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|=yx}=B '=yQwD=tQ; |oOQwN '|]NQ}e OwOLt u=tr= p}rLD %|O}rm u=oS=w
"=ypB |xtQ;uD@

xtOkt "1
C=k}kLD 'Q}N= |=yp=U QO "Ovm|t Rw=HD R}v QqO OQ=}r}t u}OvJ R= pkv w ptL
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=@ =Q =ypB |vt}= w '|Q@ Q=@ 'C}iQ_ QO |oOQwN C=QF= |xQ=@ QO j}kLD CQwQ[
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CL=Ut Q}}eD xrtH R= =yQwD=tQ; |oOQwN C=QF= uDiQoQ_vQO u=mt= 'ABAQUS
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|U} wvxt=vQ@ R= C=QF= u}= ^=Lr |=Q@ O}=@ Q=J=vx@ 'OvQ=Ov x}rw= p}rLD R= Oa@ =Q Oqwi w

"OQm xO=iDU= Matlab Ovv=t |}=y\}Lt QO

|]NQ}e OwOLt u=tr= p}rLD |xt=vQ@ "2
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|U} wvxt=vQ@ \}Lt QO 'CU= xtQ;uD@ |=yxR=U |=Q@ |oOQwN C=QF= uDiQoQ_vQO
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QO "OQ=O =Q =yQwD=tQ; |oOQwN R= |W=v hrDNt C=QF= w '=yxv=OnvU |Q}oQO
T} QD=t uOQmQ=wU w u=tr= |DNU T} QD=t uOQw;CUOx@ |=Q@ xDiQQ=mx@ C=@U=Lt
|xt=vQ@ QO "CU= xOW xO=iDU= ZwQit |a}@] |=yVvQm VwQ R= xR=U pm |DNU
wQ}v lJwm |=ys=o p=ta= =@ |W}=Ri= |xOWKqY= VwQ R= xOWxDWwv |r}rLD
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G}=Dv j@=]t "CU= u=t}U Cqt w =yxv=O u}@ T=tD |x}L=v QO R} Q |=ylQD
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"Q=Wi w VWm QO Oqwi VvQm� VvD |vLvt "2 pmW

"xR=U |r=wDt VN@ wO u}@ Solid Shell u=tr= l} "3 pmW

|Q@ Qi=Ut |=y=t}B=wy |xvO@ |L=Q] QO Q=@ u}rw= u=tr= u}= "s}=xOQm xO=iDU= =yuwDU
u=ty =} Solid Shell Element u=tr= u}= s=v "CU= xOW xO=iDU= nv}�w@ CmQW
C=YNWt R= |}xYqN =Hv}= QO xm CU= �|}xQo 8 s}N[ Q=OH pW� SS8 u=tr=

[16]"�3 pmW� CU= xOW x�=Q= u;
x@U=Lt |vqw] pL=Qt |] u=tr= |rLt x=oDUO QO u=tr= u}= |DNU T} QD=t

"OwW|t x�=Q= CtUk u}= |xt=O= QO xYqN CQwYx@ w OwW|t
u=tr= |rLt x=oDUO |O=R; C=HQO pLt QO u=tr= Qy |DNU T} QD=t =OD@=
u}=Q@=v@ '�OvQ=O |O=R; |xHQO xU s=Om Qy xm |}xQo CWy u=tr=� OwW|t x@U=Lt
T} QD=t R= xO=iDU= =@ TBU 'Ow@ Oy=wN 24 QO 24 u=tr= Qy |=Q@ |DNU T} QD=t
xR=U |twta x=oDUO QO xOWh} QaD |O=R; C=HQO x@ 9 |x]@=Q QO xOWx�=Q= p=kDv=
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xm|v=tR =D "CU= lQD CyH |R=wt |U=tt |a=HDQ= pwOt E2 'x]@=Q u}= QO
=@ xm 5 |x]@=Q QO � ?} Q[ "OwW|tv O=H}= |Oa@ lQD 'OW=@ xOWv �t � �2
|Q}oQO R= |W=v 'OyO|t Vy=m =Q u; �G� xOQwNvlQD uD@ |WQ@ |DNU QO ?Q[
u}= Q=Okt "CU= hwQat 5|WQ@ Ci=} R=@ ?} Q[ x@ w CU= |}xv=@ R C=QF= w =yxv=O
Q_vQO 0 75 Q@=Q@ =Q u; Q=DWwv u}= QO xm OwW|t xDiQo Q_vQO 1 =D QiY u}@ ?} Q[
|=yVvD OOHt `} RwD '|Oqwi |=yQwD=tQ; w uD@ u}@ |oOv@UJ p}rOx@ "s}=xDiQo
=ylQD u}@ uD@ |WWm Ctw=kt |}=v=wD "OwW|t s=Hv= =yQwD=tQ; x@ uD@ R= |WWm
VN@ QO w xt=O= QO xm 'OQ=O s=v |WWm |DNU |xO}OB 'lQD Q@ Owta Q}Ut QO
=yVvQm w =yVvD |xU}=kt |=Q@ =ypQDvm "OwW|t h}YwD |oOQwN C=QF= K}[wD
|x]kv xU QO |va} x}qQy \Uw QO 'CU= xOW p}mWD x}q xU R= xm u=tr= Qy QO

"OwW|t s=Hv= |Uwo
l} QO xm OyO|t u=Wv 90 |xyO QO xOWs=Hv= C=k}kLD %u=tr= |xR=Ov= C=QF=
VvD |vLvt |rwRv |xN=W pw] w pmW 'u=tr= |xR=Ov= ?=NDv= |]NQ}e p}rLD
[15]"CW=O Ovy=wN OwOLt u=tr= |=ypOt R= pY=L MU=B Q@ |tyt QF= VvQm�
[14]'Cv=R=@ |xrO=at x}@W VvQm� VvD |vLvt |=Q@ xm OW xO=O u=Wv u}vJty
u=tr= Qy |=Q@ C=ar=]t u}= j@] "CU= uOQmQ_vhQY p@=k "tu p@=ktQO f 0t QF=
R= "tu u}vJty "CW=O Oy=wN =Q |D=@U=Lt ?=wH u} QDy@ xm OQ=O OwHw "tu l}

%OwW|t x@U=Lt 6 |x]@=Q
"tu = 0 004e�0 008h (6)

"CU= xOW x�=Q= QDt|r}t ?UL Q@ h 'xrO=at u}= QO

|Oqwi Kr=Yt C=YNWt "3"2
|R=UpOt |=Q@ xOQDUo pOt VwQ R= xOWxDWwv OwOLt u=tr= |r}rLD |xt=vQ@ |=Q@
pt=m |oDUw}B w VNB uD@ |wQ Q@ Oqwi 'pOt u}= QO "CU= xOW xO=iDU= =yQwD=tQ;
xOW xDN=U |D} RwBt=m |=yu=tr= 'VywSB u}= QO "OwW|t ZQi uD@ w Oqwi u}@
pOt R= =yQwD=tQ; Q=DiQ u=}@ |=Q@ u}vJty "CU= xOW?=NDv= u=tr= =@ ?U=vt xm
CQwYx@ uOW|Q=H R= p@k Oqwi VvQm� VvD |x]@=Q "CU= xOW xO=iDU= |]NwO

%CU= 7 |x]@=Q8>><>>:
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d�12
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2664 Es 0 0
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8>><>>:

d"1
d"2
d
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9>>=>>; (7)

R= TB 'pOt u}= QO "CU= Oqwi |QwLt lD |a=HDQ= pwOt Es '7 |x]@=Q QO
"OwW|t KqY= 8 |x]@=Q CQwYx@ VvQm� VvD |x]@=Q OW |Q=H Oqwi xmv;8>><>>:
d�1
d�2
d�12

9>>=>>; =

2664 E�s 0 0
0 0 0
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d
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'2 pmW QO "CU= Oqwi |WvQm |oOvwWCNU |a=HDQ= pwOt E�s '8 |x]@=Q QO
|Oqwi |=yQwD=tQ; |=Q@ xOWxDiQoQ_vQO |WvQm |oOWCNU =@ |]N wO Q=Owtv
"OwW|t ?=NDv= E�s = (0 01 � 0 05)Es OQ=wt ?re= QO "OwW|t x_Lqt

|r}rLD |xt=vQ@ QO xDiQQ=mx@ u=tr= h}YwD "4"2
uDiQoQ_vQO =@ xtQ;uD@ |=yxR=U|]NQ}ep}rLD |xr�UtC}ty= uO=Ou=Wv Qw_vtx@
uOQmpOt |=Q@ xDiQW}B Q=}U@ u=tr= l} R= VywSB u}= QO '=yQwD=tQ; |oOQwN C=QF=
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|=yVN@ uOQmpOt QO =yu=tr= u}= OQ@ Q=m u} QDy@ "OvyO|t u=Wv OwN R= Ct=N[
x@ s}HL |=yu=tr= |=yxQo p=YD= x@ R=}v uwO@ '|Oa@xU |xR=U l} Ovv=t xDUwB

�hr=5 pmW� "CU= xDUwB |=yu=tr= |=yxQo
u=mt= 'VywSB u}= QO xDUw}B |=yxR=U uOQmpOt |=Q@ u=tr= u}= ?=NDv= Cra
|D} RwBt=m |=yC}r@=k R= xO=iDU= w |oOQwN C=QF= =@ Oqwi w uD@ u=tRsy uDiQoQ_vQO
u=tr= l} R= u=tr= u}= pY= QO "CU= |]NQ}e OwOLt |=RH= pOt QO u=tr= u}=
QO xOWxDiQoQ=mx@ |=yG=DvDU= QDW}@ "CU= xOW jDWt �SS8� s=v x@ |}xQo CWy
|xDUwB |=yu=tr= |=Q@ ZwQit |a}@] |=yVvQm VwQ R= u=tr= u}= C=@U=Lt
|=Q@ 6�ANS� ZwQit |a}@] |=yVvQm VwQ R= w [17]'|Uwk wO lR=v Q=OH
u=tr= QO xOWxDiQo Q_vQO EL=@t "Ovvm|t |wQ}B [18]QvU} Q� u}rOv}=t C=LiY
s}HL |=yu=tr= QO xm OvDUy |FL=@t R= QDxO}J}B Q=}U@ s}N[ Q=OH |xDUwB
u=wD|t u=tr= u}= O=} R Q=}U@ |=yC}r@=k xrtH R= xm 'OvwW|t xDiQo Q_vQO |rwtat

%CiQo Q_vQO =Q OQ=wt u}=

"SS8 u=tr= OQ@ Q=m xvwtv l} "5 pmW

%OwW|t x@U=Lt 10 |x]@=Q R= '9 |x]@=Q QO Tii

Tii =

2664 Tx(3i�2) Tx(3i�1) Tx(3i)
Ty(3i�2) Ty(3i�1) Ty(3i)
Tz(3i�2) Tz(3i�1) Tz(3i)

3775 (10)

x@ 8� |xQo R= u=tr= pw= |=DU=Q� x QwLt u}@ |x} w=R Twv}Um Txi '10 |x]@=Q QO
|O=R; |xHQO u}t)=i w �CU= u=tr= K]Ut=v |x}qu=}t |xv=}t u}rw= xm 6� |xQo
xR=U hrDNt |=yVN@ QO C=yH xm � CU= sDU}U |twta C=YDNt x=oDUO QO
CU= z QwLt Qov=}@ zT}Ov= xm |r=L QO &�OvDUy Cw=iDthrDNt |=yDOF |=Q@
T}Ov= w �u=tr= K]Ut=v |x}qu=}t |=yxv=}t u}twO w u}rw= u}@ |HQ=N ?Q[�
|x}qu=}t pw= |xv=}t w =yz QwLt u}@ |HQ=N ?Q[� CU= y QwLt Qov=}@ y

�4 w 3 |=ypmW� "�u=tr= K]Ut=v
CyH l} '3 pmW QO xOWxO=O u=Wv u=tr= |xQo Qy |=Q@ ,=YNWt xm =Hv; R=
T} QD=t w OvQ=O =Q OwN X=N  i l} Qy 'CU=xOW h} QaD |O=R; |xHQO X=N
u=Wv CQwYx@ xR=U |twta C=YDNt x=oDUO x@ u=tr= C=YDNt x=oDUO R= p=kDv=

"Ot; Oy=wN CUOx@ '8 |x]@=Q QO xOWxO=O
=@ u=tr= pm sHL =OD@= 'u=tr= Qy |=Q@ RmQtDt sQH T} QD=t |x@U=Lt |=Q@
u=tr= |x}rw= |yHwVW |xOvR=U |yHwQ=yJ VW s=HL= ẁtHt |x@U=Lt
sQH 'u=tr= pm sHL OL=w sQH \UwDt |x@U=Lt |=Q@ TBU "OwW|t x@U=Lt
pm sHL x@ xO=t sHL C@Uv QO �uD@ =} =yQwD=tQ;� xOvR=U |xO=t Qy sHL OL=w

"OvwW|t `tH sy =@ TBU w ?Q[ u=tr=
pY=L R= pm sQH 'u; \UwDt |r=oJ w u=tr= pm sHL |x@U=Lt R= TB
pm sQH `} RwD =@ u=tr= RmQtDt sQH T} QD=t w O};|t CUOx@ jwi Q=Okt wO ?Q[
|=yxQo pLt QO u; |UOvy RmQt =D u=tr= |=yxQo u}@ pY=wi Tma C@Uv x@ u=tr=
pwtat |=yVwQ x@=Wt =yu=tr= sQH T} QD=t S=Dvwt C=}rta "OwW|t pY=L u;

"OQ}o|t s=Hv=
xm OvyO|t p}mWD =Q =yu=tr= R= |}xDUO 's}N[ Q=OH |xDUwB |=yu=tr=
Q=mx@ s}HL |=yu=tr= X=wN w lR=v Q=OH |xDUwB |=yu=tr= X=wN u}@ |Y=wN
|O=R; C=HQO u=tO}J w =yxQo =yu=tr= u}= "OvQ=O =yxR=U |R=UpOt QO xOWxDiQo

"s_DvtQ}e |yHwVW l} |wQ R= SS8 u=tr= l} |Q}opmW |x}rw= |=ys=o "4 pmW
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ravU
Lt

"|oOQwN QF= QO =yQwD=tQ; `]kt K]U Vy=m "6 pmW

|}=yv |oOv@UJ Ctw=kt "3"3
%OwW|t xOR u}tND 13 |@ QHD pwtQi =@ QwD=tQ; w uD@ u}@ |}=yv |oOv@UJCtw=kt
fbu = 0 4c

d0
p
f 0c (13)

|oOvwWCNU pOt QO |oOQwN Crax@ Oqwi w uD@ u}@ |oOv@UJ Ctw=kt Vy=m
xOWs=Hv= C=k}kLD j@=]t "CU= xOW xDiQo Q_vQO 'OwW|t x�=Q= xt=O= QO xm |WWm
QwD=tQ; u}@ |oOv@UJ Ctw=kt Q=Okt '|oOQwN u}}=B |=yOYQO w |oOQwN ẁQW =@
Q=}U@ xQwO u}= pw] |rw &O@=}|t V}=Ri= |tm l =m]Y= V}=Ri= Crax@ uD@ w
COWx@ uD@ w QwD=tQ; u}@ |oOv@UJ VvD |oOQwN V}=Ri= w xt=O= =@ w CU= x=Dwm

"O@=}|t Vy=m

Sm |}=yv lQD pY=wi \UwDt "4"3
O=H}= w uD@ |oOQwNlQD |wQ Q@ Q}F-=D =yxR=U |wQ Q@ |oOQwN Qo}O |=y?}U; R=
u}= "OwW|t =ylQD u}@ pY=wi Vy=m Ea=@ xm CU= |oOQwN R= |W=v |=ylQD

"CU= xOW xDiQo Q_vQO [12]'xOWx�=Q= |WWm |DNU pOt QO R}v OQwt
&OUQ@ |WWm Ctw=kt x@ Ov=wD|tv =ylQD u}@ sr=U uD@ '|}=yv lQD |x]kv QO
xvwtv xm|v=tR =D Ov=t|t |k=@ Q}}eD uwO@ =ylQD Qw=Ht K]U wO u}@ |=[i 'u}=Q@=v@
x@ |mQD OvJ Cr=L R= p=kDv= |R=Uu=Um} x@ C}a]k ?} Q[ uO}UQ |=Q@ "OvmW@
xOW O=yvW}B 14 |x]@=Q xOt;CUOx@ |y=oW}=tR; G}=Dv T=U=Q@ |}=yv lQD Cr=L

[26�24]%CU=

Sm = 2 35c
8><>:1 Cw = 0

1 533� 0 3 c
d0 + 4 2

�
Cwd09c

�2
Cw > 0

(14)

u}@ pY=wi \UwDt |va} 'Sm '|}=yv lQD |=yxrY=i u}ov=}t '14 |xrO=at QO
�7 pmW� "CU= XwYNt |xvwtv l} QO |}=yv lQD |x]kv QO Qw=Ht Kw]U

u=wva =@ ,=twta xr�Ut u}= "Ovm|t pQDvm =Q u=tr= |WQ@ w |}=We |oOWpik �hr=
|a}@] VvQm |=yuw}UqwtQi w [20]'?mQt VvD [19]'?mQt VvQm uw}UqwtQi

"OwW|t xOv=wN ZwQit [21]'|a}@] VvQm w xDiQW}B
|r}]DUt pmW R= 'u=tr= |xLiYu=}t pmW h=QLv= xm |}xkvRwP |oOWpik �?

[22]"OQ}o|t Q_vQO =Q
QO uwU=wB C@Uv u=tRsy OwHw |x]U=w x@ Ct=N[ R= pY=L |oOWpik �G

[23w19]"u; Q@ Owta w xLiY QO s�=k VvD wO Qy
|=yVvQm VwQ R= |rmQw]x@ u=tr= uw}UqwtQi 'OW QmP QDW}B xmQw]u=ty
CN=U |=Q@ =yV@vH K}LY OQmrta |=Q@ |D=LqY= =@ x=Qty ZwQit |a}@]
CN=wvm} VvD ZQi =@ C=}rta u}= �?5 pmW� &Ovm|t xO=iDU= x}qOvJ |=yQ=w}O
`t=H CqO=at x@ QHvt w OQ}o|t s=Hv= CN=wvm} VvQm |=H x@ `]kt Ct=N[ QO

"OvDUy sm =L u=tr= Ct=N[ pm Q@ xm OwW|t |}xOWKqY=

OwOLt u=tr= |xt=vQ@ QO uw}UqwtQi w |oOQwN C=QF= "3
|]NQ}e

xR=U x@ |}=y?}U; p=ta= Ea=@ =yxR=U QO =yQwD=tQ; |oOQwN 'OW xQ=W= xm u=vJ
xOQ R= =} w uDN} QwQi Ea=@ xR=U O}it Qta u=}=B R= p@k CU= umtt w OwW|t
|=ypwtQi w|oOQwN R=|W=v |=y?}U;VN@ u}= |xt=O= QO "OwW =yu; uOWGQ=N

"OW Oy=wN u=}@ =yu; |R=UpOt

|oOQwN Cr=L QO |Oqwi QwD=tQ; s}rUD VvQm "1"3
'OW s=Hv= |vD@ |xvwtv 58 |wQ Q@ 2004 p=U QO xm |W}=tR; |=yxDi=} j@=]t
|x]@=Q QO |Oqwi |=yQwD=tQ; s}rUD VvQm Q@ |Oqwi |=yQwD=tQ; |oOQwN C=QF=

[24]%OwW|t x_Lqt 11

"y = fy
Es

8<:1 Cw = 0
0 907� 0 757Cwd09c + 0 0087 c

d0 Cw > 0
(11)

|vD@ Qw=m c w =yQwD=tQ; Q]k d0 '=yQwD=tQ; |oOQwN |xHQO Cw '11 |x]@=Q QO
x@ ,=a]k |Oqwi QwD=tQ; s}rUD VvQm C}U=UL xm OyO|t u=Wv xrO=at u}= "CU=
xDU@=w |vD@ Qw=m w QwD=tQ; Q]k x@ u}vJty 'OQ=O |oDU@ =yu; |oOQwN |xHQO

"CU=

O=H}= R= TB |Oqwi QwD=tQ; s}rUD |[Qa `]kt K]U "2"3
|oOQwN

Vy=m |oOQwN syt C=QF= R= 'CU= XNWt 6 pmW QO w OW u=wva xm Qw]u=ty
"CU= |Oqwi |=yQwD=tQ; |[Qa `]kt K]U

Crax@ |Oqwi |=yQwD=tQ; |[Qa `]kt K]U Vy=m uDiQoQ_vQO |=Q@
[25]%CU= xOW O=yvW}B 12 |@ QHD |xrO=at '|oOQwN

As = As0

8<:1 Cw = 0
1 2� 0 35Cwd09c + 0 08 c

d0 Cw > 0
(12)

w CN=wvm} Q}e |oOQwN |m} %Ovm|t u=}@ =Q OQwt wO C=QF= u=R}t 12 |x]@=Q
"|[Qa `]kt K]U |oOWM=QwU |Qo}O
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Q@Q=

@QO
=yQw

D=tQ;
|oO

QwN
C=Q

F=|
xar=]

tp=U QO xm|r=L QO 'OvOQm|t OQ=w OwN |]NQ}e |=yp}rLD QO =Q QwD=tQ; w uD@
xO=O x�=Q= ,q@k xm |WvQm |oOvwWsQv |x}L=v |=Q@ =Q Ot=Q=m w QDxO=U |rOt 2008
|oOQwNCrax@ xm uD@|oOv@UJCtw=ktVy=m Ov=wD|t xm [12]'OvOQm p}tmD OvOw@

"OQ}o@ Q_vQO =Q |oOQwN R= |W=v |=ylQD O=H}= u}vJty w OwW|t O=H}=
p}mWD =RHtCr=L wO R=|WWm|DNU|vLvt [12]'xOWs=Hv= C=k}kLD j@=]t
|vLvt u}=Q@=v@ &OvwW|t xO}t=v |}=yv lQD Cr=L w |mQD OvJ Cr=L xm 'CU= xOW
OwW s}UkD Cr=L xU x@ Ov=wD|t xtQ;uD@ u=tr= |QwLtlD |WWm VvQm� VvD
Cr=L �b� '�OA Q}Ut� lQD uwO@ Cr=L �a� %OwW|t x_Lqt 9 pmW QO xm
'|mQD OvJ Cr=L QO "�BC Q}Ut� |}=yv lQD Cr=L �c� w '�AB Q}Ut� |mQD OvJ
2004 p=U QO |y=oW}=tR; C=Oy=Wt =@ |WRer '|oOv@UJ |]N Q=DiQ ZQi

[24]"CU= xOW xDiQ}PB
'|WWm VvQm� VvD |vLvt uOQmxmDxmD |=Q@ |O=yvW}B pOt |Q=PoxQ=tW
s=Hv= 'OwW|t xO}t=v |rY= \=kv xm xDUUo \=kv |xawtHt l} R= xO=iDU= =@
sy x@ 10 pmW x@=Wt |ar[OvJ l} R= s}kDUt \w]N =@ \=kv u}= "CU= xDiQo
pw] QO XwYNx@ xtQ;uD@ u=tr= l} |=Q@ 'N '|rY= \=kv O=OaD "Ov=xOW pYDt
|Qo}O x@ xtQ;uD@ |xvwtv l} R= Q=Okt u}= "CU= |D@=F Q=Okt p}rLD R= xrLQt Qy
&CU= 4 Q@=Q@ N Q=Okt u} QDsm "OQ=O |oDU@ =yu; C=YNWt x@ w 'CU= Cw=iDt
"CU= sRq \N 3 xtQ;uD@ |WWm VvQm� VvD |vLvt h}YwD |=Q@ smCUO =Q} R

"|WWm |oOvwWCNU |vLvt l}D=tW V}=tv "9 pmW

|@=}uwQO |=Q@ xtQ;uD@ |DNU |WWm |oOvwWCNU Q=DiQ |R=Up=xO}= "10 pmW
"|rY= \=kv u}@ |]N

"uD@ |xa]k l} QO lQD "7 pmW

"=yQwD=tQ; |oOQwN Crax@ lQD O=H}= "8 pmW

|xwqax@ =ylQD O=OaD ẁtHt =} =ylQD |xrY=i O=OaD ẁtHt r '7 pmW QO
"CU= 1

V}=Ri= 'OwW|t O=H}= |oOQwN ẁQW =@ xm ?QNt Q=F; R= 'OW u=wva xmQw]u=ty
w OwW|t O=H}= uwQ}@ x@ |vD@ Qw=m uO=Opy Crax@ OQwt u}= "CU= |oOQwNlQD

�8 pmW�"OvwW|t O}OWD |oOQwN w p=wR w O=Ui xt=O= QO

[12]|WWm |DNU pOt "5"3
CU= u}= Ovm|t OQ=w =yxR=U x@ |oOQwN xm |}=y?}U; R= 'OW xQ=W= QDW}B xm u=vJ
u}vJty w QwD=tQ; w uD@ u}@ |}=yv |oOv@UJ Ctw=kt Vy=m Ea=@ |oOQwN xm
p=YD= ,=t}kDUt =yQ}D |xar=]t |=Q@ u=kkLt ?re= "OwW|t |i=[= |=ylQD Ea=@
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=k@|
vwv=k

OtL
tw

Qiv=}
=W|

ravU
Lt "V}=tR; OQwt |=yuwDU C=YNWt "1 pwOH

R5 R3 R1 |m}v=mt C=YNWt
O=a@= w Kr=Yt

406 4 406 4 406 4 Hx (mm)

609 6 609 6 609 6 Hy (mm�
1828 8 2438 4 2438 4 Hz (mm)

1 96 1 96 1 96 N (MPa)

702 605 564 V (KN)

32 15 34 13 37 92 f 0c (MPa)

25899 57 26295 73 27344 3 E0 (MPa)

0 0015 0 0015 0 0015 "c
0 006 0 006 0 0045 "u
1 89 1 93 2 03 f 0t (MPa)

0 000073 0 000073 0 000074 "t
0 00598 0 00598 0 00598 "tu

22 22 22 =yQwD=tQ; O=OaD
6 6 6 �mm� =yQwD=tQ; Q]k

469 55 469 55 317 17 fy (MPa)

199955 199955 199955 Es (MPa)

0 0023 0 0023 0 0016 "y
0 044 0 044 0 03 "yu

5998 65 5998 65 5998 65 E�s (MPa)

|oOQwN OwHw sOa Cr=L QO G}=Dv Q}UiD w xU}=kt "5
TQDUO QO |oOQwN OQwt QO |D=aq]=V}=tR; OQwt |=yuwDU |=Q@ xmv}= x@ xHwD =@
Q_vQO Ov=wD|tv =Q C=QF= u}= xOWu=wva xm Qw]u=ty ABAQUSQ=Ri=sQv w CU}v
G}=Dv =@ V}=tR; w Q=Ri=sQv R= xOt;CUOx@ G}=Dv |xU}=kt x@ CtUk u}= QO 'OQ}o@
xHwD =@ Oa@ VN@ QO w xOW xDN=OQB |oOQwN uwO@ |r}rLD |xt=vQ@ R= pY=L
|xt=vQ@ QO |oOQwN C=QF= VN@ u}= QO xOt;CUOx@ G}=Dv ?U=vt ,=D@Uv CkO x@

"CU= xOW xU}=kt |r}rLD |xt=vQ@ |oOQwN uwO@ Cr=L =@ w p=ta= |r}rLD
[25]"Ov=xOW|UQQ@HODA|]NQ}eOwOLtu=tr=|xt=vQ@ =@,q@k uwDU xUu}=
u}= G}=Dv [28]"CU= xOW xU}=kt Qo}O |rOt R= pY=L G}=Dv =@ VywSB u}= G}=Dv
u=tr= CU= QmP x@ sRq "OW Oy=wN x�=Q= j}kLD R= VN@ u}= QO R}v C=@U=Lt
Shell u=tr= 'HODA |]NQ}e OwOLt u=tr= R}r=v; |xt=vQ@ QO xO=iDU=OQwt
|xt=vQ@ QO Solid Shell Element |va} xDiQQ=mx@ u=tr= =@xU}=ktQO Facet

"CU}v u=tr= Ct=N[ QO VQ@ C=QF= uDiQoQ_vQO x@ QO=k xOWx�=Q= |r}rLD
uOQmZQi x@ \w@ Qt C=W}=tR; w xOWs=Hv= |=yp}rLDG}=Dv u}@ OwHwt hqDN=
w |Q=Wi VvD |xv}W}@ Q_=vDt |Q=Wi VvQm Ovv=t syt |=yQDt=Q=B R= |OQ=wt
T=U=Q@ xm CU= uwDU |q=@ QO Q=@ p=ta= |wR=@ |xO=U uOwtvpOt w |}=yv VvQm
|vLvt VR=Q@ |O=R; |xHQO Qy |=Q@ u=mtQ}}eD w |}=H@=H R= xOt;CUOx@ \=kv
HODA |r}rLD Q=Ri=sQv x@ C@Uv xOt; CUOx@ QDy@ ,=D@Uv G}=Dv "CU= xOW s=Hv=
u=tr= Ct=N[ QO VQ@ uDiQoQ_vQO |}=v=wD xm xDiQQ=mx@ u=tr= QDq=@ CkO p}rOx@

"OW=@|t 'OQ=O =Q
%R1 uwDU

QDh}a[|rw] Oqwi w QDW}@Ctw=kt =@ uD@ |=Q=O Qo}O uwDU wO x@C@Uv uwDU u}=

xQ}NP =RHt Q=OQ@ wO QO |rY= \=kv =@ Q_=vDt VvQm Q=Okt w xOW x@U=Lt VvD
u}= �uw}Uv=t}O� O=a@= "OvwW|t xO}t=v fscmg w fesmg Q=OQ@ wO u}= 'OwW|t
|=yu=tr= =@ xOWx=Qty C=}�RH |x@U=Lt 'OvQ@=Q@ N |rY= \=kv O=OaD =@ Q=OQ@ wO
VvQm l} =@ Q_=vDt |WWm VvD Q=Okt &Ov=xOW |iQat Q} R \w]N QO Q=OQ@ wO u}=
p=Ft l} w swyit u}= "OwW x@U=Lt |]N |@=}uwQO l} =@ Ov=wD|t X=N |WWm
i = 1 |=Q@ "CU= xOW xO=O u=Wv 10 pmW QO |rY= \=kv u}@ |@=}uwQO |=Q@
'OW=@ i = 2 xm |Dkw "OvDUy QiY Q@=Q@ scm(i = 1) w esm(i = 1) Q=Okt
2 R= QD=Qi i |Dkw "OvDUy QiY =@ Q@=Q@ scm(i = 2) w esm(i = 2) Q=Okt
hYv� a Q=Okt xm |v=tR =D Cr=L u}= w OwW|t ẁQW |mQD OvJ Cr=L 'OwQ|t

"OWm|t pw] 'OUQ@ 0 55 m R= QDsm x@ �lQD K]U wO u}@ |vD@ |xvwtv pw]
15 |x]@=Q =@ |mQD OvJ Cr=L QO |rY= \=kv =@ Q_=vDt VvQm� VvD Q=Okt

[25]%OwW|t x@U=Lt

esm(2 < i < N � 1) =
�1 + n�

n�
cosh(ka)

cosh(ka)� 1�q
1 + 0 5 cosh(2ka)� 0 75 sinh(2ka)

ka

(cosh(ka)� 1)n�

1A :

("0cr(exp(�550:esm(i)� "0cr)))

scm(2<i<N�1)=

0@q1 + 0 5 cosh(2ka)� 0 75 sinh(2ka)
ka

cosh(ka)� 1
1A :

(f 0t(exp(�550:esm(i)� "0cr))) (15)

|UQQ@OQwt |vD@ |=yuwDU "4
|r}rLD |xt=vQ@ QO |R=UpOt R= xOWx�=Q= OwOLt u=tr= |xt=vQ@ |}=Q=m |@=} RQ= |=Q@
QO OwHwt uwDU xU R= pY=L |y=oW}=tR; G}=Dv =@ G}=Dv |xU}=kt w xOW xDWwv
[27]"CU= xOW xO=iDU= ABAQUS Q=Ri=sQv QO =yuwDU u}ty |R=UpOt w Cq=kt
=yuwDU u}= |=Q@ R}v HODA |]NQ}e OwOLt u=tr= p}rLD |xt=vQ@ G}=Dv ut[ QO

"CU= xOW xOQw; G}=Dv |xU}=kt QO xm CU= OwHwt
|vD@ uwDU OOa xU 'Ov=xOW |UQQ@ |r}rLDQw]x@ xm |y=oW}=tR; C=ar=]t QO
|ak=w |=yxvwtv swU l} |xR=Ov= x@ =yuwDU u}= "CU= xOW ?=NDv= j}kLD u}= QO
=Q xOWV}=tR; |=yuwDU "CU= |Oq}t 1960 \U=w= QO xOWxDN=U pB |=yx}=B
|Q=PoQ=@ |wR=@ =} lDUO |xr}Uw x@ s�=k |Q=PoQ=@ uwDU |q=@ QO w Q=OQ}o u}}=B QO
|xR=H= uwDU |q=@ QO "CU= C@=F p}rLD pw] s=tD QO xm|Qw] x@ s}vm|t ZQi
|Q=OQ@ Q=@ '|Q=PoQ=@ CQwYx@ x=oW}=tR; QO |@v=H Q=@ "OQ=Ov OwHw |v=QwO CmQL
p@=ktQO wCU= xOw@C@=F s�=k Q=@ uwDU Qy |=Q@ OW u=wva xmu=vJ "CU= xOW s=Hv=
p@=kt QO uwDU |@v=H CmQL w OwW|t p=ta= uwDU x@ |H} QODQw]x@ |@v=H Q=@
|q=@ u=mtQ}}eD p@=ktQO xOWp=ta= VQ@ Q=Owtv w OwW|t C@F xOWxi=[= VQ@
=@ |W}=Ri= |Q=PoQ=@ CQwYx@ \ki w |@v=H |Q=PoQ=@ VwB R= w OwW|t sUQ uwDU
xOWp=ta= VQ@ Q=Owtv =yDv= QO "CU= xOW xO=iDU= uwDU x@ |H} QODQw]x@ Q=@ p=ta=

"CU= xOW sUQ xOv}=Ri CQwYx@ uwDU |q=@ u=mtQ}}eD p@=kt QO
u=Um} xOW?=NDv= |xvwtv xU Qy |Q=PoQwD=tQ; |xwLv w `]kt C=YNWt
V}=tR; OQwt |=yuwDU x@ \w@ Qt|m}v=mt w|m} R}i C=YNWt 1 pwOH QO "CU=

"CU= xOW xO=O u=Wv
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t|xU}=kt '12 pmW QO "Ot; CUOx@ uwDU |q=@ u=mtQ}}eD VQ@ Q=Owtv |xU}=kt
u=tr= R}r=v; |xt=vQ@ wABAQUS Q=Ri=sQv R= pY=L G}=Dv x=Qtyx@ QwmPt Q=Owtv

"CU= xOW x�=Q= HODA |]NQ}e OwOLt
%R5 uwDU

`=iDQ= Q_v R= |rw 'CU= |r@k uwDU wO x@=Wt |=yQwD=tQ; w `]kt |=Q=O uwDU u}=
R}v uwDU u}= QO xOWs=Hv= |=yV}=tR; G}=Dv j@=]t "CU= |r@k uwDU wO R= QDx=Dwm
p@k w "CU= xO=O MQ OOaDt |WQ@ |=ylQD =@ x=Qty |WQ@ |@=QN R3 uwDU Ovv=t
Vy=m Ea=@ w CU= xO=O MQ |WQ@ |@=QN '|WtN C}iQ_ x@ uwDU uO}UQ R=

"CU= xOW uwDU |Q@ Q=@ C}iQ_ QO O}OW
s=Hv= 'xOW|iQat |r}rLD pOt w |y=oW}=tR; G}=Dv u}@ |}xU}=kt '2 pwOH QO

"CU= xOW
x@ uwDU |q=@ |}=H@=H p@=kt QO |r=ta= VQ@ Q=Owtv |xU}=kt '13 pmW QO
|]NQ}e OwOLt u=tr= R}r=v; |xt=vQ@ w ABAQUS Q=Ri=sQv R= pY=L G}=Dv x=Qty

"CU= xOW x�=Q= HODA

"|r}rLD pOt w |y=oW}=tR; G}=Dv u}@ |xU}=kt "2 pwOH
x=oW}=tR; G}=Dv x=oW}=tR; G}=Dv uwDU

�u Pu (max) �y Py

33 9 564 10 6 463 R1
24 605 9 8 479 R3

16 5 702 11 4 498 R5
|r}rLD pOt G}=Dv |r}rLD pOt G}=Dv uwDU

�u Pu (max) �y Py

34 8 571 9 7 469 R1
26 5 614 8 8 495 R3
17 9 719 10 2 517 R5

"OvDUy KN x@ =ywQ}v w mm x@ =y|}=H@=H �

'|y=oW}=tR;G}=Dv =@ xOWx�=Q=|xt=vQ@ QOR5uwDUp}rLDG}=Dv|xU}=kt "13pmW
"HODA w ABAQUS

Qo}O uwDU wO x@ C@Uv |WQ@ Q_v R= OwW|t Ea=@ xm CU= QD|wk |[Qa Oqwi w
j@=]t "O=O u=Wv =Q |WtN |WQ@ |=ylQD 'uwDU u}= V}=tR; G}=Dv "OW=@ QD|wk
|Q=PoQ=@ QN; |=ypm}U QO \ki |WQ@ |@=QN p}rOx@ uwDU Ctw=kt C=W}=tR;

"CU= xDW=O Ci)=
p}rLD w |R=UpOt |]NQ}e OwOLt u=tr= |xt=vQ@ QO xm uwDU u}= |=Q@
uwDU |q=@ u=mtQ}}eD VQ@ Q=Owtv C=U}=kt QO |rw@kp@=k ,=D@Uv G}=Dv R}v w OW
Q=Ri=sQv R= pY=L G}=Dv x=Qty x@ QwmPt Q=Owtv |xU}=kt '11 pmW QO "Ot; CUOx@
xOW x�=Q= HODA |]NQ}e OwOLt u=tr= p}rLD w x} RHD |xt=vQ@ w ABAQUS

"CU=
%R3 uwDU

u; uD@ xm Cw=iD u}= =@ 'CU= pw= uwDU x@=Wt =yQwD=tQ; w O=a@= Q_v R= uwDU u}=
|QD|wk |rw] |=yQwD=tQ; |=Q=O p@=ktQO |rw OQ=O pw= uwDU uD@ R= |QDsm Ctw=kt
|=ylQD =@ x=Qty xm |WQ@ |@=QN uwDU u}= |=Q@ xOWs=Hv= C=W}=tR; j@=]t "CU=
Vy=m Ea=@ w xO=O MQ |WtN C}iQ_ x@ uwDU uO}UQ R= p@k 'CU= OOaDt |WQ@
u=tr= |xt=vQ@ QO xm uwDU u}= |=Q@ "CU= xOW uwDU |Q@ Q=@ C}iQ_ QO O}OW
QO |rw@kp@=k G}=Dv R}v w 'OW s=Hv= R}r=v; R}v 'CU= xOW |U} wvOm |]NQ}e OwOLt

'|y=oW}=tR;G}=Dv =@ xOWx�=Q=|xt=vQ@ QOR1uwDUp}rLDG}=Dv|xU}=kt "11pmW
"HODA w ABAQUS

G}=Dv =@ xOWx�=Q= |xt=vQ@ QO R3 uwDU p}rLD G}=Dv |xU}=kt "12 pmW
"HODA wABAQUS '|y=oW}=tR;
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ravU
Lt Crax@ |oOQwN xm OyO|t u=Wv xOWx�=Q= |=yQ=Owtv "OwW|t u; uOWxO=iDU=

CU= xOW |i=[= u=mtQ}}eD O=H}= Ea=@ p@k |=yCtUk QO xOWu=wva |=y?}U;
|=yQ=@ QO |DL 'xOWO=H}= |i=[= |=yu=mtQ}}eD |oOQwN CiQW}B CQwY QO w
uOWxO=iDU= p@=kQ}e =} w ?} QND Ea=@ 'OW p=ta= xR=U x@ =Hv}= QO xJv; R= QDsm
u=mtQ}}eD p@=ktQO wQ}v Q=Owtv OwW|t Ea=@ |oOQwN QDy@ u=}@x@ "OwW|t uwDU
VQ@ QO=wtv Q}}eD '15 pmW QO "Ovm =O}B �p=kDv=� Ci}W AJ CtU x@ |@v=H
xOW ZQi |@v=H Q=@ V}=Ri= s=oQy QO |oOQwN R= |DtUk p=ta= =@ xm u=mtQ}}eD�

"OwW|t x_Lqt l}D=tW Qw]x@ CU=
pt=wa uDiQoQ_vQO '|UQQ@ OQwt uwDU xU u=}t QO xOWs=Hv= |=yp}rLD j@=]t
"CU= xDW=O =Q QF= u} QDsm R5 uwDU QO w QF= u} QDW}@ R1 uwDU QO |oOQwN
|=Q=O Qo}O |=yuwDU x@C@Uv x@=Wt |oOQwN |xHQO QO R1 uwDU 'Qo}OCQ=@ax@
'OQwt u}= |rY= p}rO "CU= |}=H@=H V}=Ri= w |DNU Vy=m C@Uv u} QDW}@
uwDU wO x@ C@Uv uwDU u}= QD|WtN Q=DiQ w VtN QO R1 uwDU ha[ Crax@

"CU= VtN QO VRer |oDUw}B C=QF= uOw@syt w Qo}O

|Q}oxH}Dv "7
QO QF-wt pt=wa uDiQoQ_vQO =@ |Oa@ xU O}OH |r}rLD |xt=vQ@ l} 'Q=DWwv u}= QO
'Q=Wi QO uD@ |]NQ}e VvQm� VvD \@=wQ Ovv=t |vD@ |=yxR=U |]NQ}e Q=DiQ
C=QF= uDiQoQ_vQO 'MU=B |=yQDt=Q=B QO u=tr= |xR=Ov= C=QF= '|oOQwNlQD C=QF=
w Q@Dat \@=wQ uOQmOQ=w '=yQwD=tQ; |]N wO |Q=DiQ pOt '=yxv=OovU u}@ |Q}oQO
'uD@ |=Q@ ?U=vt |a=HDQ= pwOt w VWm w Q=Wi QO uD@ |=y|vLvt |=Q@ ?U=vt
Oqwi VvQm Q=Okt Vy=m '=yQwD=tQ; CL=Ut Q}}eD Ovv=t |oOQwN C=QF= uOQm^=Lr
uD@ w Oqwi u}@ |oOv@UJ Vy=m x=Qty x@ |oOQwN R= |W=v |=ylQD uDiQoQ_vQO w
x�=Q= |oOv@UJ |WRer Q=DiQ uDiQoQ_vQO =@ |WWm |DNU |xO}OB uOQmh}YwD =@
T} QD=t uOWRwQx@ w KqY= Ea=@ |r}rLD |xt=vQ@ u}= QO jwi pt=wa |x}rm "OW

"OvwW|t u=tr= |DNU
s=v x@ xDiQW}B Q=}U@ u=tr= l} R= xOWxDWwv |=yuwDU |R=UpOt QO
nv}�w@ |xvO@ |L=Q] QO Q=@ u}rw= |=Q@ xm OW xO=iDU= Solid Shell element

x�=Q= OwOLt u=tr= |xt=vQ@ QO u=tr= uOw@ |D} RwBt=m x@ xHwD =@ "CU= xOW xO=iDU=
"OwW|t sy=Qi |DL=Qx@ R}v FRP =@ =yuwDU |R=UpOt u=mt= 'xOW

'|y=oW}=tR; |=yxvwtv u}@ |}=yxU}=kt Q[=L |xt=vQ@ G}=Dv pQDvm |=Q@
xt=O= QO "OW s=Hv= ABAQUS Q=Ri=sQv w HODA |]NQ}e p}rLD |xt=vQ@
xmv}= x@ xHwD =@ xt=vQ@ u}= "OW x�=Q= |oOQwN C=QF= uDiQoQ_vQO =@ p}rLD G}=Dv
pOt l} R= 'OvQ=O |Q}tN |=ypOt R= |QDy@ OQmrta hypoelastic |=ypOt
xOQwNlQD uD@ |=Q@ xOWVNB lQD VwQ w xOQwNvlQD uD@ |=Q@ hypoelastic

u=tr= |r}rLD |xt=vQ@ R= xOt;CUOx@ |r}rLD |=yMU=B "Ovm|t xO=iDU= VWm QO
=@ |@U=vt |v=wNty 'Matlab |U} wvxt=vQ@ \}Lt QO xOWx�=Q= |]NQ}e OwOLt
G}=Dv w xOWs=Hv= |=yp}rLD j@=]t "OvDW=O OwHwt |r}rLD w |W}=tR; |=yxDi=}
CtU x@ |@v=H u=mtQ}}eD p@=ktQO wQ}v Q=Owtv OwW|t Ea=@ |oOQwN 'xOt;CUOx@
?} QND Ea=@ xR=U x@ |r=ta= |xi=[= u=mtQ}}eD xm 'Ovm =O}B �p=kDv=� Ci}W AJ
xm |}=yuwDU QO |oOQwN C=QF= u}vJty "OwW|t u; uOWxO=iDU= p@=kQ}e =} w
'|WWm |DNU |xO}OB Q@ |Q=PoQF= p}rOx@ 'CU= QDW}@ =yu; QO |WtN ha[

"Ovm|t OQ=w uwDU x@ |QDW}@ ?}U;

"=y|Q=PoQ=@ |=yDv= QO =yuwDU QO |oOQwN QF= QO QDW}@ u=mtQ}}eD "14 pmW

R= s=o Qy QO =yuwDU QO |oOQwN QF= QO QDW}@ u=mtQ}}eD l}D=tW "15 pmW
"=y|Q=PoQ=@

|oOQwN uDiQoQ_vQO =@ |r}rLD |xt=vQ@ G}=Dv "6
|oOQwN uwO@ Cr=L =@ w p=ta= |r}rLD |xt=vQ@ QO |oOQwN C=QF= VN@ u}= QO
Cr=L u}= QO "OW xU}=kt Ow@ xOt; CUOx@ p@k |xrLQt QO xm |r}rLD |xt=vQ@
=Q u; xm CU= xOW O=H}= |Q=PoQ=@ |=yDv= QO |oOQwN �15 xm CU= u}=Q@ ZQi

"CU= xOW KqY= |DNU T} QD=t s=o Qy QO w p=ta= s=o 5 QO
O=H}= xR=U QO |oOQwN OW ZQi p@k |xrLQt |Q=PoQ=@ w p}rLD |=yDv= QO
xO=O K}[wD swU Ov@ QO |oOQwN C=QF= VN@ QO xJv; j@=]t j=iD= u}= "CU= xOW
QO "OwW|t sDU}U C}iQ_ Vy=m xH}DvQO w sDU}U |DNU Vy=m Ea=@ 'OW
T} QD=t C=Q}}eD u=wD@ |@U=vt Qw]x@ =D CU= xOW s}UkD s=o OvJ x@ |oOQwN =Hv}=
QO 'OW u=wva xmu=vJ "OQm ^=Lr xOWx�=Q= |]NQ}e p}rLD |xt=vQ@ QO =Q |DNU
xOW ^=Lr |oOQwN 'Ov=xOW p=ta= |@v=H |=ywQ}v xm |Q=PoQ=@ |=yDv= QO =Hv}=
|rw &CU= u=ty p@k |xrLQt u=}=B =D pY=L G}=Dv Q=_Dv= j@=]t 'u}=Q@=v@ "CU=
C=QF= Crax@ sDU}U u=mtQ}}eD �R}J=v C=Q}}eD� |@v=H Q=@ V}=Ri= uwO@ =Hv}= QO
xOW xO=O u=Wv 14 pmW QO ẁ[wt u}= xm O@=}|t V}=Ri= xOWu=wva |oOQwN
p@=kQ}e =} w ?} QND Ea=@ xR=U x@ |r=ta= |xi=[= u=mtQ}}eD OQ=wt u}= QO "CU=

67

www.SID.ir


Arc
hive

 of
 S

ID

www.SID.ir

"""|
Q@Q=

@QO
=yQw

D=tQ;
|oO

QwN
C=Q

F=|
xar=]

t

=yCWwv=B
1. Dixon
2. intelligent sensing for innovative structures
3. Popovics
4. Orthotrop
5. shear retention factor
6. assumption natural strain
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