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|=Q=O `@=wD u}= R= l} Qy xm |Qw]x@ 'CU= |D=P |Owt `@=wD R= |y=vDt O=OaD
uOQw; CUO x@ CQ@r}y |i}] p}rLD R= hOy [4]"OW=@ Q=DiQVwN CQ@r}y p}O@D
w 'CQ@r}y p}O@D |xr}Uwx@ |D=P |Owt `@=wD R= l} Qy |v; Tv=mQi w xvt=O
"CU= p=vo}U |=Q@ Tv=mQi � u=tR � xvt=O `} RwD uOQw; CUO x@ C}=yvQO
CQwY |O=} R C=k}kLD uwvm =D nv;wy � CQ@r}y p}O@D OQmrta <=kDQ= XwYNQO
xOw@ RmQtDt |Owt |@ QHD |x} RHD VN@ Q@ C=k}kLD u}= QDW}@ =t= 'CU= xDiQo
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O=yvW}B 'xvt=O =@ xOWp=tQv *CQ@r}y p}O@D VwQ 'u}UwQO@ |x}[k uDiQo Q_v QO
R=i `@=D |x@U=Lt |=Hx@ 'R}v p=Dwv |x}[k uDiQo Q_v QO |=Q@ [14]"CU= xOW
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@=k|}=H =D OwW|t Q=QmD ,=OOHt r1 |wQ Q@ sQ=yJ =D sm} |=ys=o "6 &O}; CUO x@
'CU= xv}W}@ w xv}tm GwR l} Ok=i rn uwJ "OwW G=QNDU= |D=P |Owt `@=D n xm
x} RHD 1 |x]@=Q CQwYx@ x(t) p=vo}U p=L "OwW|t hkwDt |Qop=@ Qe C=}rta

%OwW|t

x(t) =
nX
i=1

ci(t) + rn(t) (1)

u} QDu}}=B |=Q=O cn w |Uv=mQi |=wDLt u} QDq=@ |=Q=O c1 '|D=P |Owt `@=wD u=}t R=
"CU= |Uv=mQi |=wDLt

CQ@r}y |i}] p}rLD "2"2
%OwW|t h} QaD u}vJ y(t) =} CQ@r}y p}O@D 'Lp Tqm R= c(t) `@=D Qy |=Q@

y(t) = 1
�
P
Z 1
�1

c(�)
t� � d� (2)

`@=D h} QaD |=Q@ "CU= u}mD p=QoDv= |Wwm |xS} w Q=Okt |xOvyOu=Wv P u; QO xm
%OwW|t h} QaD c(t) =@ Q_=vDt |r}rLD |r=vo}U ' �(t) 'R=i

z(t) = c(t) + iy(t) = A(t)ei�(t) (3)

u; QO w
A(t) =

p
c2(t) + y2(t); �(t) = tan�1

�
y(t)
c(t)

�
(4)

|}x_Lr Tv=mQi "OwW|t xO}t=v R=i `@=D �(t) w �VwB� |}x_Lr |xvt=O A(t)

%OwW|t h} QaD R=i `@=D jDWt CQwYx@ R}v
f(t) = 1

2�
d�(t)
dt

(5)

%CWwv u}vJ =Q c(t) u=wD|t 'jwi h} Q=aD uDW=O =@
c(t) = <(z(t)) = <(A(t)ei�(t)) = A(t) cos �(t) (6)

QO|D=P |Owt `@=Dl} =Q c(t) Qo = "CU=\rDNt OOa|k}kLVN@ Qou=Wv<(�) xm
A(t) cos �(t) CQwYx@ |D=P |Owt `@=D Qy CQ@r}y |i}] p}rLD QO 's} Q}o@ Q_v
|a@=D A(t) &CU= A(t) sin �(t) CQwYx@ R}v u; =@ Q_=vDt CQ@r}y p}O@D w
CQ@r}y p}O@D p=ta= =@ "CU= |ivt=v xQ=wty jDWt =@ |a@=D �(t) w C@Ft xQ=wty

%OQm u=}@ u}vJ =Q x(t) u=wD|t 'x(t) p=vo}U |D=P |Owt `@=wD x@

x(t) = <
(

nX
j=1

Aj(t)ei
R 2�fj(t)dt

)
(7)

w OQ=O QiY x@ l}ORv |}=yTv=mQi 'Ovm|t |wQ}B |D@=F ,=@} QkD |wor= R= rn uwJ
w xvt=O u=wD|t �7 |x]@=Q� x@ xHwD =@ "CW=Po Q=vm �7 |x]@=Q� R= =Q u; u=wD|t
V}=tv u=tR =@ Q}eDt CQwYx@ |Oa@xU Q=Owtv l} QO =Q |D=P |Owt `@=wD Tv=mQi
xi=[=Tv=mQi � u=tR |Oa@ wO Q=Owtv x@nvQ C=Q}}eD CQwYx@ =Q xvt=O xm u}= =} 'O=O
'H(f; t) 'x(t) p=vo}U CQ@r}y h}] j} Q] u}= R= xOt; CUO x@ h}] "OQm

%OwW|t h} QaD u}vJ R}v 'h(f) 'CQ@r}y |}x}W=L h}] "OwW|t xO}t=v
h(f) =

Z T

0
H(f; t)dt (8)
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Vy=m |=Q@ "OR=U|t Q=wWO =Q u; |}=v=wN w xOW CQ@r}y h}] *QDq=@ |=yTv=mQi
xm Ovvm|t O=yvW}B |R=UQ=wty |awv u}kkLt 'CQ@r}y h}] QO Tv=mQi |oOvm =QB

[4]"CU= x=Qty C}OwOLt =@ xD@r=
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p=Ft Q=yJ ?r=k QO xDi=}<=kDQ= VwQ |};Q=m 'xt=O= QO [16]"OwW|t O=yvW}B nv;wy
|v; Tv=mQi CLY V}=Ri= QO xDi=}<=kDQ= VwQ |}=v=wD pw= p=Ft QO "OwW|t |UQQ@
|}xR=U sDU}U l} R= pY=L MU=B p}rLD =@ swO p=Ft QO "CU= xOW xO=O u=Wv
`} RwD CLY V}=Ri= QO xDi=}<=kDQ= VwQ C}r@=k 'O}iU |xiwv l} l} QLD CLD
?wvH � p=tW |xir-wt p}rLD =@ swU p=Ft QO "CU= xOW xO=O u=WvTv=mQi � xvt=O
|}=v=wNV}=Ri= QO xDi=}<=kDQ= VwQC}r@=k '�1940� wQDv*Up*= |xrRrRCW=ov?=DW
|UQQ@ OQwt uyB |Uv=mQi Ov=@ |=Q=O |=yp=vo}U |xvt=O � Tv=mQi � u=tR h}]
`@=D uOQm =Hx@=H QO xDi=}<=kDQ= VwQ |}=v=wD R}v p=Ft u} QN; QO "CU= xDiQo Q=Qk
|=yCw=iD uOWXNWt |=Q@ "CU= xOW xO=O u=Wv xHQO 90 ,=k}kO u=R}tx@ R=i
KQW Oa@ |=yCtUk QO Q=YDN=x@ =yu; R= l} Qy xDi=}<=kDQ= w l}Uqm VwQ wO

"OvwW|t xO=O

nv;wy � CQ@r}y l}Uqm p}O@D "2
w |Owt |@ QHD |x} RHD VN@ wO R= nv;wy � CQ@r}y p}O@D 'OW xDio xm u=vJ
|DtUk u=wvax@ |Owt |@ QHD |x} RHD "CU= xOW p}mWD CQ@r}y |i}] p}rLD
CQ@r}y |i}] p}rLD R= xO=iDU= |=Q@ sRq \QW 'nv;wy � CQ@r}y p}O@D QO |O}rm
|xvt=O w Tv=mQi `} RwD CQ@r}y |i}] p}rLD |xr}Uwx@ TBU "Ovm|t sy=Qi =Q

"O};|t CUO x@ u=tR =@ Q}eDt CQwYx@ p=vo}U

|Owt |@ QHD |x} RHD "1"2
|y=vDt O=OaD x@ p=vo}U l} |x} RHD |=Q@ |@ QHD |WwQ |Owt |@ QHD |x} RHD
`@=wD =yu; x@ xm CU= p=vo}U |xOvR=U |m} R}i pt=wa =@ \@DQt |v=Uwv `@=wD R=
%R= CU= CQ=@a |D=P |Owt `@=wD R= l} Qy \}=QW [4]"OwW|t xDio |D=P |Owt
=@ |kqD O=OaD =@ =yxv}W}@ w =yxv}tm pm O=OaD p=vo}U |v=tR |xOwOLt pm QO "1
x_Lr Qy QO "2 &OW=@ xDW=O hqDN= OOa l} QFm =OL =} Q@=Q@ p=vo}U |=yQiY
w |@Uv |=yxv}W}@ |wQ Q@ xOWh} QaD �VwB� |}x_Lr |xvt=O u}ov=}t 'u=tR R=

"OW=@ QiY Q@=Q@ |@Uv |=yxv}tm |wQ Q@ xOW h} QaD |}x_Lr |xvt=O
l} smCUO O}=@ Q_v OQwt p=vo}U '|Owt |@ QHD |x} RHD C=}rta ẁQW |=Q@
Ovv=t �� |r=vo}U |Owt |@ QHD |x} RHD VwQ "OW=@ xDW=O xv}W}@ w xv}tm GwR
|@Uv |=yxv}W}@ w =yxv}tm pm "1 %OQm xYqN s=o VW QO u=wD|t =Q �� x(t)

|vLvt l} �|@Uv |=yxv}tm R}v w� |@Uv |=yxv}W}@ u}@ "2 &OvwW u}}aD x(t)

'xv}tm VwB R}v w� 'emax 'xv}W}@ VwB =D OwW xO=O Qw@a ?=}uwQO swU xHQO
"4 &OwW x@U=Lt 'm1 'xv}tm w xv}W}@ |=yVwB u}ov=}t "3 &O}; CUO x@ �emin

xDio (h1) |D=P |Owt `@=DV}B u}rw= u; x@ xm 'OwW x@U=Lt x(t) R= m1 p[=iD
`@=D u}rw= u=wvax@ Ovm <=[Q= =Q |D=P |Owt `@=D l} |=y\QW h1 Qo = "OwW|t
x@ swUwt 'sQ=yJ =D sm} |=ys=o CQwY u}= Q}e QO "OwW|t ?=NDv= |D=P |Owt
'|D=P |Owt `@=D u}rw= =D OwW|t Q=QmD QOku; h1 |wQ Q@ '�|Qop=@ Qe C=}rta�
'r1 'xOv=t|k=@ u}rw= =D OwW|t x@U=Lt x(t) R= c1 p[=iD "5 &OwW pY=L 'c1

30



Q=y@
O}t=

w|
v=[

tQp
}yU

|Owt `@=wD |Uv=mQi p}rLD |=Q@ xDi=}<=kDQ= VwQ "3
|D=P

O=yvW}B |D=P |Owt `@=wD |Uv=mQi p}rLD |=Q@ xDi=}<=kDQ= VwQ Q[=L Q=DWwv QO
CQwYx@ CQ@r}y |i}] p}rLD Ovv=ty VwQ u}= QO |D=P |Owt `@=D Qy [16]"OwW|t
p}O@D R= �(t) w A(t) |x@U=Lt |=Q@ =t= 'OwW|t xDiQo Q_v QO A(t) cos �(t)

CQ@r}y |i}] p}rLD u} Ro}=H u=wvax@ xDi=}<=kDQ= VwQ "OwW|tv xO=iDU= CQ@r}y
|xvt=O '|Owt |@ QHD |x} RHD p=ta= R= TB "1 %CU= xOW p}mWD s=o GvB R=
"OwW|t x@U=Lt xvt=O =@ xOWp=tQv CQ@r}y p}O@D VwQ j} Q] R= 'A(t) '|}x_Lr
Q}O=kt x@ |O=yvW}B K}LYD VwQ l} s=Hv= R= TB xOt; CUO x@ pt=L Gwt x=ov;
Gwt x@ cos�1 `@=D p=ta= j} Q] R= R=i |OwaY `@=D "2 &OwW|t OwOLt ��1'1�
R= xOvvmQ=wty |vLvt l} "3 &OwW|t x@U=Lt u}W}B s=o QO xOWK}LYD pt=L
R=i |xOWQ=wty `@=D jDWt "4 &OwW|t j@]vt R=i |OwaY `@=D x@ swU xHQO ẁv
Tv=mQi w |v; |xvt=O uDW=O =@ p=L "5 &OwW|t x@U=Lt |v; Tv=mQi pwYL |=Q@
ut[ |O=yvW}B VwQ "OwW|t sy=Qi xar=]t OQwt p=vo}U |xDi=}<=kDQ= h}] '|v;

"CU= CQ@r}y |i}] p}rLD =@ \@DQt |=yC}OwOLt R= dQ=i '|oO=U
VwQ syt VN@ wO u=wvax@ R=i `@=D |R=UQ=wty w pt=L Gwt K}LYD xt=O= QO

"OvwW|t xO=O KQW xDi=}<=kDQ=

pt=L Gwt Q}O=kt K}LYD "1"3
`@=D C@Ft Q}O=kt 'pt=L Gwt x@ |@=}CUO |=Q@ |O=yvW}B xDi=}<=kDQ= VwQ QO
w |rLt |=yxv}W}@ R= xOvvmQw@a ?=}uwQO swU |xHQO |vLvt x@ |D=P |Owt
|=yxv}tm R= xOvvmQw@a ?=}uwQO swU xHQO |vLvt jr]t QOk x@ u; |ivt Q}O=kt
?=}uwQO |=y|vLvt u}@ `]=kD ẁkw u=mt= x@ xHwD =@ "OvwW|t p=tQv |rLt
OwOLt ��1'1� x@ ,=twRr pt=L Gwt |xv}tm w xv}W}@ Q}O=kt '|D=P |Owt `@=D w
Q}O=kt Q@ cos�1 `@=D p=ta= ltmx@ R=i `@=D Q}O=kt uOQw; CUO x@ |=Q@ "OvwW|tv
"OvwW OwOLt ��1'1� x@ pt=L Gwt Q}O=kt |k} Q]x@ =D CU= sRq 'pt=L Gwt
xv}tm w xv}W}@ Q}O=kt u; QO ,qw= xm CU= |DQwYx@ Xkv uwO@ pt=L Gwt l}
u}ty R= "CU= QiY Q@=Q@ \=kv u}= QO R}v ?}W ,=}v=F w OvDUy ��1'1� x@ OwOLt
xO=iDU= xOWh} QaD |=yVwB R= pY=L *pt=L Gwt K}LYD |=Q@ u=wD|t X=wN
|xv}tm wO R}v w� |r=wDt |@Uv |xv}W}@ wO |=Q@ \QW Q=yJ uDW=O =@ u}=Q@=v@ "OQm
R= Q=m u}= |=Q@ "OwW|t h} QaD xOvvmKqY= VwB 'pt=L Gwt R= �|r=wDt |@Uv
xOvvmKqY= |=yVwB |rm pmW "OwW|t xO=iDU= swU xHQO |}xrtHOvJ l}
u=Wv ?1 pmW QO u; R= pY=L |xOWK}LYD pt=L Gwt w hr=1 pmW QO
Q}O=kt 'pt=L Gwt K}LYD |=Q@ w xOvvmKqY= |=yVwB uDW=O =@ "CU= xOW xO=O
VwB jr]tQOk x@ u; |ivt Q}O=kt w xOvvmKqY= |}q=@ VwB x@ pt=L Gwt C@Ft
'CU= XNWt hr=1 pmW QO xm Qw]u=ty "OvwW|t p=tQv xOvvmKqY= |v}}=B
Gwt =@ =yu; pN=OD p=tDL= xm CU= |}xvwox@ xOvvmKqY= |=y|vLvt Cr=L
xv}W}@ Q}O=kt CU= umtt 'OyO MQ |rN=OD xm |DQwY QO =t= 'CU= sm pt=L
l} s=Hv= =@ CU= sRq CQwY u}= QO "OvwW O=H}= |ak=wQ}e w xi=[= |xv}tm w
xDi=}<=kDQ= VwQ |Q}oxQy@ x@ xHwD =@ "OwW hPL|ak=wQ}e Q}O=kt?U=vt |R=UQ=wty
=@ xOWp=tQv CQ@r}y p}O@D QO xm xJv; Ovv=t� |}x_Lr |xvt=O x@ |R=Up=tQv R=
xDi=}<=kDQ= VwQ xHwDt u}UwQO@ |x}[k ?v=H R= |D}OwOLt '�OwW|t s=Hv= xvt=O

"CU}v

CQ@r}y |i}] p}rLD C=twRrt "3"2
xm xvwou=ty %OQ=O OwHw |OvtR=}v wO smCUO CQ@r}y |i}] p}rLD OQ@ Q=m |=Q@
|Owt `@=D h} QaD 'CQ@r}y p}O@D |xr}Uwx@ Q=O=vat Tv=mQi ?Um |=Q@ OW u=}@
w u}UwQO@ |=}=[k j@=]t R}v Qo}O \QW wO O}=@ w CU= sRq \QW l} =yvD |D=P

"OvwW xOQw;Q@ p=Dwv
|x]@=Q CU=Q CtU CQwYx@ |a@=D CQ@r}y p}O@D 'u}UwQO@ |x}[k j@]
|=wDLt xm |DQwY QO =yvD 'OwW|t u=}@ `@=D wO ?Q[pY=L CQwYx@ xm =Q 6
lQDWt |Uv=mQi |xQDUo A(t) w cos �(t) `@=D wO |x} Qwi |=yh}] |Uv=mQi
|xOwOLt R= QDq=@ cos �(t) |x} Qwi h}] |=yTv=mQi |xOwOLt w OvW=@ xDW=Ov

%CWwv 9 |x]@=Q CQwYx@ u=wD|t 'OW=@ A(t) x} Qwi h}] |=yTv=mQi

H [A(t) cos �(t)] = A(t)H [cos �(t)] (9)

"Ovm|t O=H}= |OH C}OwOLt CQ@r}y p}O@D R= xO=iDU= |=Q@ 'x}[k u}= \}=QW
&CU}v K}LY �3 |x]@=Q� CQwYx@ z(t) u=}@ \QW u}= uOWv <=[Q= CQwYQO
xOW G=Hwa= Q=JO R=i `@=D xH}DvQO &OvwW|t \wrNt Qo}Om} =@ xvt=O w R=i `@=wD
p}O@D pmWt u}= `iQ |=Q@ "OW Oy=wN xDU=m pY=L Tv=mQi x@ O=tDa= u=R}t R= w

[14]"CU= xOW O=yvW}B xvt=O =@ xOWp=tQv CQ@r}y
|x} RHD s=Hv= "1 %R=CU= CQ=@a xvt=O =@ xOWp=tQv CQ@r}y p}O@D pL=Qt
Qy |@Uv |=yxv}W}@ p=YD= "2 &|D=P |Owt `@=wD uOQw; CUO x@ w |Owt |@ QHD
'|}x_Lr |xvt=O u=wvax@ ?=}uwQO swU |xHQO |vLvt l} =@ |D=P |Owt `@=D
Gwt x@ |@=}CUO w V=|}x_Lr |xvt=O x@ |D=P |Owt `@=D Qy s}UkD "3 &A(t)

Qy pt=L Gwt x@ CQ@r}y p}O@D p=ta= "4 &|D=P `@=D Qy |=Q@ 'cos �(t) 'pt=L
u}= uOw@ Xkv|@ CQwY QO |DL "|}x_Lr Tv=mQi |x@U=Lt w |D=P |Owt `@=D

"OQ=O OwHw u=m =tm p=Dwv |x}[k =@ \@DQt C}OwOLt 'VwQ
|x]@=Q CU=Q CtU CQwYx@ xm |r=vo}U QO Qo = 'p=Dwv |x}[k j@=]t
l} Q=@ Ov=@ |=vyB ,=twRr xm OvW=@ x=wNrO |a@=wD A(t) w �(t) 'xOW h} QaD 9
[14]Ovm|tv =Hx@=H xHQO 90 ,=k}kO u=R}t x@ =Q R=i Q=Okt CQ@r}y p}O@D 'OvQ=Ov
CQwYx@ �(t) u=}@ CQwY u}= QO xm '�H [cos �(t)] 6= sin �(t) %|va}�
uDW=O Q_v QO |=Q@ "CU}v K}LY R}v pY=L |v; Tv=mQi xH}Dv QO w 4 |x]@=Q
T=U=Q@ =Q |}=]N XN=W u}kkLt 'p=Dwv |x}[k C}OwOLt R= |W=v |=]N
[14]"OvOQm O=yvW}B u=tR =@ Q}eDt CQwYx@ w xvt=O =@ xOWp=tQv CQ@r}y p}O@D
Gwt x@ cos�1 `@=D p=ta*= 'p=Dwv |x}[k C}OwOLt =@ OQwNQ@ sOa |=Q@ xJQo =
'|R=Up=tQv uOw@v Xkv|@ p}rOx@ [17]'xOW O=yvW}B R=i `@=D |x@U=Lt |=Q@ pt=L
xO=iDU= u}=Q@=v@ "OwW|tv ��1'1� |xvt=O x@ OwOLt pt=m Qw]x@ pt=L Gwt Q}O=kt
xH=wt pmWt =@ Rwvy |}x_Lr Tv=mQi uOQw; CUO x@ |=Q@ cos�1 `@=D R=

"CU=
|@ QHD |x} RHD VwQ xm CU= xO=O u=Wv xOWs=Hv= C=k}kLD 'u}=Q@ xwqa
|x}=tv =@ |D=P |Owt `@=wD u; QO xm CU= |}=DwO QDr}i lv=@ l} =@ pO=at |Owt
|=yp=vo}U =@ OQwNQ@ QO ẁ[wt u}= [9w8]"OvQ=O |QDW}@ Tv=mQi |=vyB QDlJwm
QDq=@ |=yTv=mQi QO |Uv=mQi |oOvm =QB V}=Ri= Ea=@ '|Uv=mQi uyB Ov=@ |=Q=O
u}= `iQ |=Q@ "O@=}|tVy=m CQ@r}yh}] |}=v=wN xH}DvQO w OwW|t CQ@r}yh}]
C}OwOLt |=Q=O sy VwQ u}= xm [4]CU= xOW O=yvW}B |R=UQ=wty |awv pmWt

"CU=
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}=kt

QOx
Di=}

<=kD
Q=p

}O@D
C}r

@=k

R=i `@=D |R=UQ=wty "2"3
|x]@=Q CQwYx@ swU xHQO|}xrtHOvJ |O=OaD R= ?=}uwQO swU xHQO|vLvtl}
=Q (xi; yi) Ovv=t '�=yxQo � xDUUo \=kv R= |}xawtHt xm CU= xOW p}mWD 10
xm OwW|t h} QaD |}xvwox@ ?=}uwQO swU xHQO |vLvt [18]"Ovm|t pYDt sy x@
xiwv x@ xOwr; Ov}=Qi l} hQat =yxQo Qo = "OW=@ xDUw}B swO w sm} C=kDWt =yxQo QO
|oOvm =QB Q=JO 'xiwv C}y=t Q}F-=D CLD =yxQo u}= Q@ |vD@t *?=}uwQO `@=D 'OvW=@
xm �� |rY= Ov}=Qi R= |DUQO u}tND '?=}uwQO `@=D CQwY u}= QO "OwW|t |O}OW
R= |QDsm |Q}PB QF= |rY= Ov}=Qi u}tND xm u}= |=Q@ "Ow@ Oy=wNv �� CU= xiwv Ok=i
u=}t R= Qw@a =@ xOvvmQ=wty |a@=D '?=}uwQO `@=D |=Hx@ CU= sRq 'OW=@ xDW=O xiwv
|oDUw}B ZQi x@ xHwD =@ "OvR@ u}tND =Q |rY= Ov}=Qi �=yxQo OwN R= xv w� =yxQo
xOvvmQ=wty swU |xHQO |vLvt l} R= Q=DWwv u}= QO 'Tv=mQi `@=D QO sm} jDWt
'xOvvm Q=wty swU |xHQO |vLvt h} QaD "OwW|t xO=iDU= R=i |R=UQ=wty Qw_vtx@

[18]"CU= 11 |x]@=Q CQwYx@ 'S(p)

C(x) = ai + bix+ cix2 + dix3 if xi � x < xi+1 (10)

S(p) = p
X
i

wi [yi � C(xi)]2 + (1� p)
Z
�(z)C00(z)2dz (11)

QO u; |=Q@ |O=yvW}B Q}O=kt xm OwW|t xO}t=v |R=UQ=wty QDt=Q=B p 'jwi h} QaD QO
Q=OQ@ ?}DQDx@ � w w "CU= ?=}uwQO swU xHQO |vLvt R}v f w OQ=O Q=Qk �0'1� xR=@
'h} QaD u}= QO "Ov=xOW xDiQo Q_v QO 1 Q@=Q@ xar=]t u}= QO xm OvDUy uRw `@=D w uRw
"OwW xv}tm 11 |x]@=Q CU=Q CtU xm OvwW|t x@U=Lt |}xvwox@ C(x) ?}=Q[
swU xHQO |vLvt x@ xOvvmQ=wty swU xHQO |vLvt '11 |x]@=Q QO p = 1 |=R=x@
O}=@ p=QoDv= |=Q=O |xrtH \ki p = 0 |=R=x@ 'p@=kt QO "OwW|t p}O@D ?=}uwQO
XNWt "CU= x Q}O=kt |=R=x@ y |]N |@=}uwQO =@ pO=atCr=L u}= xm OwW xv}tm
|awv =@ xOvvmQ=wty swU xHQO |vLvt 'p |=Q@ 1 w 0 u}@ |Q=Okt ?=NDv= =@ xm CU=
Q_v R= "Ovm|t Qw@a =yxQo u=}t R= swU xHQO |@=}uwQO w |]N |@=}uwQO u}@ pO=aD
|Q=Okt p xm OyO|t MQ|t=ovy xOvvmQ=wty|vLvt j=@]v= *?U=vtCr=L '|[=} Q
|xrY=i h u; QO xm 'OW=@ xDW=O ph = 1=(1 + h3=60) xS} w Q=Okt x@ l}ORv
G}=Dv x@ QHvt ,=twRr ph xm OwW|t xO=O u=Wv xt=O= QO xJQo = "CU= =yxi u}@
Q}O=kt x@ xOvvmQ=wty swU xHQO |vLvt p=ta= =@ "OwW|tv VN@C}=[Q |m} R}i
|xOWQ=wty `@=D 'Ov};|t CUO x@ "1"3 VN@ QO xOWu=}@ VwQx@ xm R=i |xDUUo
|x}L=v |R=UQ=wty QO p QDt=Q=B |Q=PoQF= |xwLv 3 pmW "OwW|t x@U=Lt R=i
'R=i |xOWQ=wty `@=D R= |Q}ojDWt =@ "OyO|t u=Wv =Q ?2 pmW QO xOWXNWt
=@ "O};|t CUO x@ 'fs(t) '|D=P |Owt `@=D x@ \w@ Qt |}x_Lr Tv=mQi '�s(t)
|xDi=}<=kDQ= h}] '|D=P |Owt `@=wD R= l} Qy |}x_Lr Tv=mQi w xvt=O uDW=O
'xDi=}<=kDQ= |}x}W=L h}] 'x@=Wt Qw]x@ "CU= s}UQD p@=k 'E(fs; t) 'p=vo}U

"R=i |OwaY `@=D |R=UQ=wty Q@ p QDt=Q=B QF= "3 pmW

"xOvvmKqY= |=y|vLvt |xr}Uwx@ pt=L Gwt K}LYD "1 pmW

"cos�1 `@=D |xr}Uwx@ |OwaY |a@=D CQwYx@ R=i `@=D |x@U=Lt "2 pmW

u=wD|t w OQ}o|t Q=Qk ��1'1� QO pY=L *pt=L Gwt 'jwi K}LYD s=Hv= =@
xO=iDU= x@ xHwD =@ "OwW XNWt '�(t) 'R=i `@=D =D OQm p=ta= u; x@ =Q cos�1 `@=D
Q=QkQ@ sin2 �(t) + cos2 �(t) = 1 |x]@=Q '�(t) |x@U=Lt QO cos�1 `@=D R=
pmW QO "OwW|tv OwOLt R}v p=Dwv |x}[k ?v=H R= xDi=}<=kDQ= VwQ u}=Q@=v@ "CU=
=@ R=i `@=D u; QO xm xOW xO=O u=Wv xOWK}LYD *pt=L Gwt l} *|rm |=tW hr=2
CUOx@ �?2 pmW� |OwaY `@=D CQwYx@ '� ?Q=[t uOwRi= w cos�1 `@=D p=ta=
`@=D |v=tR jDWt O}=@ |}x_Lr Tv=mQi |x@U=Lt |=Q@ 'h} QaD j@=]t "CU= xOt;
|x@U=Lt 'OW=@ VwWet R=i `@=D p}rO Qyx@ Qo = =t= 'OwW x@U=Lt R=i |}x_Lr
xr@=kt |=Q@ xar=]t u}= QO "OwW|t Tv=mQi `@=D QO O=} R |oOvm =QB x@ QHvt Tv=mQi

"OwW|t u} Ro}=H xOvvmQ=wty |vLvt l} =@ R=i |xDUUo `@=D ẁ[wt u}= =@
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Q=y@
O}t=

w|
v=[

tQp
}yU "CU= xOW xO=O u=Wv 4 pmW QO 0 002 s |Q=OQ@xvwtv MQv =@ g(t) "CU= 1 Hz

g(t) =

8>>>><>>>>:
8 sin(�t) + sin(10�t) 0 � t < 10
5 sin(3�t) + sin(10�t) 10 � t < 20
6 sin(2�t) + sin(10�t) 20 � t < 30

(12)

QO Ov=xOt; CUO x@ |Owt |@ QHD |x} RHD R= xm g(t) =@ Q_=vDt |D=P |Owt `@=wD
Xkv|@ |OOa Q_v R= |Owt |@ QHD |x} RHD uwJ "CU= xOW xO=O u=Wv 5 pmW
"Ov=xOW O=H}= 'swO w pw= `@=wD Q@ xwqa '|ak=w Q}e |D=P |Owt `@=D xU 'Ovm|tv pta
pw= |D=P |Owt `@=D wO =@ Q_=vDt xDi=}<=kDQ= w l}Uqm nv;wy � CQ@r}y |=yh}]
|x} RHD |Q}PB QF= hr=6 pmW QO "Ov=xOW xO=O V}=tv 6 pmW QO g(t) swO w
u=Wv Tv=mQi w xvt=O |v=yo =v C=Q}}eD R= CQ@r}y p}O@D u}vJty w |Owt |@ QHD
|v=}t |=yCtUk QO pw= |D=P |Owt `@=D Tv=mQi u}vJty [4]"CU= xOW xO=O
OQmrta uOw@v Xkv|@ x@ u=wD|t R}v =Q OQwt u}= xm CU= xOW |oOvm =QB Q=JO

"O=O C@Uv |Owt |@ QHD |x} RHD
?=NDv= =@ =yu; |[=} Q h} QaD R= swO w pw= |D=P |Owt `@=D wO h=QLv= QF=
u=Wv ẁ[wt u}= "CU= xOW Q=O}OB |QDRQ=@ CQwYx@ ?6 pmW h}] QO ph
C=Q}F-=D p@=kt QO |R=UQ=wty QDt=Q=B |xS} w Q=Okt =@ xDi=}<=kDQ= VwQ xm OyO|t
CU= CQ@r}y p}O@D R= QDT=UL '|Owt |@ QHD x} RHD OQmrta Xkv R= |W=v |ivt
'|m} R}i |=vat Ok=i C=v=Uwv xrtH R= '|Uv=mQi C=Uwv |t=tD T=mav= Ea=@ w
C=v=Uwv QF= R= |R=UQ=wty QDt=Q=B s}_vD =@ CU= QO=k xDi=}<=kDQ= VwQ "OwW|t R}v
Q=Okt Vy=m =@ "Oy=m@ |D=P |Owt `@=wD |}x_Lr Tv=mQi QO |m} R}i |=vat Ok=i
|Q}otWJ Qw]x@ xOWO=} |ivt C=Q}F-=D '0 95 x@ A6 pmW QO |R=UQ=wty QDt=Q=B
xOW R}J=v Tv=mQi |v=yo =v C=Q}}eD QF= OwW|t xOy=Wt xm u=vJ "Ov@=}|t Vy=m
=@ "OwW|tv xO}O |Owt |@ QHD |x} RHD OQmrta Xkv R= |W=v |=y|oOvm =QB w
QDQ=wty xDi=}<=kDQ= h}] '0 50 x@ C6 pmW QO |R=UQ=wty QDt=Q=B QDW}@ Vy=m
?r]t u}= "CU= xDi=} Vy=m MU=B CkO Tv=mQi Q}}eD |=yxOwOLt QO =t= xOW
OwHw |R=UQ=wty QDt=Q=B h} QaD |=Q@ |YNWt OL xm CU= u; Qou=Wv |rm Qw]x@

"CU= GQ=N EL@ u}= |xrYwL R= xm OQ=O

Q=Okt R= Q[=L VywSB QO "CU= h} QaD p@=k R T0 E(fs; t)dt CQwYx@ 'e(fs)
"OwW|t xO=iDU= |D=P |Owt `@=wD s=tD |=Q@ |R=UQ=wty QDt=Q=B *u=Um}

|xDi=}<=kDQ= VwQ R= pY=L G}=Dv *|UQQ@ w EL@ "4
nv;wy � CQ@r}y

xDiQo Q=Qk |UQQ@ OQwt p=Ft Q=yJ ?r=k QO xDi=}<=kDQ= VwQ C}r@=k VN@ u}= QO
QO xDi=}<=kDQ= VwQ C}r@=k '|}xir-wtwO p=vo}U l} |x�=Q= =@ pw= p=Ft QO "CU=
|=yMU=Bp}rLD =@ 'swO p=Ft QO "OwW|t xO=O u=Wv|}x_LrTv=mQiCLYV}=Ri=
VwQ C}r@=k 'O}iU |xiwv l} =@ xOWl} QLD |]N O=R; xHQO xU sDU}U l}
xDiQo Q=Qk |UQQ@ OQwt p=vo}U Tv=mQi � xvt=O `} RwD CLY V}=Ri= QO xDi=}<=kDQ=
� u=tR h}] |}=v=wN <=kDQ= QO xDi=}<=kDQ= VwQ |=yC}r@=k 'swU p=Ft QO "CU=
� p=tW |xir-wt p}rLD =@ uyB |Uv=mQi Ov=@ |=Q=O |=yp=vo}U xvt=O � Tv=mQi
QO xQNq=@ w "CU= xDiQo Q=Qk |@=} RQ= OQwt �1940� wQDvUp= CW=ov?=DW ?wvH
xHQO 90 ,=k}kO u=R}t x@ R=i `@=D |}=Hx@=H QO xDi=}<=kDQ= VwQ |}=v=wD 'sQ=yJ p=Ft
l}Uqm p}O@D R= pY=L G}=Dv =yp=Ft u}= R= l} Qy QO "CU= xOW xO=O u=Wv

"CU= xOW x�=Q= xU}=kt Qw_vtx@ R}v nv;wy � CQ@r}y

xvt=O � u=tR `} RwD CLY V}=Ri= QO xDi=}<=kDQ= VwQ C}r@=k "1"4
Tv=mQi �

l} |w=L p=vo}U u}= "O} Q}o@ Q_v QO 12 |x]@=Q h} QaD j@=]t =Q g(t) p=vo}U
w 1 5 Hz w 0 5 Hz Q}eDt Tv=mQi =@ Qo}O |xir-wt w 5 Hz C@=F Tv=mQi =@ xir-wt

"g(t) p=vo}U "4 pmW

"g(t) p=vo}U =@ Q_=vDt |D=P |Owt `@=wD "5 pmW
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"g(t) pw= |D=P |Owt `@=D wO =@ Q_=vDt xDi=}<=kDQ= nv;wy � CQ@r}y w l}Uqm nv;wy � CQ@r}y |=yh}] "6 pmW

xHwD=@ "O}; CUO x@ xR=U |=Q@ u}ov=}t |}x}W=L h}] l} C}=yv QO =D CiQo
|Owt `@=D xU R= \ki 'Q[=L p=Ft QO |D=P |Owt `@=wD |Uv=mQi |xOwOLt x@
xOW xO=iDU= u}ov=}t |}x}W=L h}] s}UQD |=Q@ '|R=UQ=wty =@ x=Qty pw= |D=P
OyO|t u=Wv =Q CQ@r}y p}O@D R= pY=L u}ov=}t |}x}W=L h}] 8 pmW "CU=
p}O@D |=yC}OwOLt x@ xHwD =@ "OQwN|t sWJ x@ xrk wO ,=YNWt h}] u}= QO xm
Q=Qk |UQQ@ OQwt xDi=}<=kDQ= VwQ G}=Dv =@ xU}=kt j} Q] R= G}=Dv CLY CQ@r}y

"OQ}o|t
|=R=x@ xDi=}<=kDQ= VwQ R= pY=L u}ov=}t |}x}W=L |=yh}] 9 pmW QO
h} QaD =@hr=9 pmW QO "CU= xOW xO=O u=Wv |R=UQ=wty QDt=Q=B R= |irDNt Q}O=kt
*Vy=m |mOv= =@ "CU= xOt=}v CUO x@ |@U=vt MU=B 8 pmW x@=Wt p = ph
xOW Qy=_ h}] QO xrk xU ,=YNWt '?9 pmW QO 0 990 x@ |R=UQ=wty QDt=Q=B
?9 |=ypmW QO 0 050 x@ 0 990 R= |R=UQ=wty QDt=Q=B QDW}@ Vy=m =@ "CU=
Q=vm QO xm |Qw]x@ 'OwW|t xDU=m Tv=mQi � xvt=O `} RwD CLY R= G} QODx@ C9 =D
|=yh}] |xU}=kt "Ov=xOW Qy=_ R}v |m} R}i |=vat Ok=i |=yxrk QwmPt |xrk xU
x@ |R=UQ=wty QDt=Q=B Vy=m j} Q] R= xDi=}<=kDQ= VwQ xm OyO|t u=Wv 9 pmW
V}=Ri= w |m} R}i |=vat Ok=i C=Q}F-=D Vy=m x@ QO=k �0 990,qFt� ?U=vt |Q}O=kt

"CQ@r}y p}O@D R= pY=L u}ov=}t |}x}W=L h}] "8 pmW

"|]N O=R; xHQO xU xR=U "7 pmW

� xvt=O `} RwD CLY V}=Ri= QO xDi=}<=kDQ= VwQ C}r@=k "2"4
Tv=mQi

"CU= xOW xDiQo Q_v QO 7 pmW CQwYx@ |]N O=R; xHQO xU |xR=U
'm1 = m2 = 2m3 = 2 kg %R= Ov=CQ=@a xR=U |DNU w sQH C=YNWt
|a}@] |=yTv=mQi C=YNWt u}= =@ "k1=3 = k2=2 = k3 = 631 7 N=m

ZQi =@ "OvDUy RDQy 7 14 Hz w 4 90 Hz '2 24 Hz Q@=Q@ ?}DQDx@ sDU}U
Q@=Q@ ?}DQDx@ swO w pw= |=yOwt =@ Q_=vDt |}=Q}t C@Uv 'xR=U |=Q@ |r}=Q |}=Q}t
O}iU |xiwv l} R= xR=U l} QLD |=Q@ "CU= xOW xDiQo Q_v QO 0 03 w 0 07
xO=iDU= 0 0125 s |Q=OQ@xvwtv MQv w 0 0001 g ?=DW xv}W}@ =@ 600 s COtx@
MQv Vy=m 'C=@U=Lt sHL Vy=m |=Q@ '=yMU=B |x@U=Lt R= TB "CU= xOW
p}rLD s=Hv= |=Q@ =yMU=B u}ty R= xm OW p=ta= =yMU=B x@ 0 05 s x@ |Q=OQ@xvwtv

"CU= xOW xO=iDU=
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