OwOLt|y=oW}=tR; w |Q_v C=k}kLD uwvm =D
\}=QW =@ Qw=vW umWGwt |=Q@ xm OvOQm C@=F |}xar=]t QO u}kkLt "CU= xOW
`=iDQ= Vy=m QO |}xkvRwP w |FrFt w |}xQ}=O `]=kt x@ C@Uv `@ Qt `]kt 'pO=at
V}=tR; xR=U |xvO@ |=Q@ |irDNt O=wt u}vJty u=v; [2]"Ovm|t pta QDy@ Gwt
swi TvH R= |}xDUy =@ KrUt uD@ TvH R= |vwDv=B |xR=U xm OvO=O u=Wv w OvOQm

[3]"CU= |t}rk= \}=QW QFm = |=Q@ xv} Ro u} QD?U=vt |Qw=vW |=Q@
|Uv=mQi |xvt=O p}rLD =@ Qw=vW umWGwt |m}t=v}O MU=B 'Qo}O |k}kLD QO
R}r=v; QO u} Qo `@=wD OQ@ Q=m [4]"OW xU}=kt |ak=w |xvwtv l} =@ w Ot; CUO x@
OwW QkDUt |}xS} w pmWx@ Q=yt sDU}U Qo = xm O=O u=Wv Qw=vW umWGwt *|m}t=v}O
|wU R= [5]"O}WN@ Ow@y@ =Q Gwt h}a[D Q@=Q@ u}OvJ u=wD|t sm QwN@; jta l} =@
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xOwRi= sQH w |}=Q}t |oDU@=w '3w}y w 2|wU= C=mQL QO |w[}@ Qw=vW umWGwt
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u=Wv �� C@=F umWGwt xrtHR= �� |rL=U |=yxR=U Q@ Gwt |x@ Q[ QF= |UQQ@
CU= umtt xmr@ OQ=Ov |a[wt C=QF= \ki Gwt |x@ Q[ 'Q=_Dv= hqNQ@ xm OvO=O
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xO=iDU= 'QO=v@ QO xDiQowryB |=yQw=vW w pL=U C_=iL QO pw=ODt |=yVwQ R= |m}
|=yumWGwt "OwW|t Gwt ?wr]t=v C=QF= Vy=m ?Hwt xm CU= umWGwt R=
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s=vx@ =yumWGwt R= |Qo}O ẁv OQ@ Q=m Q}N= |xyO OvJ QO =Pr "CU= Q}osWJ
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*|aWaWD G=wt= Crax@ Qw=vW |=yumWGwt OQwtQO [1]"OvwW|t s}UkD |m =m]Y=
Crax@ Gwt CUmW R= |W=v ,=DOta |SQv= lqyDU= Q=mwR=U 'Qw=vW CmQL R= |W=v
|xQ=w}O x@ Gwt OQwNQ@ p}rOx@ Gwt T=mav= w '|aWaWD Gwt w CiQ Gwt VvmQOv=
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`k=w QO "Ovm Q=}DN= =Q 1 =D QiY Q}O=kt Ov=wD|t xm OwW|t h} QaD |}xvwo x@ F `@=D
xOW p=eW= p=}U \UwD xm =Q pwrU R= |tHL QUm 'pwrU l} QO F \UwDt Q=Okt
u=ty =} OL=w Q@=Q@ F Q=Okt CU= p=}U R= QB xm |rwrU QO ?}DQDu}O@ "Ovm|t u=}@
QiY Q@=Q@ u; Q=Okt CU= |r=N p=}U R= ,qt=m pwrU |Dkw xm |r=L QO 'CU= 1
K]U pt=W 'OQ=O 1 w QiY u}@ |Q=Okt =yu; F `@=D xm |}=ypwrU "Ow@ Oy=wN
'OwW|t x�=Q= �p=}U |QUm sHL� VwQ QO xm |O=R; K]U u}=Q@=v@ "OvDUy O=R;
|=Q@ p=}U sHL VwQ =t= "OwW|t pOt xv=Wv C=QP VwQ QO xm CU= |R}J x@=Wt
|=Q@ R=}v OQwt |=[i pO=at xm 'OQ=O R=}v |R=UxQ}NP |=[i l} x@ =yvD pwrU Qy
u=}@ 1 |x]@=Q \UwD u=mt w u=tR x@ F |oDU@=w "CU= Qo}O |xDU@=w |=yQ}eDt
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u}= "OvDUy y w x CyH QO CaQU |=yxir-wt |xOvyOu=Wv v w u u; QO xm
|Qr} w= VwQ QO O=R; K]U u}tND "Ovm|t CmQL p=}U =@ F xm Ovm|t u=}@ xrO=at
R= =Q OwN |ak=w h} QaD p=}U wO T=tD K]U w OwW|t F `@=D VQDUo ?Hwt
w QiY u}@ |Q}O=kt =@ |}xrB `@=D l} F xm Ck}kL u}= C}=yv QO "OyO|t CUO
CU= O=R; K]U QO |oDUw}B=v *Ca}@] ^i=L xm =Q Q=W u}tND R= xO=iDU= 'CU= 1

[8]"OQ=O s=v 4xOvQ}o � xOvyO VwQ =yu}tND u}= R= |m} "OR=U|t Q}PBu=mt=

pL sD} Qwor= w sm =L CqO=at "3
"CU}v xO}J}B O=R; Kw]U |R=Ux}@W x@ QO=k |Sv=Qo q VwQ OW u=}@ QDV}B xm u=vJ
OQwt sD} Qwor= x@ xHwD =@ |D=L}[wD |x�=Q= |Qr} w= sQi QO CqO=at u=}@ R= p@k
Q=DWwv u}= QO xO=iDU= OQwt |OOa VwQ "OUQ|t Q_v x@ sRq pL |=Q@ xO=iDU=
Ovv=t |}=yVwQ QO "CU= OwOLt sHL VwQ |x}=B Q@ CqO=at |R=UxDUUo |=Q@
X=wN u}}aD |=Q@ O}=@ O=R; K]U pLt QO Q}PB=vsm =QD p=}U l} QO |DL VOF

K]U pt=W xm |}=ypwrU QO CqO=at pL |xwLv w O=R; K]U QO Q=Wi w p=}U
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wO X=wN *|vRw u}ov=}t 'O=R; K]U QO X=wN xm OwW|t ZQi VOF VwQ QO

[11w9]%|va} 'Ov=p=}U
�in = �1 (1� F ) + �2F (2)

p=}U |r=oJ ?}DQDx@ �2 w �1 w CU= pwrU QO p=}U |tHL QUm F u; QO xm
"CU= O=R; K]U pt=W xm CU= |rwrU QO |r=oJ Q=Okt �in "Ov=swO w pw= R=i
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|tHL QUm Q@ sm =L |xrO=at 'u=} QH Q@ sm =L CqO=at Q@ xwqa VOF VwQ QO
R=i p=}U *X=wN pw= R=i QO 'O=R; K]U *X=wN O=R; K]U QO "OwW|t pL R}v p=}U
Qo}O CQ=@ax@ "OQ}o|t Q=Qk CqO=at QO swO R=i p=}U *X=wN R}v swO R=i QO w 'pw=

"OL=w |FrFt |}x@ Q[ Q=@ =@ |ak=w |}x@ Q[ Q=@ |v} Ro}=H "1 pmW

u}ovU |=yxR=U Q@ |yHwD p@=k ?QNt QF= Ov=wD|tv OwW|t OQ=w x=Dwm u=tR QO xm
C=mQL |R=Ux}@W |=Q@ xO=U |OOa pOt l} 'j}kLD u}= |] =t= &OW=@ xDW=O
w =QPo |=y|}=Hx@=H u; ltm =@ w OW x�=Q= xR=U |v=QwO w |ki= x=Dwmxvt=O |v=Uwv

"OW |UQQ@ C@=F umWGwt QO s�=O
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<=RH= VwQ w p=}U |tHL QUm VwQ ?}mQD =@ [9w8]"CU= xOW x�=Q= R}v |Oa@xU
=@ [10]"CiQo Q=Qk |UQQ@ OQwt CUmWR= Oa@ w CUmW u=tR QO Gwt Q=DiQ '|RQt
|wQ CUmW p=L QO Gwt x@ Q[ QF= CQOvx@ xDWPo C=k}kLD QO 'jwi OQ=wt x@ xHwD
|R=Ux}@W |=Q@ =yxR=U l}t=v}O QO "CU= xDiQo Q=Qk |UQQ@ OQwt Qw=vW umW Gwt
|}x@ Q[ Q=@ R= |ak=w |}x@ Q[ Q=@ |=Hx@ |R=UxO=U Qw_vtx@ |}x@ Q[ |=yQ=@

"�1 pmW� OwW|t xO=iDU= |FrFt
xO=iDU= OQwt O=R; K]U |R=UpOt QO |Qr} w= w |Sv=Qo q VwQ wO |rm Qw]x@
s=tD QO xm@W R= VN@ Qy |=yu=tr= QO p=}U C=QP |Sv=Qo q VwQ QO "OQ}o|t Q=Qk
p=}U u=tr= R= x=wNrO |xQP Qy |DQ=@ax@ "Ovv=t|t |k=@ C@=F w Q}}eD uwO@ =yu=tR
|=ywQ}v h} QaD "OwW|tv OQ=w |Qo}O u=tr= x@ RoQy CU= xm@W u=tr= l} QO xm
C@=F xm@W |Qr} w= VwQ QO "CU= xO=U Q=}U@ VwQ u}= QO |L]U w |tHL
|Sv=Qo q VwQ QO "Ov=t|tv ^wiLt =yu=tr= uwQO QO p=}U C=QP C} wy =t= 'Ov=t|t
QO 'OwW|t xO=O CmQL p=}U |=Q@ xOWx@U=Lt CaQU \UwD CrwyUx@ xm@W
R= p=}U u=} QH |x@U=Lt �ALE� |Sv=Qo q�|Qr} w= =} |Qr} w= VwQ QO xm |r=L
R=}v 'xm@W uwQO |=yu=tr= u}@ u=} QH |x@U=Lt u}= "CU= |QwQ[ xm@W u=}t
QO |Q}o\UwDt Ov}=Qi "OQ=O =yu=tr= s=tD QO u=} QH X=wN R= |}=y|Q}o\UwDt x@
u}= "OwW|t ?wULt |Qr} w= VwQ |=Q@ ha[ |x]kv u} QDnQR@ =yQ=W u}= u}tND
QO xS} wx@ 'u=} QH |=yC}tm QO C=Q}}eD |t=tD uOWCN=wvm} ?@U =y|Q}o\UwDt
CUO R= Q@ x@re |=Q@ x=Q =yvD "OwW|t O=R; K]U xrtHR= |oDUw}B=v Kw]U VQDUo
|oDUw}B=v X}NWD |=Q@ X=N |=yVwQ |Q}oQ=mx@ O=R; |=yRQt QO Kw[w uO=O
Ov=CQ=@a j}kLD u}= QO Q_v Ot C=}[Qi "CU= u; QO |Q}o\UwDt R= ?=vDH= w
�G &CU= C@=F X=wN =@ |Oa@ wO u=} QH �? &CU= |vDw}v w GRr p=}U �hr= %R=
um =U ?; K]U 'Gwt |wQW}B R= p@k �O &CU= xOW Q=yt ,qt=m Qw=vW umWGwt

"CU=

p=}U |tHL QUm VwQ "2
|=Q@ Q=Okt l} \ki p=}U Cr=L u=}@ Qw_vtx@ 'xm@W pwrU Qy |=Q@ VwQ u}= QO
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OwOLt Ct=N[ =@ |}x}L=v 'Cw=iDt |=ynvQ =} X=wN =@ p=}U wO u}@ K]U
'nvQ `@=D R= Qw_vt "Ovvm|t Q}}eD xDUw}B CQwYx@ nvQ |=yQ}eDt u; QO xm CU=
R= x]kv Qy QO "Ovm|t XNWt =Q swO w pw= p=}U xm CU= p=}U |tHL QUm
u}@ h}] R= C@=F nvQ l} K]U |=vLv= =@ ?U=vDt |} wQ}v |r=oJ 'Q=Po |x}L=v
Q=Po |x}L=v Ct=N[ C@Uv xm |v=tR wQ}v u}= "OwW|t h} QaD nvQ |x}L=v wO
pO=at |L]U VvD pwtat h} QaD =@ 'Ovm|t p}t QiY CtU x@ <=vLv= `=aW x@
VwQ u}= &OQ=Ov nvQ `@=D wO u}@ K]U |R=UR=@ x@ |R=}v xDUw}B VwQ "Ow@ Oy=wN
wO |=yu=} QH R= |k}kO pOt |x�=Q= =@ w 'Ovm|t QDxO=U =Q |L]U VvD |x@U=Lt
|R=UpOt C}OwOLt I}y 'Ovvm|t CmQL |L]U |=ywQ}v CLD xm |Oa@xU w
'OQ=O |L]U VvD xm |O=R; K]U CmQL |xwLv =} |oO}J}B 'O=OaD =@ \=@DQ= QO

%R= CU= CQ=@a p=}U wO u}@ K]U |=Q@ VvD |RQt \QW [12]"Ovm|tv O=H}=

(P1 � P2 + �k) n̂i = (�1ik � �2ik) n̂k + @�
@xi
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p=}U QO Q=Wi P� 'pw] OL=w Q@ wQ}v CQwYx@ |L]U VvD ?} Q[ � u; QO xm
Owta OL=w Q=OQ@ n̂i w '�RwmU} w� wQu=Qo |=yVvD QwUv=D ��ik '(� = 1; 2)�

xm CU= K]U |rLt |=vLv= k u}vJty "CU= swO R=i p=}U |wU x@ O=R; K]U Q@
[12]"OvDUy K]U |=vLv= |rY= |=y`=aW R2; R1 w CU= R�1

1 +R�1
2 pO=at

OwW|t ?Hwt 'jwi |xrO=at K]U Q@ T=tt w s�=k Q} w=YD uDiQo Q_v QO
Owta CyH |=Q@ "OwW p}O@D |OOa Cr=L x@ |Q=OQ@ Cr=L R= Q=Wi |RQt \QW

%s} Q=O O=R; K]U Q@
P1 � P2 + �k = 2�1n̂k

�
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�
1
� 2�2n̂k

�
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�
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%s} Q=O O=R; K]U Q@ T=tt CyH |=Q@ w
�2
�
t̂i
@ui
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@s
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'=t= CU= <=[Q= p@=k p=}U wO T=tD K]U Q@ s�=k |=DU=Q QO VvD |RQt \QW
"OW=@ CmQL p=L QO p=}U xm CU= sRq |U=tt |RQt \QW jkLD |=Q@

F p=kDv= |xrO=at "6"3
u}= "OwW|t pOt f(x; y; t) |}xrB `@=D =@ p=}U VOF VwQ QO OW EL@ xm u=vJ
QiY \=kv Q}=U QO w �OL=w� 1 Q@=Q@ OW=@ xOW p=eW= `}=t =@ xm |}x]kv Qy QO `@=D
|Q=O}=B u}= "Ov=t@ |k=@ Q=O}=B p=}U CmQL ut[ O}=@ `@=D u}= ?}DQD u}=x@ "CU=

%OwW|t u=}@ u}vJ |Sv=Qo q sDU}U QO f `@=D
Df
Dt

= 0 (11)

�� xm@W x@ C@Uv f `@=D OwW xO=iDU= |Sv=Qo q sDU}U R= Qo = '11 |xrO=at T=U=Q@
sDU}U QO jwi |x]@=Q *u=}@ "Ovm|tv Q}}eD �� pQDvm sHL VwQ QO =ypQDvm sHL

%CU= u}vJ |Qr} w=
@f
@t

+ (v � r) f = 0 (12)

Qr=mU= |=yC}tm Q}=U |=Q@ R=}v CQwY QO w |oDUw}B 'Qw=DWo |=Q@ xrO=at l}
pw= R=i p=}U x@ swO R=i p=}U R= Q=Wi Q}}eD VOF VwQ QO [11]"OW Oy=wN pL
�5xDUw}B |L]U |wQ}v� VwQ R= xO=iDU= =@ 'CU= |L]U VWm pwYLt xm
|wQ}v l} CQwYx@ |L]U VWm QF= VwQ u}= QO [12]"OwW|t u}}aD �CSF�
u=Wv FVOF =@ =Q u; xm wQ}v u}= "OwW|t pOt O=R; K]U |=ypwrU QO |tHL
xi=[= xtWJ |xrtH l} CQwYx@ 'Qw=DWo CqO=at CU=Q CtU x@ s}yO|t

"OwW|t

|oDUw}B |xrO=at "3"3
Q}PBsm =QD p=}U QO "CU= u=O}t uwQO sQH <=k@ Qou=}@ `k=w QO |oDUw}B |xrO=at

%CU= 3 |x]@=Q j@=]t |oDUw}B |xrO=at
@�
@t

+r � (�v) = 0 (3)

r� (�v) CQ=@a w 'u=tR =@ x]kv Qy QO |r=oJ C=Q}}eD Qou=}@ @�@t CQ=@a 'u; QO xm
u}vJ |oDUw}B |xrO=at "CU= (�v) ?Q[ pY=L |=Q@ |v=mt C=Q}}eD Qou=}@

%OwW|t u=}@
@�
@t

+r� � v + �r � v = 0 (4)

%s} Q=O =Pr
D�
Dt

= 0 (5)

%R= Ow@ Oy=wN CQ=@a Q}PB=vsm =QD p=}U |=Q@ |oDUw}B |xrO=at ',=D}=yv w
r � v = 0 (6)

|vRw u}ov=}t CQwYx@ O=R; K]U |=Q@ p=}U X=wN 'O=R; K]U |R=UpOt s=ovy
O=R; K]U xm =Hv; R= "OwW|t u}}aD pw= w swO R=i p=}U X=wN R= F `@=D T=U=Q@
K]U pt=W |v=tR xR=@ l} QO xm |}=ypwrU 'OyO|t u=mt Q}}eD u=tR CWPo =@
|r=}U ,qwY= =} OvW=@ O=R; K]U pt=W CU= umtt |Qo}O u=tR QO Ov=xOw@v O=R;
Q}}eD u=tR =@ Ov=wD|t |r=oJ '=ypwrU |=Q@ xH}DvQO "OwW =yu; OQ=w Qo}O R=i =@
x@ u; p}O@D R= TB |oDUw}B |xrO=at |x} RHD "OW=@ Q}PB=vsm =QD p=}U xJQo = Ovm
xOW=Hx@=H |xm@W QO OwOLt sHL VwQ =@ j@=]t Q=Wi |=Q@ uwU=wB |xrO=at

[13]"OwW|t s=Hv=

Qw=DWo |xrO=at "4"3
%R= CU= CQ=@a p=}U u=} QH Q@ sm =L |xrO=at

�
�
@v
@t

+ (v:r) v
�

= �rP +r:� + SM (7)

QO xm |r�=Ut |=Q@ "CU= Qw=DWo |xrO=at QO xtWJ |xrtH Qou=}@ SM u; QO xm
R= |W=v |tHL |wQ}v 'CW=O Q_v QO =Q O=R; K]U QO |L]U VWm QF= O}=@ =yu;
j@=]t R}v Qw=DWo CqO=at "OwW xi=[= xtWJ |xrtH u}= x@ O}=@ |L]U VWm

"OvwW|t x} RHD [13]u}kkLt \UwD xOWx�=Q= |=yVwQ
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Gwt
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UmW
p=L

QO|
=yvD

Gwt
Q=W

iOQ
w;Q@"OwW|t `k=w xO=iDU= OQwt Tmqi u}}aD |=Q@ pmW u}= TBU 'p=}U wO u}@ K]U

u}= QO xm u}= CUNv &OQ=O |QDQ@ QD|t}Ok |=yVwQ Q@ CyH wO R= VOF VwQ
O=R; K]U ?}W OQwtQO |D=aq]= R= Q=W sD} Qwor= |xaUwD w Ow@y@ |=Q@ VwQ
O=R; K]U CyH w C}akwt u}}aD Qw_vtx@ F `@=D R= xm u}= swO "OwW|t xO=iDU=
xO=iDU= �� |L]U VvD |=ywQ}v Q}_v �� hrDNt |RQt \}=QW QO xO=iDU= |=Q@
xm 'F Q=Okt uDiQo Q_v QO =@ =Q VOF QO xO=iDU= OQwt VwQ |=v@t [15]"OwW|t
R= Q=W "OQm lQO u=wD|t 'Ovm|t Q=W |v=tR xR=@ QO pwrU CU=Q CtU K]U R=
CU=Q CtU K]U R= =yp=}U pm Q=W "Ow@ Oy=wN ?}DQD u}tyx@ R}v Kw]U Q}=U
Q@ Owta �CaQU� u; QO xm 'V = u�t =@ Ow@ Oy=wN Q@=Q@ u; K]U OL=w Q@ pwrU
CQ=@ax@ &xOvQ}o =} CU= xOvyO pwrU u}= xm Ovm|t u}}aD u Ctqa "CU= K]U
Qo = p=Ft |=Q@ [16]"OQ}o|t p=}U =} w OyO|t CUO R= p=}U xm CU= |rwrU Qo}O
CU=Q CtU pwrU w xOw@ xOvyO pwrU AJ CtU =} CUOq=@ pwrU OW=@ C@Ft u
Qw@a |v=tR xR=@ QO pwrU K]U R= xm F Q=Okt "CU= xOvQ}o pwrU CUOu}}=B =}

%K]U u}= CL=Ut QO �F ?Q[ pY=L =@ CU= Q@=Q@ Ovm|t
�F = MIN fFAD(V (+CF;FD�xDg (17)

CF = MAX f(1 0� FAD) (V (� (10� FD) �x; 0 0g (18)

pwrU swyit x@ D T} wvQ} R 'xOvQ}o pwrU swyit x@ A T} wvQ} R \@=wQ u}= QO
w O=R; K]U CyH x@ xDU@=w xm 'OQ=O D =} w A x@ xQ=W= AD T} wvQ} R w xOvyO

"CU= p=}U CmQL CyH =@ u; \=@DQ=
R= V}@ xOvyO pwrU xm OwW|t u; R= `v=t MIN CQ=@a 17 |xrO=at QO
Q=mx@ |t=ovy MAX CQ=@a 18 |xrO=at QO "OW=@ xDW=O p=}U Q=W V=C}iQ_
Q=W u}}aD w OW=@ OwHwt Q=Okt R= V}@ pw= R=i |xO} Q=W p=}U Q=Okt xm OwQ|t
|=ypwrU hr=2 pmW QO "�2 pmW� OW=@ Q_v Ot �CF � swO R=i p=}U |i=[=
AD = D xm |DQwYQO "Ov=xOW u}}aD pwrU s�=k K]U R= Q=W |=Q@ xOvQ}o w xOvyO

"OwW|t u}}aD xOvyO pwrU T=U=Q@ Q=W 'OW=@

sm =L CqO=at pL "10"3
'p=}U |}=Hx@=H w O=R; K]U |@=}OQ Qw_vtx@ xOvQ}o � xOvyO VwQ |iQat R= TB
wO VwQ u}= QO "OUQ|t Q_v x@ |QwQ[ sm =L CqO=at pL |=Q@ |WwQ u}}aD
s=ovy pY=L ?}=Q[ T} QD=t xm =Hv; R= "OwW pL O}=@ Qw=DWo w |oDUw}B |xrO=at
Ovvm|t |wQ}B |Y=N s_v R= xm CU= |Q=}U@ QiY \=kv |=Q=O =yxrO=at u}= pL

"xOvQ}o � xOvyO VwQ QO p=}U sHL u}}aD |ovwoJ "2 pmW

"Ovm|t Q}}eD u=mt w u=tR =@ f |Qr} w= sDU}U QO xm CU= u; Qou=}@ x]@=Q u}=
O=R; K]U |=vLv= w CyH u}}aD |=Q@ �F � u; |xDUw}B h}] R}v w `@=D u}= C=kDWt
C=QF= p=ta= 'O=R; K]U |=vLv= w C}akwt 'CyH u}= =@ "OvQ}o|t Q=Qk xO=iDU= OQwt
%Ow@ Oy=wN 13 |x]@=Q j@=]t f |=Q@ xDUw}B h}] "CU= Q}PBu=mt= |L]U VvD
Fi(t) = 1

Ai

Z
f (x; t) dx (13)

%s} Q=O =Pr w 'CU= |D=@U=Lt pwrU R= xHw Qy K]U Ai u; QO xm
@F
@t

+ (v � r)F = 0 (14)

"OwW|t xO=O X}YND Qr=mU= |=ypwrU x@ xm CU= |Q=Okt F

�swO R=i� p=}U |}=Hx@=H "7"3
QO xS} wx@ "CU= O=R; K]U |R=UpOt |=Q@ ?U=vt |WwQ VOF OW u=}@ xmv=vJ
K]U |rm C=mQL |UQQ@ =yvD O=R; K]U |R=UpOt R= hOy xm |}=} QO |=yxv}tR
|=Q@ |WwQ CU}=@|t uwvm = "CU=yxR=U Q@ xOQ=w |=yu=tt w =ywQ}v w p=}U O=R;
sHL u}tND R= xO=iDU= xO=U VwQ l} "OwW xDiQo Q=m x@ xm@W uwQO p=}U CmQL
xDiQo p=QoDv= pwrU pwL p@k VN@ QO pY=L xrO=at R= u}tND u}= QO "CU= pQDvm
R= F |=yQ=W |xawtHt |=v@tQ@ pwrU QO p=}U sHL Q}}eD ?}DQDu}O@ "OwW|t

[14]%CU= x@U=Lt p@=k pwrU u}= Kw]UZ
(v � r) Fd 8 =

Z
r � (vF ) d 8 =

I
(n � vF ) ds (15)

%x@ OW Oy=wN p}O@D 15 |xrO=at 'F u}}aD Qw_vtx@

Fn+1 =

"
Fn � �t

�x�y

(
(F u)ni �y + (F u)ni�1 �y+

(F v)nj �x+ (F v)nj�1 �x

)#
(16)

=yvD |r@k F w (�x; �y) |xm@W C=YNWt uOw@swrat =@ O}OH F '?}DQDu}O@
"CU= x@U=Lt p@=k w xOw@ xDU@=w =yQ=W x@

F |}=Hx@=H ?} QkD |=yVwQ "8"3
K]U VQDUo ?@U CU}v pmWt u=OvJ xJQo = '16 |xrO=at T=U=Q@ Q=W u}}aD
h}] Ct=N[ OwW|t ?@U xrO=at s}kDUt pL Qo}O CQ=@ax@ "OW Oy=wN O=R;
u}= =@ xr@=kt |=Q@ "O@=} VQDUo 'xDiQo Q=Qk p=}U wO u}@ xm 'F p=}U |tHL QUm `@=D
u}tND |=Q@ |irDNt |=yVwQ R= xDWPo QO "OwW|t xO=iDU= Q=W u}tND R= xr�Ut
'EVOF `@=D '|vRw `@=D T=U=Q@ |oOvyO '|r}rLD `@=D VwQ %OW|t xO=iDU= Q=W
xOW xO=iDU= xOvQ}o � xOvyO VwQ R= j}kLD u}= QO [14]"xOvQ}o � xOvyO VwQ w

"CU=

xOvQ}o � xOvyO sD} Qwor= "9"3
^iL Qw_vtx@ F Q=W u}}aD |=Q@ 'VOF VwQ QO F `@=D Q@ sm =L |xrO=at QO
|x}L=v umtt OL =D O}=@ 'CU= |oDUw}B=v l} pmWx@ xm O=R; K]U C}y=t
u}tND |awv R= 'VOF sD} Qwor= QO xO=iDU= OQwt VwQ [8]"OW=@ lR=v O=R; K]U
R= xO=iDU= Q@ CU= |vD@t VwQ u}= "Ovm|t xO=iDU= xOvQ}o � xOvyO VwQx@ Q=W
pmW u}}aD Qw_vtx@ Q=W RQt CUOu}}=B w CUOq=@ p=}U R= F OQwtQO |D=aq]=
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QO}
tL w |tra C}ty= |=Q=O xr�Ut u}= "OwW O}rwD Q=WDv= pw] QO Q=O}=B |xvt=O =@ w wQ}B

=yvD G=wt= VvmQOv= =} [21]=yvD Gwt T=mav= |xar=]t QO ,qFt "CU= |O=} R |rta
,qwtat Ovr@ G=wt= "OvW=@ Xr=N CQwYx@ G=wt= CU= sRq [22]Qo}O |=yvD G=wt= =@
|UwULt C=Q}}eD |Owta |=DU=Q QO xm OvDUy |yHwD p@=k |ki= CaQU |=Q=O
"OUQ|t Q_v x@ G=wt= u}= O}rwD |=Q@?U=vt|}xr}Uw|vwDU}B R=UGwt =Pr [20]"OQ=Ov
xOWO=} |=yVwQQo}O x@ C@Uv |QDW}@ CqmWt |vi ^=Lrx@ R=UGwt ẁv u}= =t=
uOt;q=@ =} ?; sQH l} uO=Di=� Ovm|t pta R=UGwt xm |WwQ x@ xHwD uwO@ "OQ=O
O=H}= Ea=@ nQR@ |=yvD Gwt hQ] l} R= "O=O Q=Qk Q_v Ot =Q xDmv wO O}=@ '�lv=D xD
Q=WDv= |=Q@ QDx=Dwm |xvt=O =@ =yvD G=wt= Qo}O hQ] R= w 'OwW|t =QPo |=yGwtTB
Gwt |xvt=O A xm " = A=h0� =yvD Gwt l} Oa@|@ |xvt=O Qo = "OvDU}v ?U=vt
R=i CaQU 'OwW " = 0 796 R= QDW}@ �CU= ?; \UwDt jta h0 w CU=yvD
VwQ x@ xHwD =@ [24w23]"O@=}|tVy=m R=iCaQU CQwYu}= Q}e QO w O@=}|tV}=Ri=
|a}Uw |xOwOLt QO xOW =Hx@=H sQH pm 'R=i CaQU V}=Ri= p=@vOx@ w Gwt O}rwD
=@ w Cw=iDt |xvt=O =@ Gwt wO `k=w QO u}=Q@=v@ "O@=}|t Vy=m x=Dwm Gwt |xvt=O R=
"OvwW ?}mQD sy =@ CU= umtt xm OwW|t O}rwD u=Um} |xOW=Hx@=H sQH Q=Okt
O}rwD |=Q@ pwtat VwQ "CU}v syt QDnQR@ |=yvD Gwt O}rwD =yOQ@ Q=m QDW}@ QO =t=
xv}W}@ Gwt *|ki= CaQU =@ u=tRty uwDU}B CaQU s}_vD '=yvD Gwt =} Ovr@ Gwt

%CU= u}vJ CQ=@a u}= |[=} Q u=}@ "CU=
dX
dt

= �u (X; t) (19)

|ki= CaQU �u(x; t) w x QwLt O=ODt= QO uwDU}B C}akwt x = X u; QO xm
x = 0 `HQt xm CU= s=Q; ?; K]U |RmQt \N x QwLt "CU= Gwt \UwDt
Q=Qk xO=iDU= OQwt [25]nv} Qwo VwQ xSwQB u}= QO "CU= uwDU}B x}rw= C}akwt QO
[26]"O};|t CUO x@ |r}=Q |=yvD Gwt pL =@ Gwt O}rwD uwv=k wO =Pr [20]"OQ}o|t
|Q}op=QoDv= =@ u=wD|t =Q CmQL uwv=k 'lJwm |}=Hx@=H l} ZQi =@ Ck}kL QO
uwv=k u}= "CU= |r}=Q |=yvD Gwt pL T=U=Q@ xm OQw; CUO x@ 19 |x]@=Q R=
|OOa |Q}op=QoDv= R= Oa@ xOt; CUO x@ *CmQL uwv=k =@ xU}=kt p@=k CmQL *|r}rLD
'xDiQo Q=Qk V}=tR; OQwt xar=]t u}= QO xm CmQL Qo}O uwv=k wO "CU= 19 |xrO=at
jtasm ?; |=yx} Q_v w pw= |x@DQt QO |Sv=Qo q x=oO}O |]N pmW |Ov@pwtQi R=
O}rwD |=Q@ xO=iDU= OQwt VwQ |Oa@ |=yVN@ QO "OvwW|t G=QNDU= swO |x@DQt

"CU= xOW K} QWD Gwt

R=UGwt CmQL |xrO=at "1"4
uwDU}B |wQ Q@ CmQL Cw=iDt u}v=wk p=ta= =@ =yvD Gwt O}rwD |xwLv VN@ u}= QO
u=Wv l}D=tW CQwYx@ =Q |vwDU}B R=UGwt R= |}xvwtv 3 pmW "OwW|t K} QWD

"OyO|t
CmQL p=L QO cCaQU =@ xm CU= Gwt |xrO=at Q=O}=B pL =yvD Gwt `k=w QO
R= Q}eDt Q}}eD R= Oa@ OyO|t u=Wv =Q X C}akwt xm 19 |xrO=at u}=Q@=v@ "CU=

"|vwDU}B R=UGwt ltmx@ =yvD Gwt O}rwD |=Q@ R=}v OQwt O=a@= w =tv "3 pmW

Q_v x@ ?U=vt =yxrO=at u}= pL |=Q@ |Q=QmD |=yVwQ '�|Q]kGvB =} |Q]kxU�
|xrO=at pL |=Q@ Q=Wi u=O}t xm Ov=pY= u}= Q@ |vD@t |Q=QmD |=yVwQ "OvUQ|t
|DaQU u=O}t 'OwW|t xOR TOL Q=Wi u=O}t xm =Hv; R= "OW=@ xOW xDN=vW Qw=DWo
"OQm Oy=wNv =[Q= =Q |oDUw}B |xrO=at OwW|t pY=L Qw=DWo |xrO=at R= xm
"OW Oy=wN KqY= R}v CaQU u=O}t 'OwW KqY= Q=Wi u=O}t R= TOL u}= xJv=vJ
|ak=w Q=Wi u=O}t u=wvax@ O}=@ |v}tND *Q=Wi u=O}t xm OUQ|t =Qi |v=tR C}=yv QO
=Q |oDUw}B |xrO=at |@U=vt ?} QkD =@ CaQU u=O}t Cr=L u}= QO "OwW xDiQ}PB
'SIMPLE |=yVwQ Q}_v �� Cw=iDt |Q=QmD |=yVwQ u}@ QO "Ovm|t <=[Q=
u; QO xm xOW xO=iDU= PISO VwQ R= j}kLD u}= QO 'PISO VwQ w �� SMAC

|v}@V}B |xrLQtl} sD} Qwor= u}= QO [13]"OwW|t x@U=Lt |vt[ CQwYx@ Q=Wi
u}= "OwW|t |v=tR CkO V}=Ri= x@ QHvt xm OQ=O OwHw K}LYD |xrLQt wO w
Q}PBsm =QD w Q=O}=B=v |=yu=} QH QO CaQU � Q=Wi |xrO=at pL |=Q@ ,=U=U= sD} Qwor=
x@ |v=tR xR=@ Qy QO sD} Qwor= u}= xJQo = [13]'CU= xOW `=O@= |@ w=vDQ}e pmWx@

%CU= Q} R pmW x@ sD} Qwor= u}= pL=Qt "CU= xO=iDU= p@=k R}v |@ w=vD pmW
&Q=Wi u=O}t TOL "1

&CaQU |=Q@ Qw=DWo |xrO=at pL "2
&Q=Wi K}LYD |xrO=at pL "3

&CaQU w Q=Wi K}LYD "4
&swO Q=Wi K}LYD |xrO=at pL "5
&CaQU w Q=Wi OOHt K}LYD "6

&O}OH CaQU w Q=Wi =@ 6 =D 3 pL=Qt Q=QmD "7
"|}=Qoty CQwY u}= Q}e QO w 2 |xrLQt x@ CWoR=@ "8

"CU= R=UGwt \QW u=O}t CU=Q CtU QO xOW xDiQo Q_v QO |RQt \}=QW
w xOW x@U=Lt R=UGwt |xQ=w}O |}=Hx@=H Q=Okt |v=tR s=o Qy QO \QW u}= QO
xQ=w}O \QW umWGwt |=yxQ=w}O QO "OwW|t |Ov@xm@W ,=OOHt |D=@U=Lt u=O}t

"CU= xOW p=ta=

pOt QO Gwt O}rwD "4
QO "CU= pOt |@v=H RQt QO Gwt O}rwD |=Q@ |WwQ x@ |@=}CUO VN@ u}= R= hOy
C=ar=]t QO u}kkLt "s}yO|t Q=Qk |UQQ@ OQwt =Q =yvD Gwt O}rwD |=yVwQ 'R=e;
?; K]U |q=@ ?; Xr=N C@Ft sHL Qy R= xm OvO=O u=Wv OwN |Q_v w |@ QHD
Ovy=wN p=@vO =Q u; Qo}O G=wt= |O=OaD xm OwW|t O}rwD =yvD Gwt l} smCUO 's=Q;

[17]"OQm
?; K]U l}ORv R= ?rY |xvRw l} uDN=Ov= =@ =yvD G=wt= 'Qo}O |WywSB QO
CmQL =@ =Q ?; XNWt sQH l} u}kkLt 'x@=Wt Qw]x@ [18]"OW O}rwD lv=D xD x@
uOQmO=R; =@ u}vJty =yu; [19]"OvOQm =Hx@=H Ot;|t q=@ lv=D xD R= xm |vwDU}B s�=k
VwQ ?; p=v=m |=yDv= l} QO Q}PB|}=Hx@=H *̀ v=t l} CWB QO ?; R= |Y=N sQH
R}v |vwDU}B ẁv R=UGwt l} R= xO=iDU= =@ =yvD G=wt= O}rwD "OvOQm u=LDt= =Q |Qo}O

[20]"CiQo Q=Qk xar=]t OQwt C=}�RH =@
uwO@ w Xr=N CQwYx@ u=mtq=|DL =yvD Gwt O}rwD Q@ =Hv}= QO =t xHwD
G=wt= u} QDsm =@ |H=wt= OwW|t VqD |va} "CU= RmQtDt wQ}B G=wt= w 'C} R=Q=B
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kwOv
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umW

Gwt
Q@C

UmW
p=L

QO|
=yvD

Gwt
Q=W

iOQ
w;Q@%u; QO xm

�SW 2 =

s
3A0
h30

cSW 2 =
p
gh0

 
1 + A0

2h0
+ 19

40
�
A0
h0

�2!
A
h0

= A0
h0

�
1 + A0

h0

�
"CU= SSW 2 = 4

q
A0h03

�
1 + A0

h0

� Q@=Q@ xOWxOwt}B Ci=Ut u}=Q@=v@

xr�Ut pL VwQ CLY |UQQ@ "5
l}Uqm p�=Ut R= xm OU CUmW |xr�Ut 'xOW xO=O \U@ Om OQmQ=m O}}-=D Qw_vtx@
|=y?=wH w OW |R=Ux}@W 'CU= VOF |=yOm OQmrta CLY |UQQ@ |=Q@
uwDU l} xOWxDUmW OU |xr�Ut QO "OW xU}=kt |@ QHD G}=Dv =@ u; R= pY=L
OU xm OyO|t MQ |v=tR u}= w �4 pmW� OR} Q|t wQi pkF ?=DW QF= CLD p=}U
CU= xQ=w}O 'CU=Q CtU |RQt \QW xr�Ut u}= QO "OwW hPL u=yo =v xOvQ=Oxov

"OwW|t hkwDt C=@U=Lt RQt u}= x@ p=}U uO}UQ =@ w
TBU w [30]OW s=Hv= xr�Ut u}= |wQ |O=} R |@ QHD C=W}=tR; 1952 p=U QO
=@ xU}=kt Qw_vtx@ [31]"CiQo Q=Qk |UQQ@ OQwt |OOa CQwYx@ xr�Ut u}=
|m} R}i X=wN =@ ?; p=}U 1952 p=U QO xOW s=Hv= |@ QHD |=yxO=O
|a@ Qt p=}U uwDU |x}rw= pmW w '� = 10�3 pa.s w � = 1000 kg/m3

CaQU T=U=Q@ ROrwv} Q OOa "OW xDiQo Q_v QO H = 0 05715 m |xR=Ov= x@
CkO "CU= 6 04�104 =@ Q@=Q@ H |xYNWt pw] w p2gH |xYNWt

"OU CUmW xr=Ut QO xDiQ Q=m x@ O=a@= w xUOvy "4 pmW

%OwW|t p}O@D 20 |x]@=Q x@ '(� = ct�X; t) x@ (x; t)

dX
d�

= �u (� (X))
c� �u (� (X))

(20)

QO "CU= \UwDt |ki= CaQU �u(�) w � = ct � x 'R=i CaQU c u; QO xm
"OQw; CUO x@ hrDNt |=yx} Q_v =@ u=wD|t =Q \UwDt |ki= CaQU 20 |xrO=at

[27w26]%OvQ=O |v=Um} pmW |r}=Q w lUv} Rw@ |=yvD G=wt= `@=D =yu; u}@ QO
� (�) = A sech2 (��/2) (21)

�u (�) = c� (�)
h0 + � (�)

(22)

?} Q[ � 'R=i CaQU c '?; \UwDt jta h0 '=yvD Gwt |xvt=O A \@=wQ u}= QO
|ki= CaQU �u(�) w uwmU Cr=L R= O=R; K]U `=iDQ= �(�) '6|vwt=Q}B |W=B=w
%s} Q=O u}W}B \@=wQ j}irD =@ "Ovm|t Cw=iD c w � ?ULQ@ =yvD Gwt C=Q=@a "CU=

X (t) = 2A
h0�

tanh [� (ct�X (t))/2] (23)

uwDU}B CmQL u=tR w �S� uwDU}B \UwD xOW|] Ci=Ut Q=Okt pm 23 |x]@=Q R=
%OQm x@U=Lt u=wD|t =Q �� �

S = 4A
h0�

(24)

� = 4
�c

�
tanh�1 (0 999) + A

h0

�
(25)

7�KdV� pw= |x@DQt jtasm ?; pOt "2"4
|x@DQt jtasm ?; =}� KdV pL R= pY=L XKdV (t) CmQL uwv=k u}kkLt

[28]%OvOQ@ Q=m x@ u}vJ =Q �pw=

XKdV (t) = 2
r
Ah0
3 tanh (�KdV cKdV t/2) (26)

%u; QO xm

�KdV =

s
3A
h30

w cKdV =
p
gh0

�
1 + A

2h0

�
R= pY=L Q=Okt u=ty SKdV = 4

q
Ah03 uwDU}B \UwD xOW xOwt}B Ci=Ut

|Sv=Qo q pmW |x@U=Lt R= OQwt u}= "CU= nv} Qwo VwQ QO lUv} Rw@ |=yvD Gwt
[22]"O};|t CUO x@ x = 0 pwL |R=U|]N R= Oa@

swO |x@DQt jtasm ?; pOt "3"4
[29]'u}kkLt \UwD u}W}B |xOWx�=Q= C=@U=Lt T=U=Q@ R}v w jwi VwQ j@=]t
A |xvt=O =@ =yvD Gwt l} |=Q@ jtasm ?; QO uwDU}B swO |x@DQt CmQL \@=wQ

%R= CU= CQ=@a
XSW 2 (t) = 2

r
A0h0

3
�

1 + A0
h0

�
tanh (�SW 2cSW 2t=2) +

A0
3
r3A0

4h0
tanh (�SW 2cSW 2t=2)
cosh2 (�SW 2cSW 2t=2)

(27)
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QO}
tL G}=Dv OwW|t x_Lqt pmW u}= QO xm u=vJ "CU= xOW xU}=kt sy =@ xr�Ut

u}vJty "OQ=O Ck@=]t u=Qo}O |=yxO=O =@ |@ wNx@ OwHwt pOt |OOa |x@U=Lt
|m}ORv QO xDiQ Q=m x@ |xm@W =} OwW QDR} Q xm@W pm |Dkw xm OyO|t u=Wv G}=Dv

"O@=}|t V}=Ri= G}=Dv CkO 'OwW QDR} Q hm

xvwtv Qw=vW umWGwt |wQ Q@ pOt |=QH= G}=Dv "6
OQwNQ@ |R=Ux}@W ?; K]U |R=UpOt QO xOWx}yD Om CLY R= u=v}t]= R= TB
u}= QO xOW xDiQo Q_v QO pOt xUOvy "OW s=Hv= u; \UwD Qw=vW umWGwt x@ Gwt
|@; QO xm xOw@ xkwOvY l} |Oa@ wO `]kt K]U R= pmWDt 7 pmW j@=]t xSwQB

"CU= xDiQo Q=Qk Hi `=iDQ= x@ |Hwt ZQat QO h0 \UwDt jta =@
"CU= xOW xO=iDU= 6 VN@ QO xOW K} QWD |=yVwQ R= Gwt O}rwD |=Q@
w A = 0 0807 |x}rw= \}=QW "CU= xOW x�=Q= C=@U=Lt R= |}xvwtv =Hv}= QO
CtUk QO xm xJv; T=U=Q@ uwJ "OW ?=NDv= xr�Ut |=Q@ QDt ?ULQ@ h0 = 0 33
x]w@ Qt \@=wQ R= 'CU= |r}=Q VwQ u=ty VwQ u} QDy@ =yvD G=wt= O}rwD |=Q@ Ot; 6

%OW x@U=Lt R=}v OQwt |=yQDt=Q=B
�R
2 =

s
3A

4h20 (A+ h0)
) �R = 2 32659 1/m (28)

cR =
p
g (A+ h0) ) cR = 2 00722 m/s (29)

SR = 4
r
A (A+ h0)

3 ) SR = 0 42043 m (30)

"OU CUmW |xr�Ut QO |@ QHD G}=Dv w pOt |OOa G}=Dv |xU}=kt "6 pmW

H = 0 45 m 'T = 0 27 m |xr�Ut pOt QO xDiQ Q=m x@ |xUOvy "7 pmW
"w = 0 07 m w

|=Q@ "OQ=O |oDU@ xOW xDiQo Q_v QO |xm@W sDU}U x@ O=R; K]U |v}@V}B
264 |=ypwrU O=OaD =@ xm@W ẁv Q=yJ '|Ov@xm@W C}U=UL |UQQ@ w V}=tR;
xR=Ov= =@ Q=@l} w CN=wvm} Vt xR=Ov= =@ Q=@l} �� �35�21� 735 =} �24�11�
|=ypwrU OQwtQO xOWx@U=Lt |xm@W "OW xDiQo Q_v QO �� CN=wvm} Q}e Vt
u=} QH |wor= wCaQU |=yQ=OQ@ "CU= xOW xO=O u=Wv ?4 pmW QOCN=wvm} Q}e
"OwW|t xO}O 5 pmW QO 735 CN=wvm} Q}e |xm@W |=Q@ hrDNt |=yu=tR QO
CtU x@ C}akwt w Oa@|@ u=tR '|@ QHD G}=Dv =@ xU}=kt s=Hv= QO CrwyU |=Q@
h} QaD x� = x=H w t� = t

p
g=H CQwYx@ hm O=ODt= QO ?; |wrH

"Ov=xOW
u}= |=Q@ Qo}O |y=oW}=tR; w |OOa |=yQ=m w OwHwt pOt G}=Dv 6 pmW QO

|xr�Ut |=Q@ Cw=iDt |=yu=tR QO O=R; K]U C}akwt w CaQU |=yQ=OQ@ "5 pmW
"35�21 CN=wvm} Q}e |D=@U=Lt |xm@W QO xOWxDUmW OU
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Gwt
Q@C

UmW
p=L

QO|
=yvD

Gwt
Q=W

iOQ
w;Q@

"p=}U R= xOWQB |=ypwrU R= l}D=tW |}xvwtv "10 pmW

x@ Gwt |xrk xm |Dr=L |=Q@ xkwOvY R= p@k `]kt QO CaQU |=yQ=OQ@ "11 pmW
"�CU= x}v=F Q@ QDt ?UL Q@ CaQU� CU= xO}UQv xR=U

p@k |m} 'u=tR wO |=Q@ q=@ QO xOWK} QWD pOt p}rLD R= pY=L |xH}Dv Oa@
umWGwt R= Gwt pw] Q@=Q@ wO |xR=Ov= x@ Gwt |xrk |va}� Gwt |xrk Qw@a R=
QO "CU= xOW xO=O u=Wv xR=U R= Gwt |xrk Qw@a u}LQO |Qo}O w �OW=@ QD?ka
Gwt |xrk xm |Dr=L |=Q@ w xkwOvY R= p@k `]kt QO CaQU |=yQ=OQ@ 11 pmW
QDt 0 0807 =@ Q@=Q@ |a=iDQ= |OwQw Gwt "CU= xOW xO=O u=Wv xO}UQv xR=U x@

"OQ=O
|xR=Ov= Vsum wCaQU |ki= |xir-wt Vx CaQU C=Q}}eD Q=Owtv 12 pmW QO
xR=U x@ Gwt |xrk xm |Dr=L |=Q@ xkwOvY R= p@k `]kt QO |rm CaQU Q=OQ@
Crax@ xkwOvY Q} R QO CaQU xm OwW|t x_Lqt "CU= xOW xO=O u=Wv 'xO}UQv
`v=t xmv}= Crax@ xkwOvY |xQ=w}O pLt QO CaQU w V}=Ri= `]kt K]U Vy=m

"CU= xOW Twmat 'xOW O=H}= |}=yx@=OQo w xDiQo Q=Qk u=} QH Q@=Q@ QO |@rY

xkwOvY R= p@k `]kt QO Vsum w Vx CaQU jr]t QOk C=Q}}eD Q=Owtv "12 pmW
QDU@ R= xrY=i |xOvyOu=Wv |ki= QwLt� xO}UQv xR=U x@ Gwt |xrk xm |Dr=L |=Q@

"�CU= x}v=F Q@ QDt ?ULQ@ CaQU |xir-wt |xOvyOu=Wv s�=k QwLt w QDt x@

"uwDU}B |}=Hx@=H Q=Owtv "8 pmW

"xOW|Ov@xm@W pOt R= l}D=tW |}xvwtv "9 pmW

� = 4
�RcR

�
tanh�1 (0 999) + A

h0

�
) � = 3 46444 s

(31)

XR (t) = 2A
h0�R

h0 tanh (�RcRt/2)
h0 +A

�1� tanh2 (�RcRt/2)
� )

XR(t)=0 06937� tanh (2 33501� t)
0 33+0 0807� �1�tanh2 (2 33501�t)�

(32)

u=Wv xm CU= xOW sUQ u=tR R= |a@=D CQwYx@ jwi |xrO=at Q=Owtv 8 pmW QO
"CU= u=tR ?ULQ@ uwDU}B |}=Hx@=H u=R}t |xOvyO

%OQw; CUO x@ =Q uwDU}B CmQL CaQU u=wD|t 23 |xrO=at R= |Q}ojDWt =@
dXR(t)
dt

=

�A���1+tanh2(�RcRt=2)��cR��h0+A+A�tanh2(�RcRt=2)���h0 �A+A� tanh2 (�RcRt=2)
�2

(33)

|}=tW 9 pmW "CU= xOW xO=iDU= VwoQ=yJ |=ypwrU R= pOt |Ov@xm@W |=Q@
QO xm CU= |R}J u; x@=Wt xr�Ut u}= |RQt \}=QW "OyO|t u=Wv =Q =ypwrU R=
=@ Ov=p=}U |wDLt xm |}=ypwrU p=L "OW K} QWD �sm =L CqO=at pL� VN@

"�10 pmW� OvwW|t QB p=}U

Gwt CUmW sOa Cr=L |=Q@ pOt |=QH= G}=Dv "1"6
|xO=t; pOt w OwW|t p=ta= Q_=vDt |=yxQo QO ?U=vt |RQt \}=QW xrLQt u}= QO
|=ypmW QO "OQm x@U=Lt =Q CaQU u=O}t u=wD|t p}rLD s=Hv= =@ "CU= p}rLD
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xkwOvY R= p@k `]kt QO Vsum w Vx CaQU jr]t QOk C=Q}}eD Q=Owtv "14 pmW
R= xrY=i |xOvyOu=Wv |ki= QwLt� CU= xO}UQ xR=U x@ Gwt |xrk xm |Dr=L |=Q@
"�CU= x}v=F Q@ QDt ?ULQ@ CaQU |xir-wt |xOvyOu=Wv s�=k QwLt w QDt x@ QDU@

"Gwt CUmW uOQm pOt |=Q@ xOW xDiQo Q_v QO |xUOvy "15 pmW

"hrDNt |=yu=tR QO Q=O?}W K]U |wQ Gwt CUmW "16 pmW

QO |OOa pOt xmCU=?r]t u}= |=} wo pmW u}= G}=Dv "OQ}o|t OwN x@ |}xHQ}W
�� CU= Ca}@] QO xO}J}B Q=}U@ |=yxO}OB R= |m} xm �� Gwt CUmW |R=Ux}@W

"CU= Q=OQwNQ@ |}q=@ u=wD R=
xHwD =@ "CU= xOW xO=O u=Wv 17 pmW QO CUmW u=tR QO Gwt Q=Wi `} RwD
|wrH xy@H QO CUmW p=L QO Gwt |xYNWt QO Q=Wi u} QDW}@ 'pmW u}= x@
jtasm ?; QO |rL=U |L=wv QO ,qwtat Qw=vW |=yumWGwt "ODi=|t j=iD= Gwt

?} Q[ �Ht = 0 0181575 m `=iDQ=x@� umWGwt R= |Qw@a Gwt |=Q@
%OwW|t x@U=Lt 34 |x]@=Q R= p=kDv=

Ct = Ht
Hi

= 0 0181575
0 0807 = 0 225 (34)

`=iDQ= �22 5 `=iDQ= =@ |Hwt CiQ Gwt OQwNQ@ QF= QO xm CU=vat u=O@ u}=
CaQU |=yQ=OQ@ 13 pmW QO "Ovm|t Qw@a umWGwt u}= R= |OQwNQ@ Gwt
u=Wv xO}UQ xR=U x@ Gwt |xrk xm |Dr=L |=Q@ w xkwOvY R= p@k `]kt QO
|DWoQ@ Gwt |@=}OQ x@ QO=k Q[=L pOt xm OwW|t Qw;O=} "CU= xOW xO=O

"CU}v
xR=U x@ Gwt |xrk xm |Dr=L |=Q@ w xkwOvY R= p@k `]kt QO 14 pmW QO
xOy=Wt xm u=vJ "CU= xOW xO=O V}=tv Vsum w Vx CaQU C=Q}}eD 'xO}UQ
|xQ=w}O |wQ ?; C=QP CaQU umWGwt x@ Gwt |xrk OQwNQ@ |x_Lr QO 'OwW|t
QO ?; C=QP CaQU ZwaQO w O@=}|t Vy=m |}x_Lqt p@=k Qw]x@ umWGwt
|Dr=L QO xm OyO|t u=Wv 14 =@ 12 pmW |xU}=kt "OwW|t QDW}@ umWGwt Q} R
%xO}UQv xR=U x@ Gwt |xrk xm |Dr=L x@ C@Uv 'xO}UQ umWGwt x@ Gwt |xrk xm
|wQ p=}U CaQU |rw 'xOW QDW}@ �80 OwOL umWGwt Q} R QO ?; CaQU �

"CU= xDi=} Vy=m �30 OwOL umWGwt |xvO@
"OwW|t QDl}ORv |rm |xHDvt CaQU x@ p=}U |ki= CaQU |xir-wt Q=Okt �
u=wD|t =Pr "CU= Z=te= p@=k u=} QH |wor= QOCaQU s�=k |xir-wt xm =vatu}O@
umWGwt |}x@ Q[ CmQL |iQ] R= "OQm Q_vhQY xkwOvY |WR}N CmQL R=
|=ywQ}v \UwD u; pQDvm w OwW|t O=H}= p=}U CaQU |ki= |xir-wt QF= CLD xm

"OQ}o Q=Qk Q_v Ot O}=@ 'CU= |Q=yt

Gwt CUmW Cr=L |=Q@ pOt |=QH= G}=Dv "2"6
'OUQ|t|rL=U jtasm|L=wv x@ Gwt xm|Dkw 'GwtCUmWCr=L uOQmpOt |=Q@
j@=]t Q=O?}W K]Ul} pt=W �� xvwtv pL=UC}a[w |=Q@ xOWh} QaD |xUOvy

%s} Q=O pmW u}= QO "OW xDiQo Q_v QO �� 15 pmW
Draft = 1 [m]

Slope = 1 :15
A = 0 6 [m]

"OwW xDUmW 8|}xHQ}W CQwYx@ Gwt xm OwQ|t Q=_Dv= |@}W u}vJ =@
u=vJ "CU= xOW xO=O u=Wv 16 pmW QO Cr=L u}= QO pOt |=QH= G}=Dv
Cr=L TBU w xOt;QO xv=@ R CQwYx@ Gwt G=D Cr=L u}= QO OwW|t x_Lqt xm

x@ Gwt |xrk xm |Dr=L |=Q@ xkwOvY R= p@k `]kt QO CaQU |=yQ=OQ@ "13 pmW
"�CU= x}v=F Q@ QDt ?UL Q@ CaQU� CU= xO}UQ xR=U

119

www.SID.ir

www.SID.ir


Arc
hive

 of
 S

ID

"""|
kwOv

Y
umW
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p=L

QO|
=yvD

Gwt
Q=W

iOQ
w;Q@

hrDNt |=yGwt `=iDQ= w ?; jta |=Q@ pOt |=QH= R= pY=L G}=Dv "20 pmW
"|OwQw

OQ=w umWGwt u}= x@ xDUmWv Gwt Cr=L Q@=Q@ 3 7 OwOL =D |}=ywQ}v umWGwt
"CU= xOW

|Q}oxH}Dv "7
�p=kDv= ?} Q[� Qw=vW |=yumWGwt OQ@ Q=m QO xHwD OQwt syt |=yQDt=Q=B R= |m}
|=Q@ ?} Q[ u}= |xU}=kt "OwW|t h} QaD Ct = Ht

Hi
CQwYx@ xm CU=

QDU@ x@ `tW =@ xOWC@=F Qw=vW |=yumWGwt w xOWQ=yt Qw=vW |=yumWGwt
xOWQ=yt Qw=vW |=yumWGwt '\UwDt jta =@ |=y?; QO xm OyO|t u=Wv =} QO
'|OwQw Gwt `=iDQ= 'Gwt pw] Ovv=t |O=} R |=yQDt=Q=B x@ ?} Q[ u}= "OvQDQF-wt
|=Q@ 20 pmW Q=Owtv 'pOt |=QH= =@ "CU= xDU@=w ?; jta w umWGwt |xUOvy
�=} QO QDU@ =D Qw=vW umWGwt hm |xrY=i uOv=tC@=F =@� ?; hrDNt |=yjta
40 =D 20 R= pOt QO ?; jta xm |Qw]x@ �� |OwQw Gwt hrDNt C=a=iDQ= w
"CU= xOW s}UQD �� Ovm Q}}eD QDt|Dv=U 11 =D 4 OwOL R= Gwt `=iDQ= w QDt|Dv=U
u=wD|t OW xOQw; |r@k CtUk QO xm pOt |=y|HwQN w pmW u}= x@ xHwD =@

%Cio
umWGwt x@ Gwt |xrk xm OwW|t OQ=w|t=ovy Qw=vW umWGwt x@ Q=Wi u} QDW}@ �
|ki= CaQU u} QDW}@ Gwt |xrk QO ,qw= xm CU= u; Qt= u}= Cra "OW=@ xO}UQ
umWGwt |xvO@ |wQ QO O=} RCaQU u}= ,=}v=F "ODi=|t j=iD= p=}U C=QP|r=D}@ Q=
CU= QO=k w xOW Q=Wi x@ p}O@D |rwvQ@ |x]@=Q j@] xm xDi=} Vy=m |OLx@

"Ovm OQ=w umWGwt |xvO@ x@ =Q |yHwD p@=k |wQ}v
xDiQo OwN x@ CUmW Cr=L Gwt xJv=vJ 'umWGwt x@ Gwt OQwNQ@ u=tR QO �
`=iDQ= u}ty =@ xm CU= |H=wt= Q=Wi R= QDW}@ Q=}U@ umWGwt Q@ OQ=w Q=Wi OW=@
Q@=Q@ 3 7 OwOL j}kLD u}= QO xvwtv pOt |=Q@ C@Uv u}= "OvQ=Ov CUmW Cr=L

"CU=
�Qw=vW umWGwt QwN@; V}=Ri= `k=wQO w� ?; jta V}=Ri= =@ \UwDt |=y?; QO �
"O@=}|tV}=Ri= u; Q@ OQ=w Q=Wi p@=kt QO wVy=m Qw=vW umWGwt p=kDv=?} Q[
CU=vatu=O@u}= "O@=}|tV}=Ri=|tm p=kDv=?} Q[ '|OwQw Gwt `=iDQ=V}=Ri= =@ �
,q@k xm Qw]u=ty w OvQ=Ov Gwt `=iDQ= x@ |v=OvJ C}U=UL =yumWGwt u}= xm

"OQ=O |QDsyt Vkv Gwt ?w=vD |xQwO OW xQ=W=

"CUmW u=tR QO Gwt |m}D=DU=wQO}y Q=Wi x@ Q=Wi C@Uv `} RwD "17 pmW

"pL=U ?}W |wQ xOW ?Yv Qw=vW umWGwt pOt "18 pmW

Cr=L QO Qw=vW umWGwt s�=k |xQ=w}O |wQ Q@ Q=Wi `} RwD |xU}=kt "19 pmW
"CUmW p=L QO Gwt w xDUmWv Gwt '|m}D=DU=

xOW xO=O u=Wv |xUOvy xr�Ut QD|ak=w |R=UpOt |=Q@ 'u}=Q@=v@ "OvwW|t ?Yv
xOWQmP C=YNWt =@ =yvD Gwt ,=OOHt "CU= xOW xDiQo Q_v QO 18 pmW QO
|Q}oQ=Qk pLt w pL=U ?}W pOt u}= QO "CU= xOQm OQwNQ@ umWGwt u}= x@
umWGwt x@ 9CUmW Cr=L QO QwmPt Gwt xm xOW ?=NDv= |Qw] umWGwt
umWGwt x@ 10xDUmWvCr=L QO Gwt 'hm uOQm|ki= =@ jta u=ty QO "Ovm OQwNQ@
`} RwD pmW u}= QO "CU= xOt; 19 pmW QO jwi pOt |=QH= G}=Dv "Ovm|t OQwNQ@
CUmW xm |Dr=L QO Gwt R= |W=v Q=Wi w �Gwt Qw[L uwO@� |m}D=DU= Q=Wi
|xvO@ K]U |wQ QO ?; uwDU QO Gwt CUmW R= |W=v Q=Wi w ODi=|tv j=iD=
|xvO@ |wQ Gwt CUmW QF= Q@ xm OwW|t x_Lqt "Ov=xOW xU}=kt sy =@ umWGwt
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CWwv=B
1. solitary wave
2. sway
3. heave
4. donor-acceptor method
5. continuum surfece force (CSF)
6. outskirts decay
7. korteweg-de vries (KdV)
8. plunging breaker
9. breaking wave
10. non-breaking wave
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