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|v=QwO |=yxir-wt |awvYt w |ak=w ?=DW |i}] |r=oJ 6 |r= 4 |=ypmW
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ZQi Qw_vt u}= |=Q@ "CU= xR=U w l =N l}D=tv}U VvmsyQ@ Q=F; uDiQoQ_vQO =@
Q@=Q@ O=R; u=O}t QO `HQt |x]kv� R |x]kv =@ Q_=vDt |r=kDv= CmQL |=yxir-wt O}vm

"�8 pmW� OvW=@ �UR(t)
	

=
�
ugx(t); ugy(t); ugz(t)

	 =@
C=Q}}eD w OW=@ x QwLtCyH QO|}xRQr G=wt= Q=WDv= |=DU=Q xm|DQwYQO uwvm =
|r=kDv= CmQL |xir-wt 'OvwW ZQi R}J=v y QwLt |=DU=Q QO u}tR CmQL |v=mt
Oy=wN Q@=Q@ 'x QwLt |=DU=Q w |B |UOvy RmQt QO 'F ?rY |xOQDUo |B |OwQw

%=@ OW
uFx (t) = 1

b

Z b

0
ugx (x; t) dx (18)

QwLt |=DU=Q QO R |x]kv =@ Q_=vDt O=R; u=O}t |r=kDv= CmQL |xir-wt xm|DQwYQO
%OW=@ 19 |x]@=Q CQwYx@ x

ugx (t) = 1
2�
Z 1
�1

Ugx (!) exp (i!t) d! (19)

%OW Oy=wN 20 |x]@=Q CQwYx@ 18 |x]@=Q Qo}O sQi '17 |x]@=Q x@ xHwD =@ x=ov;
uFx (t) = 1

2�
Z 1
�1

�Fx (!)Ugx (!) exp (i!t) d! (20)

(1=b) R b0 TBA(x; !) exp(�i!x=VA)dx =@ Q@=Q@ �Fx (!) ?} Q[ u; QO xm
QwLt |=DU=Q QO |B |OwQw |r=kDv= |xir-wt u=wD|t 20 |x]@=Q R= xO=iDU= =@ "CU=
|UOvy RmQt =@ Q_=vDt |r=kDv= |=yxir-wt u=wD|t x@=Wt Qw]x@ "OQm x@U=Lt =Q x

|OwQw |}xQ=wyo |xir-wt u}}aD |=Q@ "OQw; CUOx@ =Q Qo}O QwLt wO |=DU=Q QO w |B
%OQm xO=iDU= 21 |x]@=Q R= u=wD|t R}v y QwLt pwL |B

�Fy (t) = 1
2�
Z 1
�1

�F�y (!)Ugz (!) exp (i!t) d! (21)

%=@ CU= Q@=Q@ �F�y(!) ?} Q[ u; QO xm
(12=b3)

Z b

0
[(b=2)� x] :TBA(x; !) exp(�i!x=VA)dx

'CU= x@U=Ltp@=k 21 |x]@=Q R= '�Fz '|B |OwQw |WJ}B |xir-wt x@=WtQw]x@
?} Q[ =@ Ugz (!) |xir-wt w �F�y(!) ?} Q[ 21 |x]@=Q QO xm Cw=iD u}= =@

"?rY K]Ut |xOQDUo |B |=Q@ xOW xDiQoQ_vQO pOt "8 pmW

%=@ OW Oy=wN Q@=Q@ x QwLt |=DU=Q QO |}xRQr
�u (x; !) = uB (x; !)� uA (!) =

juB (x; !)j � exp [i! (t� x/VA)]� juA (!)j � exp [i!t] (11)

'OwW h} QaD juA(!)j x@ jUB(x; !)j C@Uv =@ Q@=Q@ TBA(x; !) xm|DQwY QO
%OW Oy=wN 12 |x]@=Q CQwYx@ 11 |x]@=Q sQv

j�u(x; !)j
juA(!)j =

q
1� 2TBA(x; !) cos(!x=VA) + T 2

BA(x; !)

(12)

A |x]kv u=mtQ}}eD x@ B w A |x]kv wO u=mtQ}}eD hqDN= C@Uv Qou=}@ xm
Q}N-=D xvwoI}y B w A |x]kv wO u}@ OwW ZQi xm|t=ovy 12 |x]@=Q "CU=
13 |x]@=Q x@ 'OW=@ 0 � TBA(x; !) � 1 xmv}= ZQi =@ w OQ=Ov OwHw |v=tR

%OW Oy=wN p}O@D
j�u (x; !)j
juA (!)j = 1� TBA (x; !) (13)

'uA |DmQL |=yxir-wt |i}] |r=oJ =@ Q_=vDt |�=Qoty `@=D xm|DQwYQO |iQ] R=
%OwW h} QaD 14 |x]@=Q CQwYx@ 'AB(x; !) w uB

AB (x; !) = SAB (x; !)
SAA (!)SBB (x; !)

=

jAB (x; !)j � exp
�
� i!x
VA

�
(14)

w 'uB w uA |DmQL |=yxir-wt `]=kDt |i}] |r=oJ SAB(x; !) u; QO xm
|DmQL |=yxir-wt |i}] |r=oJ ?}DQDx@ SBB(x; !) w SAA(x; !) u}vJty
|i}] |r=oJ ' x x=Dwm pY=wi |=Q@ xmv}= x@ xHwD =@ "OvDUy uB w uA
xm ZQi u}= =@ 'CiQo Q_vQO u=Um} ,=@} QkD u=wD|t =Q uB w uA |=yxir-wt
11 |x]@=Q =@ Q_=vDt |i}] |r=oJ 'SAA(!) = SBB(x; !) = Sg(!)

%OW Oy=wN 15 |x]@=Q CQwYx@
S� (!) = 2Sg (!) [1� jAB (x; !)j] (15)

QO 15 |x]@=Q |Q=Po}=H =@ '
q

S�(x;!)
Sg(!) = j�u(x;!)j

juA(!)j x@ xHwD =@ wQ u}= R=
%OW Oy=wN 16 |x]@=Q j@=]t TBA(x; !) '13 |x]@=Q

TBA (x; !) = 1�p2� 2 jAB (x; !)j (16)

CUOx@ =Q TBA(x; !) u=wD|t ?U=vt |�=Qoty `@=D l} ?=NDv= =@ ?}DQD u}= x@
|x]kv� A|x]kv x@ C@Uv =Q u}tR K]U |wQ B |x]kv |v=mt C=Q}}eD w OQw;

%OQw; CUOx@ 17 |x]@=Q R= '�`HQt
uB (x; !) = TBA (x; !) � juA (!)j � exp [i! (t� x/VA)] (17)

|DmQL |=yxir-wt u=wD|t '8 |x]@=Q x@ xHwD =@ w uB |DmQL |xir-wt |x@U=Lt =@
|=yxir-wt uOw@XNWt =@?}DQD u}= x@ w OQm x@U=Lt R}v =Q xir-wt u}= =@ Q_=vDt|v=QwO
\=kv |DmQL |=yxir-wt u=wD|t '�`HQt |x]kv� u}tR K]U R= x]kv l} |DmQL
x=ox}mD OvJ =@ |=yxR=U |rm l} QLD |=Q@ =yu; R= w x@U=Lt =Q u}tR K]U Qo}O

"OQm xO=iDU= =ypB Ovv=t
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%OW Ovy=wN 23 |x]@=Q =@ Q@=Q@ �Fx (!)

�Fx (!) =

(
sin (�)
�

�
p2�x!b
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�
cos (�)� 1

�2 + sin (�)
�

�)
+i

(
cos (�)� 1

�
+
p2�x!b
VS

�
sin (�)
�2 � cos (�)

�

�)

�F�y (!) = 12
b

8<:
h 1�cos(�)

�2 � sin(�)
2�

i
+
p2�x!b
VS

� h 1+3 cos(�)
2�2 + sin (�)
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2� � 2

�3
�i 9=;

�12i
b

8<:
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2� � sin(�)
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� h 3 sin(�)
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|xvt=O C=Q}}eD X=N Cq=L "CU= O=R; u=O}t x@ |B |OwQw |DmQL |=yxir-wt
xOW xO=O u=Wv 1 pwOH QO '23 |x]@=Q =@ Q_=vDt |B |OQwQw |DmQL |=yxir-wt
|}xRQr G=wt= s�=k Q=WDv=?}DQDx@ '�x ! 0 w �! 0 R= Qw_vt pwOH u}= QO "CU=
C=Q}}eD "CU= |[Qi x=oDN=U =@ Q_=vDt u}tR CmQL |v=Uty=v Q=F; uOw@ R}J=v w
|x]@=Q R= xO=iDU= =@ uFx w �Fy |=yxir-wt =@ Q_=vDt |B |OwQw |=yCmQL |xvt=O
CQwYx@� �x ! 0 \}=QW |=R= x@ 1 pwOH R= xO=iDU= =@ w �j}kO CQwYx@� 23
'�x=VS = 0 0001 w VA hrDNt Q}O=kt |=R= x@ w � QDt=Q=B p@=kt QO '�|@} QkD

"CU= xOW s}UQD 12 w 11 |=ypmW QO
x@ |DL xm OyO|t u=Wv |ak=w p}O@D `@=wD =@ |@} QkD p}O@D `@=D |xU}=kt
u}tR |=yCmQL |v=Uty=v sm Q=F; R= u=wD|tv R}v lJwm |Qy=_ |=yCaQU |=R=
'|}xRQr G=wt= |Qy=_ CaQU w l} QLD Ot=U@ V}=Ri= =@ u}vJty "OQm Q_vhQY
|OwQw |=yCmQL p}O@D `@=wD Q}O=kt Q@ u}tR |=yCmQL |v=Uty=v Q}F-=D G} QODx@
?} Q[ R= QDW}@ �F�y(!) ?} Q[ Q@ q=@ |=yOt=U@ QO Q}F-=D u}= "O@=}|t V}=Ri= |B
lJwm Q}O=kt |=R= x@ |DL xm OUQ|tv Q_vx@ 'G}=Dv u}= x@ xHwD =@ "CU= �Fx (!)

G=wt= |v=tR C=Q}N-=D Q}F-=D \ki =yu; |x@U=Lt QO xm |r}O@D `@=wD R= u=wD@ '�x
|DmQL |=yxir-wt pw@kp@=k u}tND |=Q@ 'CU= xOW xDiQoQ_vQO Qo}Om} x@ C@Uv
x@ =yxir-wt u}= QDW}@ |oDU@=w R= |W=v� xrRrR |v=QwO |=yxir-wt ,=YwYNt '|OwQw
u; QmP xm |Qo}O |xDmv "OQm xO=iDU= xOQDUo |=y|B '�l} QLD |q=@ |=yOt=U@

<=R= x@ '� QDt=Q=B p@=kt QO |@} QkD w j}kO �Fx (!) C=Q}}eD |UQQ@ "11 pmW
"�x=VS = 0 0001 w VA hrDNt Q}O=kt

OwHw =@ "OvwW|t u} Ro}=H Ugy (!) |xir-wt w �F�z(!) = 1
1+(a=b)2 �F�y(!)

|}xO=U |Qy=_ sQi ,qwtat 'jAB(x; !)j '|�=Qoty u=Oki `@=wD xmv}= p}rO x@ 'u}=
|y=o w xOW xO}J}B �Fx (!) =} w �F�y(!) ?}=Q[ u}}aD ,qwtat xH}DvQO 'OvQ=Ov

"Ow@ Oy=wN umtt |OOa CQwYx@ =yp=QoDv= pL \ki
'p}O@D `@=wD Q@ �x Oa)@|@ pt=aC}ty= u=R}t |UQQ@ |=Q@ xar=]t u}= |xt=O= QO
x�=Q= 'OW=@ lJwm �x Q=Okt xm|Dr=L |=Q@ ?}=Q[ u}= u}}aD |=Q@ |@} QkD |WwQ
u} QDG}=Q R= |m} xm � 22 |x]@=Q |�=Qoty u=Oki `@=D R= Qw_vt u}= |=Q@ "OwW|t
[20]%OwW|t xO=iDU= '�CU= C=ar=]t QO xO=iDU=OQwt |�=Qoty u=Oki `@=wD |=ysQi

jAB (x; !)j = exp
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�xx!
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�2#
(22)

|=yCmQL R}J=v |v=Uty=v \}=QW QO '=Q |�=Qoty u=Oki `@=D u}= xmv}= x@ xHwD =@
Qw]x@ u=wD|t 'u}tR O}OW CmQL ?r=e |=yOt=U@ w ��x lJwm Q}O=kt� u}tR
TBA(x; !) `@=D ?}DQD u}= x@ "CiQo Q_vQO 1� (�xx!=VS)2 =@ Q@=Q@ |@} QkD
|xOvyOu=Wv?}DQDx@ 10 w 9|=ypmW "OW Oy=wN xO=U1�p2(�xx!=VS)x@
Q}O=kt |=R= x@ Ot=U@ p@=kt QO|@} QkD w j}kO TBA(x; !) w jAB(x; !)jC=Q}}eD

"OvDUy �z=VS = 0 0001 w x = 20; 40; 60 m hrDNt
Q}O=kt u}@ |rw@kp@=k |Q=oR=U 'OwW|t xOy=Wt =ypmW u}= QO xmv=vJ
?r=e |=yOt=U@ |xwOLt QO |@} QkD w j}kO TBA(x; !) w jAB(x; !)j

QO '�u}J\N� |@} QkD w �\N� j}kO |�=Qoty u=Oki `@=D C=Q}}eD |UQQ@ "9 pmW
"�x=VS = 0 0001 w x = 20; 40; 60 mhrDNt Q}O=kt <=R= x@ Ot=U@ p@=kt

p@=kt QO '�u}J\N� |@} QkD w �\N� j}kO TBA(!) C=Q}}eD |UQQ@ "10 pmW
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a; b; �x ! 0 1 !=VA

K]U V}=Ri= x@ QHvt 'CNU w `iDQt |=yxR=U |=Q@ Ov=wD|t Twmat CQwYx@
"OwW xrRrR |}xQ=wyo |=yxir-wt |Q=PoQ=@ R= |W=v |xR=U Q@ OQ=w |}xRQr |=ywQ}v

|Q}oxH}Dv
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|=yxir-wt ?=DW |awvYt |i}] |r=oJ u}}aD CyH u; R= w OW x�=Q= 'xOWKqY=
|=}=Rt R= "OW xO=iDU= Q_=vDt |r=kDv= |=yxir-wt |i}] |r=oJ j} Q] R= xrRrR |v=QwO
QO "CU= |ak=w |=yCW=ov |i}] |r=oJ =@ u; pw@kp@=k j@=]D 'xOWx�=Q= VwQ
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l}D=tv}U VvmsyQ@ Q=F; uDiQoQ_vQO =@ u}vJty "OW x�=Q= '=ypB uwJty |y=ox}mD
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Abstract
One of the main challenges in structural analysis is the
reliable de�nition of structural loading; especially the
loading pattern due to earthquake input acceleration at
the base of the structure. During the past four decades,
in spite of the fact that six components|three trans-
lational and three rotational|are needed to describe
strong ground motion (SGM) and excitation due to ro-
tational motion, which are mainly associated with fail-
ures of some tall and long structures in the course of
past earthquakes, like Kobe and Northridge, structural
analysis procedures are still based on the principles of
classical earthquake engineering, and the e�ects rota-

tional components on the seismic loading of structures
are ignored. One reasons for such assumption is the com-
plexity of the derivation of simple seismic loading
patterns for structures subject to rotational load-
ing.
This study addresses research on the e�ects of earth-
quake rotational components on the seismic loading pat-
terns of engineering structures, due to spatial variations
of earthquake ground motion (SVEGM). To achieve this
objective, at �rst, a new method is derived to obtain
the power spectral density function of the rotational
ground motion in free-�elds in terms of translational
components, by modifying the Kanai-Tajimi SDF. Next,
a new procedure is presented using a coherency func-
tion to obtain the SVEGM pattern in the time domain.
The presented technique is applicable for the earthquake
loading of multiple support structures, such as bridges,
pipelines, and buildings, supported on spread founda-
tions, etc. Moreover, a simple relation is derived in or-
der to estimate the input rotational and translational
motions of rigid mat foundations, by considering the ef-
fects of kinematic soil structure interaction. The numer-
ical results show that ignoring the e�ects of kinematic
soil structure interaction in the seismic excitation of ex-
tended structures may lead to the unsafe loading of these
structures.

Key Words: earthquake rotational components, phase
velocity, principal axes, phase delay, coherency, multiple
support excitations.
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