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|m}D=DU=x@W VwQx@ |}xv=O l =N
�|QDmO |wHWv=O� Q}ov=yH u}ULOtLt

�Q=}Wv=O� �|WQiD TOkt QY=vO}U
|Uw] u}Or=Q}Yv xH=wN |DavY x=oWv=O 'u=Qta |UOvyt |xOmWv=O

QBU |}xRQr p}rLD |=Q@ =Q u} wv |WwQ '?trwm |m}D=DU= VwQ |xaUwD =@ Q=DWwv u}=
Q}F=D "Ovm|t x�=Q= |m}D=DU=x@W VwQ T=U=Q@ |rYit |=B =@ |}xv=O l =N QO xOWQ=yt
sw=kt w lQLt Q=Wi `} RwD Q@ xrRrR |ki= w s�=k ?=DW 'l =N |rN=O l =m]Y= |x} w=R
xOW |UQQ@ Q=yt |WWm |wQ}v w R=}vOQwt uwiOt jta '|WtN Qovr u=R}t 'QBU Q@ OQ=w

xrRrR |ki= ?=DW w l =N l =m]Y= |x} w=R V}=Ri= xm OvyO|t u=Wv pY=L G}=Dv "CU=
s�=k ?=DW QF= xm|r=LQO 'OvQ=O |yHwDp@=k Q}F-=D Q_vOQwt |=yQDt=Q=B w QBU OQmrta Q@

"CU}v xHwDp@=k =yQBU xvwou}= |@=} RQ= QO |ki= ?=DW R= sm Q}O=kt |=Q@ XwYNx@ xrRrR
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Qovr 'QBU uwiOt jta 'sw=kt w lQLt Q=Wi `} RwD 'xOWQ=yt QBU %|O}rm u=oS=w
"Q=yt |wQ}v 'xv}W}@ |WtN

xtOkt "1
l =N |@v=H Q=Wi |x@U=Lt |=Q@ |Qw�D |WwQ 'xv}tR u}= QO C=ar=]t u}rw= R=
[3]"CU= hwQat 1x@=mw=� x@ wvwvwt VwQ u=wva CLD QDW}@ xm [2w1]'CU=yQ=w}O Q@
=@ QBU uOQmpOt R= pY=L |@} QkD VwQ R= xO=iDU= =@ ?rY Q=w}O |=Q@ u}vJty
[4]"CU= xOW x�=Q= =yxRQru}tR COW T=U=Q@ |rw=OH 'xOW KqY= |WQ@ Q}D l}
x@=mw=� x@ wvwvwt VwQ |x}=B Q@ QBU CWB l =N Q=@ QU QF= |WywSB QO u}vJty
l} R}v w [5]'CU= xOW x�=Q= Q=w}O Q@ |ki= w s�=k |=y?=DW QF= uDiQoQ_vQO =@
Q=w}O C@=F |}=H@=H R= |W=v |=yxRQr u}tR =@ j@=]t O}OH |}xRQr |L=Q] VwQ
xOW x�=Q= |vRw p�=L |=yQ=w}O |=Q@ u}tR CmQL QO O}OWD C=QF= uDiQoQ_vQO =@ w
Q=w}O l} |=Q@ |}xRQr |L=Q] |=Q@ |}=yVwQ u=kkLt |wU R= R}v ,=Q}N= [6]"CU=
|x}=B Q@ =yVwQ u}= xD@r= [12�7]"CU= xOW O=yvW}B l =N |@v=H Q=Wi CLD p�=L
Q@ xrRrR ?=DW |v=tR |xJN} Q=D C=QF= uDiQoQ_vQO uwO@ w |m}D=DU= pO=at p}rLD
|WwQ '|m}t=v}O p}rLD VwQ T=U=Q@ R}v u=QoWywSB |NQ@ "OvQ=wDU= Q=w}O w l =N
�|vRw� ?rY p�=L |=yQ=w}O Q@ OQ=w |}xRQr sw=kt w lQLt Q=Wi |x@U=Lt |=Q@ =Q
[16�13]"Ov=xOQm O=yvW}B l =N QO |Q=Wi w |WQ@ G=wt= C=Q}}eD uDiQoQ_vQO =@ w
|WwQ 'Q=w}O |v=QwO |Q=O}=B uDiQoQ_vQO =@ p�=L Q=w}O |}xRQr |L=Q] QO u}vJty
xOW x�=Q= xrRrR R= |W=v ?=DW QF= CLD Q=w}O Q@ OQ=w |@v=H Q=Wi |x@U=Lt |=Q@
\}=QW QOp�=L|=yQ=w}O Q@ OQ=w|@v=H Q=Wi `} RwDXwYNQO|D=ar=]t w [17]"CU=

[19w18]"CU= xOW s=Hv= |m}t=v}Ox@W w |m}D=DU=x@W p}rLD T=U=Q@ xRQru}tR
p}rLD |=Q@ ?U=vt |r}rLD VwQ l} u=Oki u}@t xDWPo u=QoWywSB C=ar=]t
Q=DWwv u}= QO =Pr "CU= xrRrR QF=CLD �Q}PBh=]av= |=yp�=L |xrRvtx@� =yQBU Q=DiQ

x}rND '=yQw=vW |Q}owryB |=Q@ |rL=U |=yxR=U CN=U QO |Rri |=yQBU R= xRwQt=
|=yQBU u=}t u}= QO xm OwW|t xO=iDU= |a}Uw Qw]x@ QO=v@ QO =yu; |Q}oQ=@ w
Q=yt |=yQBU |iQ] R= "OvQ_vOQwt Q=OQ}o w |rYit |=yDv= Cr=L wO QO |Oqwi
QO xOW O=H}= |WtN Qovr u=R}t Vy=m w QBU uwiOt jta Vy=m p}rOx@ xOW
=yQBU Q=DiQ XwYNQO xOW s=Hv= |=y|UQQ@ u}vJty "OvQ=O |QDW}@ OQ@ Q=m u;
Qovr u=R}t Vy=m seQ|ra Q=OQ}o |=yDv= =@ xOW Q=yt |=yQBU xm OvyO|t u=Wv
uwiOt jta OvtR=}v '|rYit |=yDv= Cr=L =@ xU}=kt QO QBU QO xv}W}@ |WtN
Qy QO R=}vOQwt uwiOt jta CU= |y}O@ "CU= sRq |Q=OQ}o u}t-=D |=Q@ |QDW}@
w QBU O=R; pw] 'l =N |DNU 'l =N ẁv R= |a@=D Q=OQ}o w O=R; |=yDv= Cr=L wO
|=yVwQ QO ,=DOta xm � QBU w l =N |@Uv |DNU 'QBU TvH Q}_v |Qo}O pt=wa

"CU= �OvQ}o|t Q=Qk Q_vOt |OOa p}rLD
|=yQ=w}O Q}_v |m}vmDw�S |=yxR=U |L=Q] QO syt p�=Ut R= |m} u=}t u}= QO
xRQru}tR ẁkw \}=QW QO xm CU= l =N |@v=H Q=Wi |x@U=Lt '=yQBU w p�=L
|m}t=v}O \}=QW QO "Ci=} Oy=wN u=OvJwO |D}ty= 'u; ?QNt C=QF= |x]U=wx@
VvmQOv= C=QF= 'Q=w}O w l =N |m}v=mt w |UOvy C=YNWt x@ =yQ=w}O u}= Q=DiQ
Qt= u}= xm OQ=O |oDU@ |OwQw |m}t=v}O C=mQL Ca}@] u}vJty w Q=w}O w l =N
CLD =yp�=L |L=Q] x@ "OR=U|t pmWt =Q Q=w}O w l =N sDU}U MU=B |v}@V}B
|m} "CU= xDiQo Q=Qk |Q=}U@ u=QoWywSB xHwD OQwt |}xRQr w |m}D=DU= \}=QW

pw�Ut xOvU} wv �
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|=yDv= =@ xOW Q=yt QBU |=Q@ l =N Xr=N |@v=H Q=Wi C=Q}}eD Q=Owtv "1 pmW
"|}xv=O l =N QO |rYit

|@ wQ}q R=QD Q} R |x}L=v QO "CU= R} Qm =N CtU R= lQLt Q=Wi 'OwHwt |@v=H
CtU R= w lQLt Q=Wi 'CU=Q CtU l =N hQ] R= 'QBU |@v=H pmWQ}}eD Crax@
`} RwD |x@U=Lt |=Q@ Q_vOQwt C=}[Qi "CW=O Oy=wN OwHw sw=kt Q=Wi 'QBU AJ

%CU= KQW u}= x@ |m}t=v}O |@v=H Q=Wi
|x} w=R =@ |}xv=O w 'u=Uty 'uoty CQwYx@ 'QBU pm pw] QO l =N p}iwQB "1

"(c = 0) CU= � |rN=O l =m]Y=
"OQ=O Q=Qk Q=w}O |q=@ R= L1 = l1 + l2 jta QO ?; |xQiU R=QD "2
"OvDUy kv w kh Q@=Q@ ?}DQDx@ xrRrR s�=k w |ki= ?=DW ?} Q[ "3

"OwW|t `]k x_Lr OvJ |=Q@ �OwHw CQwYQO� ?; Vw=QD 'xrRrR u}L QO "4
`} RwD x@ \w@ Qt \@=wQ '1 pmW QO Q=Wi |xOW xO=U `} RwD x@ xHwD =@ xt=O= QO
|L=wv QO |}xv=O l =N QO uwiOt |xOW Q=yt QBU |wQ Q@ |m}t=v}O Xr=N Q=Wi
CUOx@ l =N QO QBU uwiOt jta w L4 '�z pwyHt |=ypw] u}}aD =@ x=Qty hrDNt

"O};|t
xOW Q=yt QBU Q@ OQ=w |m}t=v}O lQLt |@v=H Q=Wi u=wD|t '1 pmW j@=]t

%OQm x@U=Lt 1 |x]@=Q R= xO=iDU= =@ =Q QBU T-=Q R= z = L1 jta QO

p1 = 
:L1:kae (1)

?} Q[ kae w ?; |xQiU R=QD |q=@ QO `k=w l =N XwYNt uRw 
 'x]@=Q u}= QO
2 |x]@=Q j@=]t xm CU= |}xRQr Cr=L QO ?trwm VwQ x@ lQLt |@v=H Q=Wi

%OwW|t x@U=Lt

kae = cos2(�� �)
cos �: cos(� + �):

h
1 +

q
sin(�+�): sin(���)

cos(�+�)

i2 (2)

l =m]Y= |x} w=R w l =N |rN=O l =m]Y= |x} w=R ?}DQDx@ � w � 'x]@=Q u}= QO
ZQi =@ xrRrR \}=QW QO '� |}xRQr |UQv}= |x} w=R u}vJty "OvDUy QBU w l =N

R= xO=iDU= =@ |}xRQr\}=QWCLD QBU |Q=O}=B 's=o x@ s=o uw}UqwtQi |x�=Q= w u}}@D =@
|=yxir-wt CQwYx@ xrRrR |=ywQ}v |m}t=v}O QF= uDiQoQ_vQO =@ w |m}D=DU= x@W VwQ
QO "CU= Q_vOQwt |r}rLD VwQ l} |x�=Q= |=Q@ |ki= w s�=k |=DU=Q wO QO ?=DW
l =N |rN=O l =m]Y= |x} w=R Q}_v hrDNt |=yQDt=Q=B QF= CN=vW Qw_vtx@ xt=O=
QBU Q@ OQ=w |@v=H Q=Wi u=R}t Q@ |Owta w |ki= |=DU=Q QO xrRrR |=y?=DW w
|xar=]t l} 'Q=yt |wQ}v w QBU QO xOW O=H}= |xv}W}@ Qovr 'u; uwiOt jta w

"CU= xOW s=Hv= `}Uw ,=D@Uv |QDt=Q=B

xOW Q=yt QBU uwiOt jta w |@v=H Q=Wi |x@U=Lt "2
|}xRQr Cr=L QO

pO=aD VwQ R= xO=iDU= Q@ |vD@t |rm Cr=L QO =yQBU swUQt |L=Q] |=yVwQ
|}xRQr |@=} RQ= pwtat |xw}W =Pr "CU= sw=kt w lQLt |=ywQ}v |ki= pO=aD w Qovr
?}=Q[ u; QO xm CU= |m}D=DU= x@W VwQ T=U=Q@ =yQBU Q}_v p�=L |=yQ=w}O
R= |W=v |UQv}= |=ywQ}v u}}aD |=Q@ 'u}tR pkF ?=DW R= |@} Q[ ?ULQ@ 'xrRrR
OvDUy u; R= QDxO}J}B Q=}U@ p�=L |=yQ=w}O Q=DiQ xJQo = "OvwW|t xO=iDU= xRQru}tR
um}r 'OW=@ =yu; Q@ OQ=w |@v=H |=ywQ}v u}tND x@ QO=k ,=k}kO xO=U VwQ u}= xm
u}= "CU= u=QoWywSB R= |Q=}U@ xHwD OQwt u=vJty xRwQt= '|OQ@ Q=m |xw}W u}=
pO=at |=ywQ}v CQwYx@ xrRrR QF= xm|Qw]x@ [2]'O=O xaUwD x@=mw=� x@ wvwvwt =Q VwQ
C@=F ?=DW "OwW|t p=ta= s�=k w |ki= C@=F |=y?=DW R= xO=iDU= =@ w |m}D=DU=
h} QaD av = kv:g CQwYx@ s�=k C@=F ?=DW w ah = kh:g CQwYx@ |ki=
C=yH QO xrRrR ?=DW ?}=Q[ ?}DQDx@ kv; kh w u}tR pkF ?=DW g xm OvwW|t
|@v=H CmQL xm CU= u;Q@ ZQi x@=mw=� x@ wvwvwt VwQ QO "OvDUy s�=k w |ki=
OwN |}=yv u=R}tx@ QBU u}iQ] QO sw=kt w lQLt Vv=Q xm OW=@ |OLx@ QBU w l =N
w l =N u}@ l =m]Y= |x} w=R |=Q@ |Q=Okt VwQ u}= QO xmu}= |xwqax@ "OUQ@
?trwm VwQ T=U=Q@ =yQ=w}O |wQ Q@ l =N Q=Wi u}tND QO "CU= xOWv ^=Lr QBU

%CU= xHwD p@=k C=}[Qi u}=
"CU= |oOv@UJ w |rN=O l =m]Y= |x} w=R |=Q=O w uoty 'u=Uty l =N "1

"CU= h=Y R} Qm =N K]U w K]Ut |}xLiY |oDN}Uo K]U "2
|oDN}Uo |xLiY pw] QO CN=wvm} CQwYx@ |m =m]Y= Ctw=kt `} RwD "3

"CU= f = tan� l =N =@ l =N l =m]Y= ?} Q[ w CU=
"OwW|t p=kDv= Q=JO xm CU= |@rY sUH '|oDN}Uo |xwo "4

C@Uv |oDN}Uo |xwo CmQL =@ xm 'CU= ��� l =N� Q=w}O l =m]Y= |x} w=R "5
"O};|t OwHwx@ l =m]Y= |wQ}v Q=w}O w l =N u}@ 'Q=w}O CWB K]U x@

?trwm \@=wQ T=U=Q@ w |m}D=DU=x@W VwQx@ QBU |}xRQr p}rLD Q=DWwv u}= QO
"CU= xOW s=Hv= |m}D=DU= pO=at |wQ}v CQwYx@ xrRrR ?=DW QF= uDiQoQ_vQO =@
|rYit |=B =@ |}xU=t l =N QO xOW Q=yt QBUl} |wQ |@v=H Q=Wi `} RwD '1 pmW
ZQi R= xO=iDU= "Ovm u=QwOO |x]kv pwL Ov=wD|t QBU xm|Qw]x@ 'OyO|t u=Wv =Q
=@ QBU =@xU}=ktQO QBU uwiOt jta Vy=m ?@U xOW Q=yt QBU |=Q@ |rYit |=B
R=QD uOw@u=Um} x@ xHwD =@ Q_vOQwt VwQ QO "OwW|t l =N QO Q=OQ}o |=yDv= ZQi
|DQ=@ax@ 'CU= xOW Q_vhQY QBU Q@ ?; |@v=H Q=Wi QF= R= 'QBU hQ] wO QO ?;
Q=Wi \ki =Pr 'Ovvm|t |FvN =Q Qo}Om} hQ] wO ?; Q=Wi xm CU= u}= Q@ ZQi
Q=Wi =yvD |@ wQ}q \N |q=@ |x}L=v QO "CiQo Oy=wN Q=Qk xHwDOQwt l =N QF-wt
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t %O};|t CUOx@ 13 |x]@=Q O |x]kv pwL =ywQ}v Qovr pO=aD uDWwv =@ u}vJty
�P:[(L1 + L2 + L3)� (�z + l1)]+

0 5[
b(kpe � kae)]:L24:
�
l2 + L2 + L3 + 2

3L4
�

= 0 (13)

|tm =@ "CU= E |x]kv R= P |ki= |wQ}v |xrY=i �z Q=Okt 'x]@=Q u}= QO xm
%O};|t CUOx@ 14 |x]@=Q CQwYx@ |twU |xHQO |xrO=at |R=UxO=U

L34 + 1 5L24(l2 + L2 + L3)� 3P [(L+ L3)� (�z + l1)]

b(kpe � kae) = 0

(14)

w xOW xO}@ wm QBU |UOvy \}=QW x@ xHwD =@ 'xOt; CUOx@ |xrO=at pL =@ p=L
Q=yt QBU Pwiv jta =Pr "OW Oy=wN u}}aD L4 Q=Okt 'l =N |Dtw=kt C=YNWt

%O};|t CUOx@ 15 |x]@=Q R= D l =N QO xOW
D = L3 + L4 (15)

sy=Qi =Q sw=kt Q=Wi pt=m G}U@ u=mt= 'QBU |@v=H u=mtQ}}eD Q=Okt ,=@r=e xm =Hv; R=
uwiOt jta |=Q@ |ak=wQ}e Q=Okt x@ QHvt sw=kt Q=Wi pm uDiQoQ_vQO =Pr 'OR=U|tv
x@ xm 15 |x]@=Q R= pY=L uwiOt jta Q=Okt OwW|t x}YwD =Pr "OwW|t QBU
xD@r= "O=O V}=Ri= OYQO 40 =D 30 pta QO =Q CU= swUwt |Qw�D uwiOt jta
u=v}t]= ?} Q[ p=ta= '|Qw�D uwiOt jta V}=Ri= |=H x@ u=QoWywSB R= |[a@

[20]"Ovvm|t x}YwD l =N sw=kt Q=Wi ?} Q[ Q@ =Q 2
=@ z = L1 + L2 =D z = L1 pY=i OL QO QBU QO |WtN Qovr |xv}W}@
QBU |q=@ R= z jta QO QiY VQ@ pLt "O};|t CUOx@ QiY VQ@ |x]kv u}}aD

%O};|t CUOx@ 16 |x]@=Q R= =ywQ}v |ki= pO=aD R= xO=iDU= =@
0 5p1L1 � F + p1(z � L1) + 0 5
bkae(z � L1)2 = 0 (16)

%OW|t u}}aD 17 |x]@=Q R= xv}W}@ |WtN Qovr 'z Q=Okt u}}aD =@
Mmax = � (0 5p1L1)

�
z � L1 + 1

3L1
�

+ F (z � L1 + l2)�

0 5p1(z � L1)2 � 0 5
bkae(z � L1)2
�

(z � L1)
3

�
(17)

uwiOt jta '|}xv=O l =N QO xOW Q=yt QBU Q@ OQ=w |@v=H Q=Wi `} RwD |@=} RQ= |=Q@
|QDw}Bt=m |}xt=vQ@ |x}yD x@ s=Ok= 'xv}W}@ |WtN Qovr w Q=yt |wQ}v 'l =N QO u;
xOW VN@ u}= QO xOt; CUOx@ \@=wQ T=U=Q@ MATLAB |xt=vQ@ \}Lt QO

"CU=

xOW Q=yt QBU l} |}xRQr p}rLD |QDt=Q=B |xar=]t "3
|at=H |QDt=Q=B C=ar=]t 'Q_vOQwt VwQ OQmrta uO=Ou=Wv |=Q@ VN@ u}= QO
C=YNWt "CU= xOW x�=Q= |}xRQr ?=DW QF= CLD xOW Q=yt QBU R= xvwtv l} |=Q@
|=yQDt=Q=B w QBU hQ] wO l =N|m}v=mt C=YNWt '�1 pmW j@=]t� QBU|UOvy
|ak=w Q=Okt u}}aD xm CU= QmP x@ sRq xD@r= "CU= 1 pwOH j@=]t xrRrR ?=DW
ẁv T=U= Q@ j}kO |=yV}=tR; s=Hv= sRrDUt QBU w l =N u}@ l =m]Y= |x} w=R

|=yl =N QO |rm Cr=L QO =t= &CU= QBU Q@ OQ=w l =N Q=Wi w QBU TvH 'l =N
|x} w=R Q=Okt R= QDsm |m =m]Y= x} w=R QBU =} h=Y Q=w}O =@ T=tD QO xOv@UJQ}e

R= 'kv pmWx@ s�=k ?=DW ?} Q[ w kh CQwYx@ CN=wvm} |ki= ?=DW ?} Q[
"CU= x@U=Lt p@=k 3 |x]@=Q

� = tg�1 [kh=(1� kv)] (3)

\N R=QD QO z = L1 +L2 jta QO |m}t=v}O lQLt |@v=H Q=Wi COW u}vJty
%OwW|t u=}@ 4 |x]@=Q CQwYx@ |@ wQ}q

p2 = (
:L1 + 
b:L2):kae (4)

Q=Wi "CU= 
b = 
sat � 
w =@ Q@=Q@ 'l =N Qw=vW XwYNt uRw 'u; QO xm
|x]@=Q j@=]t QBU |q=@ R= z jta QO `k=w E QiY Q=Wi |x]kv QO |@v=H lQLt

%OwW|t x@U=Lt 5
pae = (
:L1 + 
b:L2 + 
b(z � L1 � L2)) :kae (5)

CUOx@ 6 |x]@=Q R= z > L1 +L2 jta QO sw=ktCr=L QO |@v=H Q=Wi u}vJty
%O};|t

ppe = 
b(z � L1 � L2):kpe (6)

w CU= |}xRQr Cr=L QO ?trwm Q=}at T=U=Q@ sw=kt Q=Wi ?} Q[ kpe 'u; QO xm
%OwW|t x@U=Lt 7 |x]@=Q CQwYx@

kpe = cos2(�� �)
cos �: cos(� + �):

h
1�

q
sin(�+�): sin(���)

cos(�+�)

i2 (7)

|x]@=Q R= |@ wQ}q \N Q} R R=QD QO Xr=N |@v=H Q=Wi '6 w 5 |=yx]@=Q ?}mQD =@
%O};|t CUOx@ 8

p = pae � ppe = p2 � 
b(z � L):(kpe � kae) (8)

|=R= x@ 'L3 pw] u=R}t T=U=Q@ |@ wQ}q \N Q} R E |x]kv C}akwt C}=yvQO w
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