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%OwW|t xv}y@ u=tR R= x_Lr Qy QO Q} R OQmrta Q=}at [2]'1991 p=U QO xOWx�=Q=
J(t) = XTQX + UTRU (17)
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" 0
M�1

22 H23

#
U3+" 0 0

�M�1
22 K21 �M�1

22 C21

#"
X1
_X1

#
+" 0 0

�M�1
22 K23 �M�1

22 C23

#"
X3
_X3

#
(14)

|=[i QO =Q CmQL CqO=at u=wD|t x@=Wt VwQ x@ R}v 3 w 1 |=ysDU}UQ} R |=Q@
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;
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;
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|wQ}v u}}aD QO CaQU OQwNR=@ R= xO=iDU= |=vatx@ xm 'U = GX = G2 _X

xR=UQ} R xU x@ xR=U xm OwW ZQi Qo = 'RmQtDt=v pQDvm Cr=L QO "Ow@ Oy=wN pQDvm
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;
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"Ow@ Ovy=wN QiY Q@=Q@ =yu; QO G |=yT} QD=t 'x}=Uty

%|=yQDt=Q=B h} QaD =@

G11 =
�

0 ... g11

�
3n1�6n1

; G22 =
�

0 ... g22

�
3n2�6n2

;

G33 =
�

0 ... g33

�
3n3�6n3

G12 =
�

0 ... g12

�
3n1�6n2

; G23 =
�

0 ... g23

�
3n2�6n3

(45)

%CWwv u}vJ u=wD|t =Q sDU}UQ} R Qy |=Q@ pQDvm |=ywQ}v
U1 = G11 ~X1 +G12 ~X2

U2 = G22 ~X2 +G23 ~X3

U3 = G33 ~X3 (46)

xHQO \ki '1 sDU}UQ} R pQDvm |wQ}v u}}aD QO ~X2 Q=OQ@ R= ,qFt xm CW=O xHwD O}=@
"Ow@ Ovy=wN Q=PoQ}F-=D sDU}UQ} R u}= pQDvm |wQ}v Q=Okt u}}aD QO Qw=Ht |=y|O=R;
u; |=yxir-wt Q}=U w xOw@ QiYQ}e �3�3� |xir-wt 9 |=Q=O ,=iQY R}vG12 T} QD=t
2 xQ=tW sDU}UQ} R x@ |r=ta= pQDvm |wQ}v |=Q@ u=wD|t ?}DQD u}tyx@ "CU= QiY

"OQm |Q}oxH}Dv

CaQU w |}=Hx@=H OQwNR=@ =yxOvvmpQDvm |L=Q] "2"4
C@Ft Io T} QD=t O}=@ R}v ATQ+QA = �Io |rm |x]@=Q |=Q@ Cr=L u}= QO
T} QD=t xU `tH pY=L CQwYx@ T} QD=t xm u}= x@ xHwD =@ "OW=@ u}atxt}v w

%|=yxir-wt ZQi =@ R}v w 'xOW ZQi Q = Qx +Qy +Qr8>><>>:
Qx11 = kx + �xcx
Qy11 = ky + �ycy
Qr11 = kr + �rcr

;

8>><>>:
Qx22 = Mx

Qy22 = My

Qr22 = Mr

;

8>><>>:
Qx21 = Qx12 = �xMx

Qy21 = Qy12 = �yMy

Qr21 = Qr12 = �rMr

(47)

%CW=O u=wD|t x CyH QO xvwtv |=Q@
ATxQx +QxAx = �Iox
�x

" 0 � �M�1
x kx

�T
Ix � �M�1

x cx
�T #"

kx + �xcx �xMx

�xMx Mx

#
+�x

"
kx + �xcx �xMx

�xMx Mx

#" 0 Ix
�M�1

x kx �M�1
x cx

#
=�Iox
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=Qyt xHQO wO hm Qy |=Q@ xOW xDiQo Q_v QO |WQ@ |xR=U pOt QO xm u}= x@ xHwD =@

I T} QD=t 'xOW xDiQo Q_vQO |v=QwO |O=R; xHQO l} w Y w X |r=kDv= |O=R;
xQy@ T} QD=t "Ow@ Ovy=wN 150 � 150w 75 � 75 O=a@= |=Q=O ?}DQDx@ Q w
G = ��t

2 R�1 � BT � Q pO=at CaQU w |}=Hx@=H OQwNR=@ Cr=L QO
"CU= xOW xDiQo Q_v QO �t = 0 005 sec Q@=Q@ xar=]t u}= QO R}v �t w xOw@
CUOx@ G}=Dv w xOW s=Hv= Matlab Q=Ri=sQv R= xO=iDU= =@ |OOa |=yp}rLD |t=tD
pmW w 3 |r= 1 pw=OH QO "OvDiQo Q=Qk |UQQ@ OQwt |irDNt |=yCr=L QO xOt;
xU}=kt pQDvm uwO@ Cr=L =@ RmQtDt=v w RmQtDt pQDvm p=ta= R= pY=L G}=Dv '5
RmQtDt=v pQDvmw RmQtDt pQDvm Cr=L wO QO xOt; CUOx@ |}xR=U |=yMU=B "Ov=xOW
CW=ov?=DW R= |OOa C=@U=Lt QO 'OW QmP xm u=vJ "CU= xOw@ u=Um} ,=@} QkD
VN@ u}= QO u}vJty "CU= xOW xO=iDU= y w x |=DU=Q wO QO u=Um} |xrRrR
|}xR=U |DNU "CU= xOW xDiQo Q_vQO QiY Q@=Q@ =DU=Q wO Qy QO C} RmQt R= GwQN
|=yCr=L |=Q@ sDU}UQ} R xU O=OaD w xOW ZQi u=Um} y w x |=y=DU=Q QO
s=Hv= |Oa@xU CQwYx@ Cq=L u}= QO =yp}rLD "Ov=xOW xDiQo Q_vQO p}rLD

"Ov=xOW
pQDvm =@ w pQDvm uwO@ |=yCr=L |=Q@ |}xR=U xv}W}@ |=yMU=B '1 pwOH QO

Q} R xU =@ C} RmQt R= GwQN uwO@ pOt� QN; |xk@] |}=Hx@=H Q=Owtv "5 pmW
w � = 1 � 103 |=Q@ RmQtDt=v pQDvm =@ w pQDvm uwO@ Cr=L wO QO '�sDU}U
"OyO|t u=Wv pQDvm =@ Cr=L |=Q@ =Q =yMU=B QO �50 OwOL QO |Wy=m xm � = 0

%CWwv u}vJ
U1 = G11 ~X1 +G12 ~X2

U2 = G22 ~X2 +G23 ~X3

U3 = G33 ~X3 (52)

|OOa p=Ft "5
pQDvm Cr=L wO G}=Dv uOw@|m} C=@F= w |O=yvW}B sD} Qwor= OQmrta pQDvm |=Q@
Qw_vt u}= |=Q@ "OW s=Ok= |OQwt |xar=]t l} s=Hv= x@ C@Uv 'RmQtDt=v w RmQtDt
Q@=Q@ w u=Um} u; C=k@] |t=tD sQH xm xOW xDiQo Q_v QO |}xk@] 25 u=tDN=U
C=k@] |DNU w u=Um} Qo}Om} =@ xk@] 5 Qy |DNU "CU= xOW ZQi u)D 750
Q@=Q@ u}}=B |xk@] 5 QO |DNU u}= Q=Okt "O@=}|t Vy=m q=@ x@ u}}=B |=yR=QD R=
T} QD=t &OW xDiQo Q_v QO 900 MN/m QN; |xk@] 5 QO w 4500 MN/m

20 � 20 uqB QO xR=U O=a@= "CU= xOW ZQi C = 0 05 K Q@=Q@ R}v |}=Q}t
Q@=Q@ ?}DQDx@ xR=U VRQr pw= Owt 5 ?w=vD |=yu=tR w '�L = 20 m� xOW ZQi
xO=iDU= =@ CU= QmP x@ sRq "OvDUy x}v=F 0 21 w 0 275 '0 39 '0 64 '1 58
|DNU =@ =yuwDU R= V}=Q; wO u=wD|t '=yhm |=Q@ |to =Qi=}O OQmrta ZQi R=
'xar=]t u}= QO xOW ?=NDv= |xO=U |[=} Q pOt x@ =Q Ot=aDt C=yH QO hrDNt
|=ywQ}v u}}aD R= TB u}vJty "O=O Vy=m xk@] Qy |=Q@ |O=R; xHQO xU |=v@tQ@
Q@ Owta QwLt O=ODt= QO Qw=DWo l} w Ot=aDt C=yH QO wQ}v wO pt=W �� |rQDvm
R= p=Ft u}= QO "O}UQ s}y=wN |rQDvm |=ywQ}v R= |@U=vt ?}mQD x@ �� |DNU RmQt
|HQ=N l} QLD u=wvax@ PGA=0 84 g =@ 1357 T@] |xrRrR S-E |xir-wt
|t=tD QO 'ZQi T=U=Q@ "CU= xOW xDiQo xQy@ x w y C=yH QO xR=U x@ |r=ta=
|O=R; C=HQO O=OaD =@ RmQtDt=v Cr=L QO xR=U w xDW=O OwHw 17Qorta C=k@]
pQDvm sD} Qwor= R= xR=U pQDvm |=Q@ "OW Oy=wN |UQQ@ sDU}UQ} R Qy QO |vwo =vwo

%CU= xOW xO=iDU= Q} R |vRw |=yT} QD=t =@ |}x_Lr |xv}y@

R =
�
1� 10�8� I75�75; Q = � �

"
K �M

�M M

#
150�150

(53)

O=OaD w � hrDNt Q}O=kt w � = 0 |=Q@ C} RmQt R= GwQN uwO@ |Oa@xU Cr=L QO xk@] 25 u=tDN=U |=Q@ 'xR=U RmQtDt=v w RmQtDt pQDvm *u=Um} ,=@} QkD G}=Dv "1 pwOH
"sDU}U Q} R xU

C}a[w ?} Q[ xv}W}@ xv}W}@ xv}W}@ xv}W}@ xv}W}@ |wQ}v xv}W}@ |wQ}v xv}W}@ |wQ}v xv}W}@
Umax
WtpQDvm T=}kt |@Uv |}=Hx@=H |@Uv CaQU jr]t ?=DW |@Uv |}=Hx@=H VQ@ U 1 pQDvm U2 pQDvm U 3 pQDvm

� �m� �m/s� �m/s2� �m� |}xk@] �kN� �kN� �kN� �kN�
xOWv pQDvm { 0 32 1 21 12 06 0 019 5 5� 104 { { { {

pQDvm =@ � = 1� 102 0 297 1 135 11 65 0 017 5 17� 104 2 07� 103 1 69� 103 1 16� 103 0 011
w RmQtDt �=5�102 0 23 0 88 10 9 0 0124 4 5� 104 8 6� 103 6 4� 103 6 0� 103 0 046
RmQtDtQ}e �=1�103 0 195 0 71 10 50 0 0102 4 23� 104 1 47� 104 1 10� 104 7 2� 103 0 079
� = o �=5�103 0 099 0 56 10 93 0 0062 2 78� 104 5 37� 104 3 4� 104 1 7� 104 0 29

�=1�104 0 064 0 40 10 50 0 0044 1 97� 104 7 58� 104 4 8� 104 2 26� 104 0 42
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"""|
xR=U

|=y
pOt

RmQt
Dt=v

wRm
QtDt

p=ai
pQDv

mw � uwo =vwo Q}O=kt w � = 1� 103 =@ C} RmQt R= GwQN uwO@ &|Oa@xU Cr=L QO xk@] 25 u=tDN=U |=Q@ xm RmQtDt=v w RmQtDt pQDvm u=Um} ,=@} QkD G}=Dv "2 pwOH
"sDU}U Q} R xU O=OaD

C}a[w ?} Q[ xv}W}@ xv}W}@ xv}W}@ xv}W}@ xv}W}@ |wQ}v xv}W}@ |wQ}v xv}W}@ |wQ}v xv}W}@
Umax
WtpQDvm T=}kt |@Uv |}=Hx@=H |@Uv CaQU jr]t ?=DW |@Uv |}=Hx@=H VQ@ U 1 pQDvm U2 pQDvm U 3 pQDvm

� �m� �m/s� �m/s2� �m� |}xk@] �kN� �kN� �kN� �kN�
xOWv pQDvm { 0 32 1 21 12 06 0 019 5 5� 104 { { { {

pQDvm =@
� = 1 0 186 0 74 10 46 0 0097 4 10� 104 1 43� 104 1 08� 104 0 68� 104 0 077

RmQtDt
� = 0 6 0 19 0 73 10 46 0 0099 4 16� 104 1 44� 104 1 09� 104 0 68� 104 0 078

w
� = 0 3 0 192 0 72 10 48 0 0101 4 18� 104 1 46� 104 1 10� 104 0 703� 104 0 0789
� = 0 0 195 0 71 10 50 0 0102 4 23� 104 1 47� 104 1 1� 104 0 72� 104 0 079

RmQtDtQ}e � = �0 3 0 198 0 70 10 46 0 0104 4 26� 104 1 49� 104 1 15� 104 0 75� 104 0 080
� = �0 6 0 20 0 70 10 46 0 0106 4 29� 104 1 50� 104 1 12� 104 0 78� 104 0 080

w =ysDU}UQ} R O=OaD R= |irDNt Cq=L |=Q@ � = 1 0 w � = 1� 103 =@ C} RmQt R= GwQN uwO@ 'xk@] 25 |Oa@xU |}xR=U |=ypOt RmQtDt=v pQDvm G}=Dv "3 pwOH
"C=k@] O=OaD

O=OaD xv}W}@ xv}W}@ xv}W}@ xv}W}@ |wQ}v xv}W}@ |wQ}v xv}W}@ |wQ}v xv}W}@ |wQ}v xv}W}@ |wQ}v xv}W}@
=ysDU}UQ} R |@Uv |}=Hx@=H |@Uv CaQU |@Uv |}=Hx@=H VQ@ U1 pQDvm U2 pQDvm U 3 pQDvm U4 pQDvm U5 pQDvm

C=k@] w �m� �m/s2� �m� |}xk@] �kN� �kN� �kN� �kN� �kN� �kN�
10-8-7 0 186 0 74 0 0097 4 10�104 1 43�104 1 08�104 0 68�104 { {

15-5-5 0 186 0 74 0 0097 4 10�104 1 43�104 0 95�104 0 69�104 { {

5-10-10 0 186 0 74 0 0097 4 10�104 1 43�104 1 24�104 0 95�104 { {

5-5-5-5-5 0 186 0 74 0 0097 4 10�104 1 43�104 1 24�104 1 10�104 0 95�104 0 69�104

OwHw =@ � = 1 � 104 w � = 5 � 103 Cr=L wO O}O u=wD|t 1 pwOH R=
Ov=xR=U x@ |wk Q=}U@ |=ywQ}v p=ta= OvtR=}v '|}=Hx@=H Q=Okt QO xHwD p@=k Vy=m

"OvDU}v |OQ@ Q=m w xOw@v Q}PBu=mt= ,qta xm
� = 1 � 103 w � hrDNt Q}O=kt |=Q@ xR=U pQDvm G}=Dv '2 pwOH QO
'CU= xDU@=w � w � |xYNWt wO x@ Q |vRw T} QD=t Q=Okt "CU= xOW x�=Q=
|=R=x@ CaQU w |}=Hx@=H Q}O=kt |Wy=m C=Q}}eD |xOvvmu=}@ 2 pwOH G}=Dv w
|}=Hx@=H QDt=Q=B uOwRi= Cio u=wD|t u}=Q@=v@ "CU= 1 =D QiY R= � hrDNt Q}O=kt
x@ xHwD =@ xD@r= xm CU= xDW=O |D@Ft Q}F-=D xR=U u}= QO pQDvm |=ywQ}v u}}aD QO
x@ \w@ Qt Cr=L QO [16w15]O=Sv |tHvt w |} wiQ \UwD xOW s=Hv= |=y|UQQ@ G}=Dv
s}taD R}v |}xR=U |=ypOt Q}=U x@ =Q xDmv u}= u=wD|t '|Oa@ wO |}xR=U |=ypOt

"O=O
Cr=L wO QO hrDNt |=yu=tR |=Q@ xR=U QN; |xk@] |}=Hx@=H '5 pmW QO
|=R=x@ xk@] u}= QO |}=Hx@=H "CU= xOW xO=O u=Wv pQDvm =@ w pQDvm uwO@
RmQtDt=v pQDvm G}=Dv '3 pwOH "CU= xOQm =O}B |Q}otWJ Vy=m � = 1� 103

=@ |=yxR=UQ} R |=Q@ � = 1 0 w � = 1 � 103 |=Q@ |Oa@xU Cr=L QO xR=U

Q@=Q@ � Q=Okt =yCr=L x}rm QO xm |}xvwo x@ 'CU= xOW x�=Q= CaQU OQwNR=@ |=Q=O
xv}W}@ 'pwOH u}= QO "CU= Q}eDt 1 � 104 =D 1 � 102 R= R}v � Q=Okt w QiY
x@ C@Uv C=k@] |@Uv |}=Hx@=H w jr]t ?=DW '|@Uv CaQU '|@Uv |}=Hx@=H
Qo}Om} =@ hrDNt |}xR=U pQDvm |=yCr=L xU}=kt |=Q@ xk@] u} QDq=@ QO Qo}Om}
x@ u}}=B R= ?}DQD x@ =ysDU}UQ} R R= l} Qy 'p}rLD R=Cr=L u}= QO "Ov=xOW xOQw;
xm u=vJ "OvDUy |O=R; xHQO 21 w 24 '30 |DQ=@a x@ w xk@] 7 w 8 '10 |=Q=O q=@
1� 102 R= � V}=Ri= =@ |}xR=U |}=Hx@=H Q}O=kt OwW|t \=@vDU= pwOH u}= R=
20 |}=Hx@=H Q=Okt � = 1� 104 QO xm |Qw]x@ 'O@=}|t Vy=m 1� 104 x@
x@ l} Qy R}v ?=DW w CaQU Q=Okt w CU= pQDvm uwO@ Cr=L QO u; Q=Okt *OYQO
|wQ}v w|WQ@ |wQ}v xv}W}@ "CU= pQDvm uwO@Cr=L Q=Okt �85 w �33 ,=@} QkD u=R}t
R}v QDu}}=B |=ysDU}UQ} R QO w xOw@ xk@] u} QDu}}=B x@ \w@ Qt xR=UQ} R Qy pQDvm
Cr=L QO |rY= |xR=U pQDvm |wQ}v u} QDW}@ "CU= R=}v OQwt |QDW}@ pQDvm |wQ}v
(MaxU1) xQ=tW sDU}UQ} R QO xv}W}@ pQDvm |wQ}v Q@=Q@ (MaxU) RmQtDt pQDvm
u=wvax@ �Umax

Wt

�
xR=U pm uRw x@ wQ}v u}= C@Uv w xOw@ =yR=QD u} QDu}}=B QO ,=QFm = w

xm u=vJ "OwW|t xO=iDU= xR=U Q@ pQDvm |wQ}v p=ta= uOw@|rta |=Q@ |}xYNWt
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|}w

iQ x
O=Rs

}LQ
Z

=}i'
|wO

iu
=Qyt QO Cr=L u}= QO xm xOW x�=Q= |WJ}B |=yVqD x@ \w@ Qt G}=Dv 5 pwOH QO

GwQN =@ w VJ}B |=Q@ pQDvm uwO@ Cr=L QO Q}O=kt w xOw@ � = 0 'CUNv Q]U
18VJ}B � = 1� 103 |=Q@ pQDvm =@ Cr=L QO "Ov=xOW x@U=Lt sm C} RmQt R=
uOW Q@=Q@ 100 w �V}=Ri= =@ |rw '��0 5 R= QDsm � OyO|t u=Wv =Q |R}J=v Vy=m
|=yMU=B Vy=m |=Q@ ,=Da}@] w xOW OYQO 60 ,=OwOL Q@=Q@ VJ}B Vy=m u=R}t u;
|DNU x@ |WJ}B |DNU C@Uv x@ ,=@} QkD '� ?}=Q[ CU= |QwQ[ xR=U |WJ}B
Q=Okt |=Q=O 'QT} QD=t |x@U=Lt QOQr T} QD=t O}=@v w OvwW xO=O V}=Ri= |WQ@

"OW=@ Qy w Qx =@ |v=Um} |vRw
G}=Dv Q@ OwHwt p=wQ xm OyO|t u=Wv 5 pwOH QO xOW x�=Q= G}=Dv |xU}=kt
'C=k@] QO C} RmQt R= GwQN V}=Ri= =@ w xOw@ sm =L R}v =DU=Q u}= Q@ |Oa@ wO Cr=L
"O@=}|t V}=Ri= R=}v OQwt Ot=aDt C=yH QO pQDvm |=ywQ}v w |WJ}B |rQDvm Qw=DWo
|=yQorta R= |Q}oxQy@ =@ '|WJ}B pQDvm |=ywQ}v p=ta= |xw}W 'OW QmP xm u=vJ
=yQorta |=Q@ Q_v OQwt |xrY=i x@ xHwD =@ Ov=wD|t K=Q] w xOw@ y w x CyH wO

'|}=Hx@=H xv}W}@ 'OwW|t xO}O xm u=vJ "CU= xOQm x�=Q= =Q C=k@] Q}eDt O=OaD
pQDvm |wQ}v "CU= u=Um} |WQ@ |wQ}v w |}xk@] |@Uv |}=Hx@=H 'CaQU
,=iQY w CU= u=Um} Qo}Om} =@ R}v Cr=L Q=yJ Qy 1 xQ=tW |=ysDU}UQ} R
|a}@] xm CU= Cw=iDt Qo}Om} =@ QDq=@ |=ysDU}UQ} R |xv}W}@ pQDvm |wQ}v

"CU=
=@� y w x C=yH QO |}xR=U pOt |DNU uOw@ u=Um} Q}e ZQi =@ 'xt=O= QO
|OwQw "Ow@ Oy=wN ey w ex |=yC} RmQt R= GwQN |=Q=O xR=U '�sDU}UQ} R xU O=OaD
xR=U p}rLD G}=Dv "CU= xOW ZQi u=Um} y w xCyH wO QO xrRrR CW=ov?=DW
x}rm QO u=Um} u}vJty w y w x CyH wO QO Q@=Q@ *C} RmQt R= GwQN =@ Cr=L |=Q@
R= GwQN 'OwW|t xO}O xrY=L G}=Dv R= xm u=vJ 'Ov=xOW x�=Q= 4 pwOH QO C=k@]
x@ xHwD xD@r= "CU= xDW=Ov |O=} R Q}F-=D y w x C=yH |=yVqD Q@ ,=t}kDUt C} RmQt
|=yu=mt Q}}eD O=H}= ?@U xm y w x C=yH QO |}xR=U pOt |DNU uOw@ hrDNt

"O@=}|t CQwQ[ 'xOW CyH wO u}= QO hrDNt

x C=yH QO Cw=iDt |DNU w ex = ey u=Um} C} RmQt R= GwQN =@ � = 0|=Q@ sDU}UQ} R xU =@ xk@] 25 |}xR=U pOt R= y CyH QO RmQtDt=v pQDvm G}=Dv "4 pwOH
"yw

Y CyH QO
R= GwQN ?} Q[ C@Uv xv}W}@ xv}W}@ xv}W}@ |wQ}vxv}W}@ |wQ}vxv}W}@ |wQ}vxv}W}@ Umax

WtC} RmQt T=}kt |DNU |@Uv |}=Hx@=H |@Uv CaQU VQ@ U1 pQDvm U2 pQDvm U3 pQDvm
� kx=ky Disp. (m) Vel. (m/s) (kN) (kN) (kN) (kN)

�0 5 1� 103
1 0 0 194 0 74 4 23� 104 1 47� 104 1 1� 104 7 2� 103 0 078
1 20 0 171 0 718 4 4� 104 1 39� 104 1 07� 104 7 3� 103 0 074
1 40 0 153 0 703 4 5� 104 1 3� 104 1 07� 104 7 36� 103 0 069

�3 1� 103 1 40 0 179 0 82 4 7� 104 1 76� 104 1 6� 104 1 25� 104 0 094
�9 1� 103 1 40 0 191 0 93 6 06� 104 2 4� 104 2 07� 104 1 97� 104 0 0128

"ex = ey Cr=L QO � Cw=iDt Q}O=kt w � = 0|=Q@ sDU}UQ} R xU =@ xk@] 25 |}xR=U pOt R= VJ}B Qw_vtx@ RmQtDt=v pQDvm G}=Dv "5 pwOH
R= GwQN ?} Q[ C@Uv xv}W}@ xv}W}@ |wQ}vxv}W}@ |wQ}vxv}W}@ |wQ}v xv}W}@
C} RmQt T=}kt |DNU |@Uv u=QwO VJ}B U1 pQDvm U2 pQDvm U3 pQDvm

� ky=kx (rad) (kN.m) (kN.m) (kN.m) (kN.m)

�0 5

0 1 0 0 055 3 9� 105 { { {

1� 103 1 0 0 053 3 85� 105 6 10� 103 3 65� 103 5 5� 103

1� 105
1 0 0 019 1 63� 105 3 1� 105 2 54� 105 1 33� 105

1 20 0 0183 1 79� 105 3 1� 105 2 57� 105 1 36� 105

1 40 0 0178 1 95� 105 3 1� 105 2 6� 105 1 40� 105

�3
0 1 0 0 288 7 17� 106 { { {

1� 103 1 0 0 273 7 0� 106 4� 104 5 5� 104 1� 105

1� 105 1 40 0 09 4 71� 106 2 63� 106 2 04� 106 1 30� 106

�9 1� 105 1 4 0 08 3 6� 106 3 8� 106 4 6� 106 4 4� 106
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1 0 1 0 1 0 0 22 1 81� 104 1 49� 104 1 06� 104 0 273 4 0� 104 5 5� 105 1 0� 105

3 0 2 0 1 0 0 14 2 9� 104 1 73� 104 1 65� 104 0 268 2 0� 105 1 07� 105 1 06� 105

6 0 3 0 1 0 0 11 4 7� 104 2 45� 104 1 9� 104 0 258 6 11� 105 1 56� 105 1 05� 105

10 0 5 0 1 0 0 095 6 35� 104 3 25� 104 2 22� 104 0 24 13 2� 105 2 52� 105 1 03� 105

100 0 5 0 1 0 0 014 13 6� 104 8 1� 104 4 45� 104 0 12 43 0� 105 14 4� 105 4 33� 105
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pQDvm �1 �2 �3
|}=Hx@=H CaQU |}xk@] |@Uv VQ@ U1pQDvm U2pQDvm U3 pQDvm

�103 �103 �103 |@Uv |@Uv
(m) (kN) (kN) (kN) (kN) (kN)

(m) (m/s)

xOWv pQDvm { { { 0 32 1 21 0 0205 5 56� 104 { { { {

5 5 5 0 099 0 560 0 0062 2 78� 104 5 37� 104 3 46� 104 1 69� 104 7 0� 104

pQDvm

{ 5 5 0 159 0 698 0 0125 5 24� 104 0 2 89� 104 1 45� 104 2 38� 105

=@ RmQtDt

5 { 5 0 158 0 705 0 0126 3 23� 104 3=64� 104 0 1 36� 104 3 13� 105

� = 0

5 5 { 0 137 0 907 0 0156 2 92� 104 4 66� 104 2 47� 104 0 4 64� 105

50 50 50 0 0165 0 132 0 0012 0 56� 104 12 8� 104 7 64� 104 3 56� 104 16 5� 105

{ 50 50 0 13 0 73 0 014 5 75� 104 0 4 02� 104 2 31� 104 3 2� 105

50 { 50 0 124 0 80 0 017 4 07� 104 6 3� 104 0 2 13� 104 6 1� 105

50 50 { 0 117 1 07 0 025 2 65� 104 9 7� 104 5 42� 104 0 10 8� 105

78



"""w
|}w

iQ x
O=Rs

}LQ
Z

=}i'
|wO

iu
=Qyt

'sDU}UQ} R xU |=Q=O|}xR=U pOt C=k@] QO xv}W}@|rQDvm |wQ}v `} RwD "9 pmW
w pQDvm uwO@ Cq=L w ODi}@ Q=m R= =yxR=UQ} R R= |m} |rQDvm sDU}U xm |Dr=L QO

"ex = ey = 0 w � = 0 '� = 5� 104 |=yQDt=Q=B =@ pt=m pQDvm

Oy=wN QDW}@ ?}U; OW=@ QDW}@ xR=U x@ xOWp=ta= pQDvm u=R}t QOkQy w OwW|t
"Ow@

C=k@] QO xv}W}@ |WQ@ |wQ}v C=Q}}eD |xOvyOu=Wv 8 w 6 |=ypmW
QO OwW|t xOy=Wt xm u=vJ "OvDUy =ysDU}UQ} R QO xOWh} QaD Cr=L wO |=Q@
QO |DL w xDi=} V}=Ri= COWx@ |WQ@ |wQ}v 'Ov=xO=Di= Q=m R= xm |}=ysDU}UQ} R

"CU= xOW pQDvm uwO@ Cr=L QO |WQ@ |wQ}v R= V}@ OQ=wt |NQ@
V}=tv C=k@] QO |r=ta= pQDvm |wQ}v |xv}W}@ C=Q}}eD R}v 9 w 7 |=ypmW QO
Q=m R= =yu; QO pQDvm sDU}U xm |}=ysDU}UQ} R QO pQDvm |wQ}v "CU= xOW xO=O
Q}=U QO |rQDvm |wQ}v Q}O=kt Q@ ha=[t |Q}F-=D Qt= u}= "CU= QiY Q@=Q@ xO=Di=

"CU= xOW =yu; Q}O=kt Vy=m ?@U w xDW=O =ysDU}UQ} R

|Q}oxH}Dv "6
|Oa@xU |=ypOt RmQtDt=v pQDvm |=Q@ |}=ysD} Qwor= |x�=Q= x@ C@Uv xar=]t u}= QO
G}=Dv |xU}=kt =@ xOWx�=Q= |=ysD} Qwor= OQmrta "OW s=Ok= |WQ@ Ovr@ |=yxR=U
|}xR=U |=ypOt O=OaD ^=Lrx@ OwOLt ,qt=m |OOa p=Ft OvJ pL R= xOt; CUOx@
OQwt RmQtDt Cr=L =@ =yu; |xU}=kt w xOw@ xO=iDU= OQwt xrRrR |=yOQwmQ R}v w
sDU}UQ} R Qy s}kDUt pL Q@ |vD@t |O=yvW}B |=ysD} Qwor= "CiQo Q=Qk |UQQ@
Q=DiQ Q@ xR=UQ} R Qy pQDvm |=ysDU}U OQmQ=m sOa R= |W=v C=QF= w 'CU= |}xR=U
G}=Dv xm OW XNWt |OOa |=y|UQQ@ QO "CiQo Q=Qk |UQQ@ OQwt xR=U |rm
Cr=L x@ \w@ Qt G}=Dv x@ l}ORv Q=}U@ =yxR=UQ} R QO RmQtDt=v pQDvm x@ \w@ Qt Cr=L
w y w x |r=kDv= |O=R; xHQO wO '|Oa@xU |}xR=U |=ypOt QO "CU= RmQtDt pQDvm
xOW s=Hv= C=ar=]t "CU= xOW xDiQo Q_v QO hm Qy |=Q@ |v=QwO |O=R; xHQO l}
Q}}eD 'xOW xDiQo Q_v QO |}xR=U |=ypOt RmQtDt=v pQDvm QO xm CU= u; Qou=Wv
xrY=L G}=Dv QO |v=OvJ Cw=iD =ysDU}UQ} R O=OaD w sDU}UQ} R Qy C=k@] O=OaD
CaQU w |}=Hx@=H OQwNR=@ =@ pQDvm Cr=L QO xm OW xO}O u}vJty "Ovm|tv O=H}=
|wQ}v Q=Okt =@� |}xk@] *|@Uv |}=Hx@=H R}v w |}=Hx@=H Q=Okt '� C@Ft C=Q}}eD w

"O@=}|t |QDW}@ Vy=m �QDsm pQDvm
R= O}=@ C=k@] QOC} RmQt R= GwQN OwHw CQwY QO xm OWXNWt u; Q@ xwqa
XwYNQO "OQm xO=iDU= xR=U |WJ}B |=yCmQL pQDvm |=Q@ |QDW}@ pQDvm |wQ}v
|xar=]t u}= QO xOt; CUOx@ G}=Dv x@ xHwD =@ R}v xR=UQ} R Qy x@ \w@ Qt pQDvm |wQ}v

&sDU}UQ} R xU |=Q=O |}xR=U pOt C=k@] |xv}W}@ |WQ@ |wQ}v `} RwD "6 pmW
pQDvm uwO@ Cq=L QO ODi}@ Q=m R= =yxR=UQ} R R= |m} |rQDvm sDU}U xm |Dr=L QO

"ex = ey = 0 w � = 0 '� = 5� 103 |=yQDt=Q=B =@ pt=m pQDvm w

&sDU}UQ} R xU |=Q=O |}xR=U pOt C=k@] xv}W}@ |rQDvm |wQ}v `} RwD "7 pmW
pQDvm uwO@ Cq=L QO ODi}@ Q=m R= =yxR=UQ} R R= |m} |rQDvm sDU}U xm |Dr=L QO

"ex = ey = 0 w � = 0 '� = 5� 103 |=yQDt=Q=B =@ pt=m pQDvm w

'sDU}UQ} R xU |=Q=O |}xR=U pOt C=k@] QO xv}W}@ |WQ@ |wQ}v `} RwD "8 pmW
w pQDvm uwO@ Cq=L w ODi}@ Q=m R= =yxR=UQ} R R= |m} |rQDvm sDU}U xm |Dr=L QO

"ex = ey = 0 w � = 0 '� = 5� 104 |=yQDt=Q=B =@ pt=m pQDvm

ODi}@ Q=m R= 3 =D 1 xQ=tW |=ysDU}UQ} R R= |m} Qo = 'OwW|t xOy=Wt xm u=vJ
Cr=L R= =yMU=B Q}O=kt OQ=O u=mt= |DL w 'OW Oy=wN O}OWD |}xR=U |=yMU=B
Q=Okt =} =ysDU}UQ} R pLt x@ xDU@=w O}OWD u=R}t xD@r= "OwQ QD=Qi R}v pQDvm uwO@
xH}Dv u=wD|t 7 pwOH QO xOW x�=Q= G}=Dv |UQQ@ =@ "Ow@ Oy=wN xOWp=ta= *pQDvm
OQ=w xR=U x@ QDu}}=B |=ysDU}UQ} R uO=Di=Q=m R= =@ ?}U; w xtOY u} QDW}@ xm CiQo

79



"""|
xR=U

|=y
pOt

RmQt
Dt=v

wRm
QtDt

p=ai
pQDv

mQO pQDvm sDU}U uOQm RmQtDt=v |rY= |=}=Rt R= |m} "CU= QDW}@ pQDvm |wQ}v =@
sDU}U uO=Di= Q=m R= CQwYQO xm |Qw]x@ 'xOw@ u; O=tDa= C}r@=k uDiQq=@ 'xR=U
|UQQ@ "OvwW|t pQDvm sRq wLvx@ =ysDU}UQ} R |xty =} =yxR=UQ} R R= |m} pQDvm
|Dr=L QO OyO|t u=Wv |r=ta= pQDvm |wQ}v xv}W}@ w C=k@] |WQ@ |=ywQ}v xv}W}@
u; QO |WQ@ |wQ}v 'OwW |Wwt=N w |@=QN Q=JO pQDvm |=ysDU}UQ} R R= |m} xm

"O@=}|t Vy=m |rm Qw]x@ pQDvm sD} Qwor= |};Q=m w O@=}|t V}=Ri= sDU}UQ} R

C=k@] QO QDsm pQDvm |wQ}v� pQDvm |wQ}v |]N `} RwD R= xO=iDU= =@ u=wD|t '|OQwt
|t=tD QO xm OwW|t Qw;O=} "O=O V}=Ri= =Q |O=yvW}B pQDvm sD} Qwor= |};Q=m �QDq=@
|vRw `@=D u}}aD QO hwv=B=}r `@=D R= pQDvm |=ysD} Qwor= |Q=O}=B u}t-=D |=Q@ 'Cq=L
pQDvm |=ywQ}v u} QDsm x@ QHvt CU= umtt Qt= u}= xJQo = 'CU= xOW xO=iDU= Q
'ODi}@ Q=m R= =ysDU}UQ} R R= |m} xm |Dq=L QO xOt; CUOx@ G}=Dv "OwWv R=}v OQwt
OvJQy sDU}U MU=B pQDvm QO RmQtDt=v pQDvm sDU}U ?U=vt OQmrta |xOvyOu=Wv

CWwv=B
1. optimal classical control
2. instantaneous optimal control
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