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Qorta "CU=yxO=O uRw wi w |OwQw |=yxO=O Xi(i = 1; :::; n) u; QO xm
CU=Pn

i=1 wi = 1; w 2 [0; 1]n Q_=vDt uRw Q=OQ@ =@ |a}tHD Qorta 'OWA
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Fw(x) =

nX
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wi = Q( i
n

)�Q( i� 1
n

); i = 1; :::; n (3)
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x@U=Lt 4 |x]@=Q CQwYx@ Ovvm|t Tmavt =Q |R=i C} QFm = swyit xm |v=@ R

%OvwW|t

Q(r) =

8>>>><>>>>:
0 if : r < a
r � a
r � b if : a < r < b

1 if : r > b
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|=yVwQ x@ =yXN=W p@=kt QO �� =yxv} Ro VRQ= OQwtQO u=Q}os}tYD hrDNt
TBU "OvwW CN=wvm} w uoty O}=@ =yxO=O `}tHD CyH C=Q_v u}= �� hrDNt
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Q}Ot \UwD xm �� sRq |ywQo ji=wD pk=OL R= =yxv} Ro s=tD |wQ Q@ |ywQo ji=wD
?=wH u=wvax@ |@=NDv= |xv} Ro 'OW=@ QDW}@ �� OwW|t u}}aD xwQo Q_v =@ =} 'xwQo
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QO Q}os}tYD x@ |QDsm uRw 'OW=@ QDW}@ b u=R}t xJQy C@=F Q_v hqDN= l} QO
|xv} Ro R= i Q}os}tYD |@=} RQ= pik '8 |x]@=Q QO "O@=}|t X=YDN= xOW xDiQoQ_v
=@ "CU=yXN=W O=OaD n w u=Q}os}tYD O=OaD q &CU= kXN=W T=U=Q@ OwHwt
C@Uv |QDl}ORv C=Q_v xm |Q}os}tYD Qy xm CU= K[=w,qt=m 'x]@=Q u}= QO CkO
X=YDN= |w x@ |QDW}@ uRw i Q}os}tYD hQ] R= 'OW=@ xDW=O i Q}os}tYD x@
|=yuRw `}tHD R= '�wj� xwQo =[a= Q}=U Q_v R= j Q}os}tYD |}=yv uRw "O@=}|t
x@ 9 |x]@=Q R= xO=iDU= =@ w xwQo =[a= Q}=U \UwD Q}os}tYD u}= x@ xOW p=ta=

%O};|t CUO

wj = OWA(w1j ; :::; wj�1;j ; wj+1;j ; :::; wqj) (9)

|xQ=@ QO |Dw=iDt C=Q_v CU= umtt xwQo Q}Ot '|Q}os}tYD |ak=w |xr�Ut l} QO
|Q}os}tYD Ov}=Qi QO =Q =yu; OW=@ p}=t w OW=@ xDW=O u=oOvvmCmQW |@Uv C}ty=
Q}Ot Q_v R= j Q}os}tYD C}ty= Qou=}@ Dj Qo = "OyO QF= QD?wr]t |xv} Ro ?=NDv= w

%O};|t CUO x@ 10 |x]@=Q R= u=Q}os}tYD R= l} Qy |}=yv uRw 'OW=@ xwQo

�j = �:Dj + �:wj (10)

QO u=Q}os}tYD Q_v w xwQo Q}Ot Q_v C}ty= u=R}t Qou=}@ ?}DQDx@ � w � u;QO xm
|@=} RQ= VwQ ltm =@ =Q =yu; Q}O=kt u=wD|t w CU= u=oOvvmCmQW |@Uv uRw OQw;Q@

"OQw; CUO x@ |@D=QtxrUrU VwQ QO =yxv} Ro |HwR C=U}=kt
?=NDv= |=yxv} Ro/xv} Ro w|ywQo Q_v |wQ Q@|ywQo ji=wD u=R}t |x@U=Lt |=Q@
u=R}t |x@U=Lt |=Q@ xar=]t u}= QO [34�28]"OQ=O OwHw |OOaDt |=yVwQ 'xOW
u}= C} Rt [33]"OwW|t xO=iDU= 2004 p=U QO |O=yvW}B VwQ R= |ywQo ji=wD
Qy |@Uv C}ty= w uRw 'VwQ u}= QO xm CU= u}= =yVwQ Q}=U x@ C@Uv VwQ
s}tYD w xOW?=NDv= |xv} Ro |wQ Q@ |ywQo ji=wD u=R}t |x@U=Lt QO Q}os}tYD
uRw uDiQo Q_v QO swRr x@ xHwD =@ |iQ] R= "OwW|t xDiQo Q_v QO xOWPN= |}=yv
x@ C@Uv VwQ u}= R= xO=iDU= 'uoty=v |ywQo |Q}os}tYD QO u=Q}os}tYD |@Uv
=@ |ywQo ji=wD u=R}t "OQ=O C} wrw= |ywQo ji=wD u=R}t |x@U=Lt |=yVwQ Q}=U

%OwW|t x@U=Lt 12 w 11 |=yx]@=Q R= VwQ u}= R= xO=iDU=

Ci =
qX
k=1

240@1�
���OGAi �OEkAi ���

n� 1
1A35� uk (11)

CG = 1
q

nX
i=1

Ci (12)

Ai |xv} Ro |x@DQ OGAi w 'Ek |xOvvmCmQW Q_v R= Ai |xv} Ro |x@DQ OEkAi
n w u=oOvvmCmQW O=OaD q "CU= Ek |xOvvmCmQW uRw R}v uk w 'xwQo Q_v R=
ji=wD u=R}t CG w 'Ai |xv} Ro |wQ Q@ |ywQo ji=wD u=R}t Ci "CU=yxv} Ro O=OaD
CG 'Qo}O CQ=@ax@ "CU= xwQo |}=yv s}tYD w =yxv} Ro |Ov@x@DQ =@ xwQo <=[a=
"CU=yxv} Ro |}=yv |Ov@x@DQ QO xOWPN= s}tYD =@ |ywQo Cki=wt u=R}t Qou=}@
w C} Q}Ot QO xOW|iQat |ywQo |Q}os}tYD Ov}=Qi |}=Q=m w OQ@ Q=m |UQQ@ |=Q@
`@=vt |xaUwD w C} Q}Ot QO |OQwt |xar=]t l} '?; `@=vt |xJQ=Bl} |R} Qxt=vQ@

"OQ}o|t Q=Qk |UQQ@ OQwt u}J p=tW QO ?;

w xOQm |yOuRw =Q =yQ}eDt Q=Okt =yvD OWA Qorta xm CU= |r=L QO u}= &Ovm|t
|yOuRw |Q}ou}ov=}t Qorta 'xr�Ut u}= pL |=Q@ "OQ=Ov |yHwD =yQ}eDt C}ty= x@
=Q u=WQ=Okt sy w =yQ}eDt C}ty= sy xm [21]CU= xOW |iQat 11�HWA� ?mQt

%OwW|t h} QaD u}vJ HWA Qota "OQ}o|t Q_v QO =yu; |yOuRw QO

HWAv;w (a1; a2; :::; an) =
nX
j=1

vj :bj (5)

uRw Q=OQ@ Ovv=ty vj uRw Q=OQ@ "CU= 1 Q@=Q@ Pn
j=1 vj w Qorta uRw Q=OQ@ vj

xOW?DQt |xawtHt nQR@ Q=Okt u}t=j 'bj "OwW|t x@U=Lt OWA Qorta
uRw Q=OQ@ W = (w1; w2; :::; wn)T "CU= nwiai *|rwRv x@ |OwaYPn
j=1 wj = 1; (j = 1; 2; :::; n) &CU= ai(i = 1; 2; :::; n) |=yQ}eDt

Q=OQ@ Qo = "Ovm|t =i}= =Q xOvvmpO=aDt l} Vkv xm CU= pO=aD ?} Q[ n w
Q=OQ@ x=ov; 'Ovm p}t ( 1

n ;
1
n ; :::;

1
n )T CtU x@ (w1; w2; :::; wn)T uRw

Qorta w Ovm p}t (a1; a2; :::; an) CtU x@ (nw1a1; nw2a2; :::; nwnan)T

"OwW|t p}O@D OWA Qorta x@ HWA

w xv} Ro s |xQ=@ QO =Q u=WC=Q_v Q}os}tYD t O=OaD Qo = '|ywQo |Q}os}tYD QO
|xr}Uwx@ Q}O=kt u}= |a}tHD Q=Okt 'OvyO x�=Q= p(q)

ij CQwYx@ 'XN=W n x@ xHwD =@
%OwW|t x@U=Lt HWA Qorta

rij = HWA�;�(r(1)
ij ; r

(2)
ij ; :::; r

(q)
ij r

(t)
ij ); q = 1; 2; :::; t

i = 1; 2; :::; s j = 1; 2; :::; n (6)

|x]@=Q R= xm CU=yXN=W |@Uv uRw T=U=Q@ C=Q_v |xOW|yOuRw Q}O=kt r(q)
ij

%O};|t CUO x@ 7
r(q)
ij = P (q)

ij :wj j = 1; 2; :::; n (7)

"CU= j XN=W T=U=Q@ i |xv} Ro R= q Q}os}tYD |@=} RQ= p(q)
ij jwi \@=wQ QO

w wj � 0 w CU=yXN=W |@Uv uRw Q=OQ@ wj(j = 1; 2; :::; n) u}vJty
Q=OQ@ QO �r(q)

ij � =yXN=W p@=kt QO C=Q_v u} Rw Q}O=kt TBU "Pn
j=1 wj = 1

p@=kt QO =yxv} Ro u} Rw Q}O=kt w xOW ?Q[ � = (�1; :::; �t)T u=Q}os}tYD uRw
x@ |OwaY ?}DQDx@ Q}O=kt u}= "O};|t CUO x@ Q}os}tYD Qy Q_v R= =yXN=W
xOW ?Q[ v = (v1; :::; vt)T HWA Qorta Q=OQ@ uRw Q=OQ@ QO w '?DQt |rwRv

"OvwW|t `}tHD Qo}Om} =@ w
[27�23w11]"CU= xOW x�=Q=|OOaDt|=yVwQu=Q}os}tYD|@UvuRw|x@U=Lt|=Q@
|@Uv uRw |x@U=Lt |=Q@ Q[=L |xar=]t QO xO=iDU= OQwt VwQ *RQ=@ |oS} w
|@Uv uRw VwQ u}= QO xm CU= u; '=yVwQ Q}=U =@ xU}=kt QO 'u=Q}os}tYD
|@=} RQ= w Qo}Om} x@ C@Uv u=Q}os}tYD |@=} RQ= R= u=tRty |xO=iDU= =@ u=Q}os}tYD
'Qo}O CQ=@ax@ "OwW|t x@U=Lt u=Q}os}tYD |@Uv C}ty= OQwtQO xwQo Q}Ot |vyP
u=Q}os}tYD |@=} RQ= R= u=Q}os}tYD |@UvC}ty= w uRw |x@U=Lt |=Q@ VwQ u}= QO
u=tRsy Qw]x@ |Q}os}tYD <=[a= OQwtQO xwQo Q}Ot |@=} RQ= w Qo}Om} x@ C@Uv
T=U=Q@ i Q}os}tYD Q_v R= j Q}os}tYD C}ty= 'VwQ u}= QO "OwW|t xO=iDU=

[11]%O};|t CUO x@ 8 |x]@=Q

wij =

nP
k=1

n
1� jPik � Pjkjb

o
qP
j=1
j 6=i

nP
k=1

n
1� jPik � Pjkjb

o ; b 2 (0; 1) (8)
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|}=yv VRQ= S(i; k) "CU= �2 pwOH� jXN=W C}ty= u=R}t R= k Q}os}tYD
Qy |}=yv VRQ= "CU= xOW x�=Q= 3 pwOH QO xm CU= k Q}os}tYD Q_v R= i |xv} Ro
|x]@=Q w C=Q_v ẁtHt |xO=U VwQ R= xO=iDU= =@ R}v (SGi) xwQo Q_v R= xv} Ro

[37]%OW x@U=Lt 14

SGi =
qX
k=1

S(i; k) (14)

=yxv} Ro |Ov@x@DQ w jwi |xO=U VwQ R= xO=iDU= =@ xwQo Q_v R= xv} Ro Qy |}=yv VRQ=
"CU= xOW x�=Q= 3 pwOH QO VwQ u}= R= xO=iDU= =@

sD} Qwor= R= xO=iDU= =@ |ywQo Q_v R= xv} Ro Qy |}=yv VRQ= |x@U=Lt |=Q@
Q}=U Q_v R= Q}os}tYD Qy uRw 'pw= |xrLQt QO '|ywQo uoty=v |Q}os}tYD
|}=yv uRw "OwW|t x@U=Lt 2 pwOH w 8 |x]@=Q R= xO=iDU= =@ �wij � u=Q}os}tYD
"O};|t CUO x@ wij Q}O=kt `}tHD R= '(wi) u=Q}os}tYD Q}=U Q_v R= Q}os}tYD Qy
'0 5� xR=@ =@ w �|t}v pk=OL� GvUC}tm =@ OWA QortaR= Q}O=kt u}= `}tHD |=Q@
xOW xO=iDU= �� 4w 3\@=wQ R= xO=iDU= =@ �� �0 4 '0 4 '0 2 '0 '0� uRw Q=OQ@ w �0
R= xO=iDU= =@ =Q u=Q}os}tYD |@Uv C}ty= OQwtQO OwN |@=} RQ= R}v xwQo Q}Ot "CU=
xwQo Q}Ot u}@ xDiQo CQwY ji=wD =@ "CU= xOQm x�=Q= �5 '4 '3 '2 '1� |OOa xR=@
Q@=Q@ u=Q}os}tYD |@Uv uRw OQw;Q@ QO u=v; R= l} Qy Q_v Q}F-=D u=R}t 'u=Q}os}tYD w
Q_v R= w (wi) u=Q}os}tYD Q}=U Q_v R= Q}os}tYD Qy uRw "CU= xOW u}}aD �50
"CU= xOW x�=Q= 4 pwOH QO (�i) u=v; R= l} Qy |}=yv uRw R}v w '(Di) xwQoQ}Ot

"OvDUy (Di) w (wi) Q}O=kt |xOWp=tQv (Di) w (wi) Q}O=kt
x@U=Lt HWA Qorta R= xO=iDU= =@ =yxv} Ro R= l} Qy |}=yv VRQ= 'swO s=o QO
u=Q}os}tYD|@Uv uRw |x@U=LtC}ty=|UQQ@ |=Q@ "OwW|t ?=NDv= QDQ@ |xv} Ro w
uDiQo Q_v QO uwO@ *Cr=L wO QO =yxv} Ro |}=yv VRQ= '|ywQo |Q}os}tYD Ov}=Qi QO

[37]"s}tYD T} QD=t "1 pwOH
|}=imOwN C_=iL x=iQ |xaUwD u=mt=

Plan|RQw=Wm CU} R\}Lt |a=tDH= |O=YDk= |r=t
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8 5 5 5 4 5 3 II
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9 6 2 3 1 V
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|OQwt |xar=]t
\UwD ?; `@=vt |xaUwD KQ]VW 'u}J p=tW QO ?; `@=vt |xaUwD wC} Q}Ot |=Q@
O=yvW}B (CIWRHR � u}J |@;�jQ@ |=y|SQv= w ?; `@=vt C=k}kLD |xUU-wt
"1 %R= Ov=CQ=@a =yKQ] u}= |@=} RQ= |=Q@ xOW xDiQo Q_vQO |=yXN=W [36w35]"OW
&CU} R \}Lt C_=iL "4 &|a=tDH= x=iQ "3 &|O=YDk= |xaUwD "2 &|r=t u=mt=
QO |=yXN=W x@ xHwD=@ |O=yvW}B |=yKQ] C=YNWt "|RQw=Wm |}=imOwN "5
'QDQ@ |xv} Ro ?=NDv= w =yxv} Ro |@=} RQ= |=Q@ "Ov=xOW x�=Q= 1 pwOH QO xOW xDiQo Q_v
=Q =yXN=W C}ty= R= OwN |=y|@=} RQ= xm Ov=xOW xDiQo Q_v QO Q}os}tYD VW
SAW VwQ R= xO=iDU= =@ u}kkLt R=|NQ@ "�2 pwOH� Ov=xOQm x�=Q= |OOa CQwYx@

[37]%OvOQm x@U=Lt =Q Q}os}tYD Qy Q_v R= xv} Ro Qy |}=yv VRQ= '13 |x]@=Q w

S(i; k) = E(i; j):C(j; k) (13)

[37]"Q}os}tYD Qy Q_v R= XN=W Qy xOW p=tQv uRw 'C}wrw= T} QD=t "2 pwOH
DM6 DM5 DM4 DM3 DM2 DM1 Plan

0 24 0 20 0 19 0 18 0 13 0 26 |r=t u=mt=
0 26 0 17 0 11 0 24 0 18 0 21 |O=YDk= |xaUwD
0 18 0 09 0 13 0 24 0 16 0 22 |a=tDH= x=iQ
0 19 0 29 0 33 0 14 0 28 0 14 CU} R\}Lt C_=iL
0 13 0 26 0 24 0 19 0 24 0 17 |RQw=Wm |}=imOwN

[37]"xwQo Q_v R= =yxv} Ro |Ov@x@DQ w |}=yv VRQ= w Q}os}tYD Qy Q_v R= xv} Ro Qy VRQ= "3 pwOH
Plan DM1 DM2 DM3 DM4 DM5 DM6 P

DM |Ov@x@DQ
I 6 19 5 74 6 16 5 53 5 62 6 07 35 29 1
II 5 31 5 92 5 55 5 73 5 75 5 31 33 56 2
III 5 99 4 82 5 86 4 50 4 56 5 75 31 47 3
IV 4 95 5 07 5 00 4 93 4 91 4 86 29 72 4
V 3 84 4 81 4 08 4 86 4 87 3 83 26 29 6
VI 4 81 4 85 4 88 4 67 4 73 4 73 28 66 5
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[33]"OwW|t xO=iDU= 2004 p=U
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xOy=Wt 7 pwOH QO xm u=vJ "CU= xOW x�=Q= 7 pwOH QO xOW x@U=Lt |ywQo
2 |xv} Ro w CU= QDW}@ sRq |ywQo ji=wD pk=OL R= |}=yv |ywQoji=wD OwW|t

"OwW|t ?=NDv= |}=yv ?=wH u=wvax@

"|}=yv |ywQo ji=wD w xv} Ro Qy |ywQo ji=wD "7 pwOH
|xv} Ro |xv} Ro |xv} Ro |xv} Ro |xv} Ro |xv} Ro

6 5 4 3 2 1

0 978 0 768 0 936 0 642 0 852 0 936 |ywQoji=wD
xv} Ro Qy

0 852 |ywQoji=wD
|a}tHD

"xwQo w u=Q}os}tYD Q_v R= =yxv} Ro |Ov@x@DQ "5 pwOH
|xv} Ro |xv} Ro |xv} Ro |xv} Ro |xv} Ro |xv} Ro Q}os}tYD6 5 4 3 2 1

5 6 4 2 3 1 DM1

4 6 3 5 1 2 DM2

5 6 4 2 3 1 DM3

5 4 3 6 1 2 DM4

5 4 3 6 1 2 DM5

5 6 4 2 3 1 DM6

5 4 3 6 1 2 xwQo
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xv} Ro Qy |}=yv VRQ= "OwW|t xU}=kt Qo}Om} =@ u; G}=Dv w x@U=Lt �uoty=v xwQo �

%OwW|t x@U=Lt u}vJ HWA Qorta R= xO=iDU= =@
Q}os}tYD Qy |@Uv uRw QO '�3 pwOH� Q}os}tYD Qy Q_v R= xv} Ro Qy VRQ= "1
uRw R= u=oOvvmCmQW xm |Dr=L QO "OwW|t ?Q[ �i = (1; 2; :::; 6)

xOW xDiQo Q_v QO �i = 1=6(1 = i; 2; :::; 6) Q=Okt OvQ=OQwNQ@ |v=Um}
Q@=Q@ 4 pwOH Q}O=kt T=U=Q@ u=Q}os}tYD uRw Q}O=kt 'swO Cr=L QO w CU=
"CU= xOW xDiQo Q_v QO (�i = 0 12; 0 21; 0 15; 0 21; 0 18; 0 15)

"OvwW|t?DQt |rwRv x@ |OwaY *?}DQD =@ 'p@k |xrLQt R= xOt;CUO x@ Q}O=kt "2
Qy |}=yv VRQ= w xOW ?Q[ HWA Qorta u=Rw= QO 'xOW ?DQt u} Rw Q}O=kt "3
xOW x�=Q= Q}os}tYD Qy Q_v R= =yxv} Ro |Ov@x@DQ 5 pwOH QO "O};|tCUOx@ xv} Ro
�|t}v pk=OL� GvUC}tm R= Qo}Om} =@ u=Q}os}tYD C=Q_v `}tHD |=Q@ "CU=
xOW xO=iDU= w = (1=3; 1=3; 1=3; 0; 0; 0) uRw Q=OQ@ w �0 '0 5� xR=@ =@
w 'u=Q}os}tYD |@Uv uRw uDiQo Q_v QO =@ =yxv} Ro |}=yv |a}tHD VRQ= "CU=

"CU= xOW x�=Q= 6 pwOH QO u=Q}os}tYD |@Uv uRw uDiQo Q_v QO uwO@
'u=Q}os}tYD |@Uv uRw uDiQo Q_v QO =@ xm OwW|t xOy=Wt '6 pwOH x@ xHwD =@
'u=v; |@Uv uRw uDiQo Q_v QO uwO@ xm |r=L QO &CU= xv} Ro u} QDy@ 2 |xv} Ro
Qou=}@ |@ wNx@ =yxv} Ro |}=yv |Ov@x@DQ hqDN= "CU= KHQ= |xv} Ro 1 |xv} Ro
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"OwW xDiQo
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0 81 0 81 0 83 0 98 0 97 1 02 0
0 82 0 84 0 86 0 94 1 00 0 99 0 1
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5 4 3 6 1 2 0 6
5 4 3 6 1 2 0 7
5 4 3 6 1 2 0 8
5 4 3 6 1 2 0 9
5 4 3 6 1 2 1
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1. multi criteria decision making
2. multi objective decision making
3. multi attribute decision making
4. stochastic fuzzy ordered weighted averaging
5. induced ordered weighted averaging
6. heterogeneous group decision making
7. integrated water resources management
8. aggregation operator
9. ordered weighted averaging
10. weighted arithmetic averaging
11. hybrid weighted averaging
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