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1 =D 0 5 R= u; Q=Okt xm 'CU= (K0) uwmU Cr=L QO s�=k x@ |ki= VvD C@Uv
u}= xm CU= u; R= |m =L C=Oy=Wt "Ov=xOW xU}=kt sy =@ G}=Dv w xOW xO=O Q}}eD
u=R}t QO |OwOL =D =t= 'OQ=Ov |Q}F-=D xOwr=W |}=yv |Q@ Q=@ C}iQ_ QO R}v ?} Q[
xOwr=W 'QwmPt ?} Q[ Vy=m =@ `k=w QO "CU= Q=PoQ}F-=D Q=@ CLD xOwr=W CUWv
Q=Okt VywSB u}= QO "OUQ|t OwN |}=yv |Q@ Q=@ C}iQ_ x@ |QDW}@ CUWv R= TB

"CU= xOW xDiQo Q_v QO 0 5 Q@=Q@ u=v}t]= CyH QO K0
=@ pOt u} QDlJwm xm OvwW u}}aD |Qw] =yu=tr= w pOt O=a@= O}=@ u}vJty
p}rO|@ V}=Ri= ?Hwt =yQDt=Q=B u}= Q}}eD w OwW xDiQo Q=mx@ u=tr= O=a@= u} QDnQR@
|i=m =v CkO R= |W=v xm '|OOa p}rLD x@ \w@ Qt |=y=]N uOt;O}OB =} pOt sHL
O=a@= ?=NDv= CyH |}xOQDUo Q=}U@ |=yp}rLD 'Qw_vt u}= |=Q@ "OwWv 'CU= pOt
Qo}Om} =@ =yp}rLD u}= R= xOt;CUOx@ G}=Dv w xOW s=Hv= xv}y@ pOt O=a@= w u=tr=
sQv l =N Cr=L |=Q@ xm OvyO|t u=Wv G}=Dv "Ov=xDiQo Q=Qk xU}=kt w |@=} RQ= OQwt
xOwr=W ZQa Q@=Q@ 8 pOt ZQa 'B=200 |xv}W}@ =yu=tr= O=a@= Qo = 'CNU |wQ
Q@=Q@ 4 'CU= |}q=@ |x}q x@ OwOLt ,=twta |oDN}Uo xmv}= x@ xHwD =@ u; `=iDQ= w
Pwiv x@ xHwD =@ sQv |wQ CNU l =N Cr=L QO "CU= |i=m 'OW=@ xOwr=W ZQa
|}q=@ |x}q QO 3xOvvm M=QwU |oDN}Uo ẁkw w u} Q} R |x}q x@ |oDN}Uo Kw]U
Cr=L =} x}q lD l =N =@ xU}=kt QO QDnQR@ Q=}U@ |oDN}Uo Kw]U uOt;O}OB w
w |B ZQa Q@=Q@ 25 =D pOt ZQa '|v}}=B QDsQv |x}q QO CNU |wQ sQv l =N
B=40 |xv}W}@ O}=@ R}v =yu=tr= O=a@= "O@=} V}=Ri= O}=@ |B ZQa Q@=Q@ 9 =D u; `=iDQ=
R= =yu=tr= O=a@= Vy=m =} pOt O=a@= V}=Ri= xm CU= |vat u}O@ G}=Dv u}= "OvW=@
xv}y@ Cr=L Qy |=Q@ xOWQmP Q}O=kt 'u}=Q@=v@ "OyO|tv Q}}eD =Q G}=Dv 'xOWQmP OwOL

"Ov=xOW s=Hv= xOWQmP Q}O=kt T=U=Q@ =yp}rLD |x}rm =Pr w CU=
w u=tR QO |} wHxiQY CyH w Q_vOQwt |xr�Ut QO uQ=kD OwHw x@ xHwD =@
QO "CU= xOW p}rLD FLAC Q=Ri=sQv QO pOt hYv \ki '|D=@U=Lt sHL Vy=m
|=DU=Q QO CmQL '1 pmW j@=]t 'C}ak=w x@ l}ORv |RQt \}=QW p=ta= |=DU=Q
CmQL 'u; Q@ xwqa "CU= xOW OwOLt |Owta |=yRQt w u} Q} R |ki= RQt QO |ki=
\}=QW Q_v R= pOt =D 'CU= xOW OwOLt pOt Q} R |ki= RQt QO R}v s�=k |=DU=Q QO

"OW=@ xDW=Ov |rmWt |m}D=DU= pO=aD
1 |x]@=Q pmW x@ |UQ |=yl =N |=Q@ |}=yv |Q@ Q=@ C}iQ_ |rm |x]@=Q

%OwW|t xDWwv
qu = cu �Nc + q (1)

'TQ |xOWv|WmyR |WQ@ Ctw=kt cu '|B Q} R R=Ht VvD |xv}W}@ qu 'u; QO xm
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wr=W
|Q@
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u}}a
D\

@=wQ
|x�

=Q=QO xOWsUQ |=y|vLvt |}=yDv= |L=wv QO QDt=Q=B u}= lOv= C=v=Uwv R= x]@=Q
|xOv}=tv u=wvax@ �u=v}t]= CyH QO� u; |xv}tm Q=Okt w Q_vhQY 2 pmW
xOW x�=Q= Qw_vt u}O@ 4 |x]@=Q "CU= xOW xDiQo Q_v QO |vLvt R= VN@ u}=

%CU=
Nc;max = 5 14

"
1 + 1 25

�
1� H

B

�6#
(4)

xU}=kt |OOa p}rLD R= pY=L G}=Dv =@ Nc;max R= 4 |x]@=Q OQw;Q@ '4 pmW QO
"CU= 0 996 =@ Q@=Q@ x]@=Q u}= X}NWD ?} Q[ "CU= xOW

l =N |wQ Q@ sQv l =N Cr=L QO |Q@ Q=@ C}iQ_ |x@U=Lt |=Q@ C}=yvQO
|x]@=Q R= Nc;max Q=Okt w 3 |x]@=Q R= Q=Owtv ?}W Q=Okt |Q=Po|=H =@ 'CNU

%CW=O s}y=wN =Q 5 |x]@=Q '5 14 OOa x@ u}iQ] s}UkD w 2 |x]@=Q QO 4
Nc

5 14 = min

"
1 + 0 25�H

B

�0 75

�
1� cut

cub

�
; 1 + 1 25

�
1� H

B

�6#
(5)

?} Q[ '|OOa p}rLD G}=Dv w 5 |x]@=Q OQw;Q@ u}@ xOWs=Hv= |xU}=kt j@]
xOWxO=iDU= u=v}t]= ?}=Q[ x@ xHwD =@ "CU= 0 994 =@ Q@=Q@ x]@=Q u}= X}NWD

"CU= uOQmQ_v hQY p@=k w R}J=v ,qta =]N u}= '=yxOwr=W |L=Q] QO

sQv |wQ CNU l =N Cr=L "2"3
=@ N�c ?} Q[ =OD@= '|Q@ Q=@ C}iQ_ u}}aD |x]@=Q |x�=Q= CyH 'Cr=L u}= QO
G}=Dv "CU= xOW x@U=Lt �cut |=H x@� cub Q@ xOwr=W Q} R \UwDt VvD s}UkD
cut=cub C@Uv xm |DQwY QO 'p=Ft |=Q@ "CU= xOW x�=Q= 5 pmW QO xrY=L
2 R= QDlJwm xOwr=W ZQa x@ |}q=@ |x}q jta C@Uv Qo = 'OW=@ 5 =@ Q@=Q@
w OQ=Po|t |ivt QF= xOwr=W |}=yv |Q@ Q=@ C}iQ_ QO |v}}=B QDsQv |x}q 'OW=@
OyO|t MQ |}q=@ |x}q QO |rm x@ |oDN}Uo 'OW=@ QDnQR@ 2 R= H=B Qo =

"(N�c = 5� 5 14)

Q=@ u}= xm CU= u; QO CNU |wQ sQv l =N Cr=L =@ Cr=L u}= Qo}O Cw=iD
"CU= xOW xO=OV}=tvhrDNt |=ycut=cub |=Q@ wH=B ?UL Q@N�c C=Q}}eD
2 |x]@=Q =@ x@=Wt |}x]@=Q |x�=Q= QO CrwyU ?Hwt 'pmW u}O@ =yxO=O V}=tv

x@ \w@ Qt Nc;max R= 4 |x]@=Q OQw;Q@ w |OOa p}rLD G}=Dv |xU}=kt "4 pmW
"2 pmW QO xOWs}UQD hrDNt |=yH=B

?}W \w@ Qt |vLvt 'OW=@ QDlJwm H=B C@Uv xJ Qy 2 pmW x@ xHwD =@
QO xHwD p@=k C=Q}}eD 'CNU |wQ sQv l =N Cr=L QO u}vJty "OQ=O |QDnQR@
Rw=HD CQwY QO "OyO|t MQ 0 5 R= QDlJwm |=yH=B |=Q@ '|Q@ Q=@ C}iQ_
|Q@ Q=@ C}iQ_ V}=Ri= QO u} Q} R QDCNU |x}q C@Ft Q}F-=D ,qta '0 8 R= H=B
lD |UQ l =N Ovv=t� 5 14 =@ Q@=Q@ Nc Q=Okt w OwW|t wLt |}q=@ QDsQv |x}q

"OwW|t �uoty |x}q
|x]kv R= =y|vLvt |t=tD 'OwW|t xOy=Wt 2 pmW QO xm Qw]u=ty
w CU=Q CtU VN@ ?}W "Ovvm|t Qw@a cut=cub = 1 <=R= x@ Nc = 5 14
|xOy=Wt OwHw =@ "Ov@=}|tV}=Ri=H=BC@UvVy=m =@?U=vDt R}v =yv;Nc;max

u=wD|t '�lJwm |=yH=B |=Q@ ,=YwYN� xOWs}UQD |=y|vLvt QO =vLv= |mOv=
'xH}Dv QO "OQm ZQi C@=F =Q |vLvt Qy CU=Q CtU VN@ ?}W |@ wN ?} QkD =@

%OW=@ 2 |x]@=Q CQwYx@ O}=@ Q_vOQwt |x]@=Q8>>>><>>>>:
Nc = min

h
5 14 + Slope� �1� cut

cub

�
; Nc;max

i
Slope / H

B

Nc;max / H
B

(2)

|x]@=Q Qw_vt u}O@ "CU= R=}vH=B ?UL Q@?}W u}}aDCyH |}x]@=Q x@ uwvm =
%CU= xOW x�=Q= 2 pmW QO xOWsUQ |=y|vLvt ?}W u}}aD CyH 3

Slope = 5 14
 0 25�H

B

�0 75

!
(3)

V}=tv H=B Qy |=Q@ xOWxDiQo xR=Ov= ?}W Q@=Q@ QO =Q 3 |x]@=Q OQw;Q@ 3 pmW
"CU= 0 984 =@ Q@=Q@ x]@=Q u}= (R2) X}NWD ?} Q[ "OyO|t

?} Q[ xHwD p@=k Q}}eD sOa p}rO x@ '3 |x]@=Q xm CU= sRq QmPD u}=
,qta �0 9 R= QDlJwm |=ycut=cub |=Q@� 0 5 R= QDnQR@ |=yH=B QO Nc
Q=Qk xO=iDU= OQwt 0 5 R= QDnQR@ |=yH=B |=Q@ ?} Q[ u}= u}}aD CyH

"OQ}o|tv
V}=Ri= C@=F ?}W =@ xQ=wty |Q@ Q=@ C}iQ_ '2 pmW j@] xmv}= x@ xHwD =@
u}}aD |=Q@ |}x]@=Q O}=@ 'Ovm|tv Rw=HD |YNWt OL R= u; Q=Okt w O@=}|tv
u}= u}}aD QO xm CU= QmP p@=k "OwW x�=Q= 'CU= H=B R= |a@=D xm 'Nc;max

CtU CtUk ?}W R= 3 |x]@=Q OQw;Q@ w |OOa p}rLD G}=Dv |xU}=kt "3 pmW
"2 pmW QO hrDNt |=yH=B |=Q@ xOWsUQ |=y|vLvt CU=Q
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AJ CtU ?}W R= 8 |x]@=Q OQw;Q@ w |OOa p}rLD G}=Dv |xU}=kt "6 pmW
"hrDNt |=ycut=cub |=Q@ 5 pmW QO xOWs}UQD |=y|vLvt

x]@=Q u}= X}NWD ?} Q[ '|OOa p}rLD R= xOt;CUOx@ Q}O=kt w 7 |x]@=Q OQw;Q@
'=yxOwr=W |L=Q] QO xO=iDU= OQwt u=v}t]= ?}=Q[ x@ xHwD =@ "CU= 0 997 Q@=Q@

"CU= uOQmQ_v hQY p@=k w R}J=v ,qta =]N u}=

G}=Dv OQwt QO EL@ "4
w Or}i} Qt \UwD xOWx�=Q= u}}=B w q=@ OL '9 w 5 \@=wQ R= pY=L G}=Dv VN@ u}= QO
[9]'=v=y w hwyQ}t |@ QHD |x]@=Q [4]'|mUiwr=m}t |OL p}rLD G}=Dv [3]'u=Q=mty
[14]'si w |v}Ov@ w [13]'wS OwOLt u=tr= p}rLD G}=Dv w [7]'uJ l} Qw�D |x]@=Q

"Ov=xOW xU}=kt
[3]'u=Q=mty w Or}i} Qt |OOa p}rLD G}=Dv u=}t u}= QO xm CU= sRq QmPD u}=
x�=Q= |Q=Owtv =} w |rwOH CQwYx@ [14]'si w |v}Ov@ w [13]'wS [4]'|mUiwr=m}t
u}= u}@ �cut=cub w H=B� xr�Ut |OwQw |=yQDt=Q=B xmv}= x@ xHwD =@ "Ov=xOW
|xU}=kt CyH 'OvDU}v j@]vt ,qt=m OwOLt p[=iD VwQ x@ xOWs=Hv= VywSB 4
"OvDUy lQDWt =yVywSB u}= u}@ xm Ov=xOW xDiQo Q_v QO |}=yH=B '|Q=Owtv
VwQ x@ xOW|UQQ@ |xR=@ R= GQ=N� R}v H=B = 0 125 Cr=L u; Q@ xwqa
Q}=U G}=Dv x@ C@Uv 9 w 5 \@=wQ OQmrta |UQQ@ CyH \ki �OwOLt p[=iD
Q}=U OQm} wQ QwQt x@ xU}=kt s=Hv= R= V}B "CU= xOW xDiQo Q_v QO u=QoWywSB

"CU= xOW xDN=OQB xr�Ut u}= pL QO u=QoWywSB
|oDN}Uo K]Ul} ZQi =@ |OL p}rLD VwQ x@ w [7]'uJ\UwD 10 |x]@=Q
OL |x@U=Lt CyH |HQ=N w |rN=O |=ywQ}v Q=m MQv uO=OQ=Qk Q@=Q@ =@ w |wQ}=O

%CU= xOW x�=Q= Nc ?} Q[ |q=@

Nc(r; �) = 2
� r
B

�2
(

� + n�i� r
B

�
sin � � 1

2

)
(10)

%CW=O s}y=wN 12 w 11 \@=wQ j@]

�i = cos�1
�

cos � + H
r

�
(11)

n = cub
cut
� 1 (12)

|=Q@ sQv l =N |wQ Q@ CNU l =N Cr=L QO N�c ?} Q[ C=Q}}eD "5 pmW
"hrDNt |=ycut=cub

l =N Cr=L QO |}=yv |Q@ Q=@ C}iQ_ u}}aD CyH xm |}x]@=Q 'u}=Q@=v@ "OwW|t
%OW=@ 6 |x]@=Q pmW x@ O}=@ 'OwW|t x�=Q= sQv l =N |wQ Q@ CNU8>>>>>>><>>>>>>>:

N�c = min
�5 14 + Slope� H

B ; N
�
c;max

�
N�c = Nc � cut

cub

Slope / cut
cub

N�c;max / cut
cub

(6)

xm OyO|t MQ |v=tR |Q@ Q=@ C}iQ_ Q=Okt u} QDW}@ Cr=L u}= QO xm CU= K[=w
QDsQv |x}q Ctw=kt x@ C@Uv Qo}O w OyO MQ |}q=@ |x}q QO |rm x@ |oDN}Uo
7 |x]@=Q j@] CQwY u}= QO "(Nc = 5 14) OW=@ xDW=Ov OwHw |D}U=UL

%CW=O s}y=wN
N�c;max = 5 14 cut

cub
(7)

Cr=L u}= QO =y|vLvt R= l} Qy ?}W 'OwW|t xOy=Wt 5 pmW QO xm Qw]u=ty
x@ H=B uOWl}ORv =@ =y|vLvt |t=tD xD@r= w CU= cut=cub C@Uv R= |a@=D
"OQ=O pt=m |v=wNsy R}v |Qw�D G}=Dv =@ OQwt u}= xm 'OvUQ|t 5 14 OOa x@ QiY

%CU= xOW x�=Q= Q=Owtv ?}W u}}aD CyH 8 |x]@=Q

Slope = 5 14� 0 75
�
cut
cub
� 1
�0 75

(8)

V}=tv cut=cub Qy |=Q@ xOWxDiQo xR=Ov= ?}W Q@=Q@ QO =Q 8 |x]@=Q OQw;Q@ '6 pmW
"CU= 0 994 =@ Q@=Q@ x]@=Q u}= X}NWD ?} Q[ "OyO|t

l =N |wQ CNU l =N Cr=L QO |}=yv |Q@ Q=@ C}iQ_ u}}aD |=Q@ 'xH}Dv QO
9 |x]@=Q R= 'Nc x@ N�c p}O@D w 6 |x]@=Q QO 8 w 7 \@=wQ |Q=Po|=H =@ sQv

%OQm xO=iDU= u=wD|t
Nc

5 14 = min

("
1 + 0 75

�
cut
cub
� 1
�0 75�H

B

�#�
cub
cut

�
; 1
)
(9)

xOW u=}=tv 7 |x]@=Q QO Nc x@ N�c p}O@D CyH cut=cub ?} Q[ xm OwW CkO
u}@ xOWs=Hv= |xU}=kt j@] "Ov=xOW s}UkD 5 14 OOa x@ x]@=Q u}iQ] w CU=
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=yxO

wr=W
|Q@

Q=@C
}iQ_

u}}a
D\

@=wQ
|x�

=Q=

|=Q@CNU l =N |wQ sQv l =NCr=L QO |Q@ Q=@C}iQ_?} Q[ C=Q}}eD "7 pmW
"H=B = 0 125

|=Q@CNU l =N |wQ sQv l =NCr=L QO |Q@ Q=@C}iQ_?} Q[ C=Q}}eD "8 pmW
"H=B = 0 25

|=Q@CNU l =N |wQ sQv l =NCr=L QO |Q@ Q=@C}iQ_?} Q[ C=Q}}eD "9 pmW
"H=B = 0 5

|xv}tm uOQm =O}B w 14 w 13 CqO=at x=oDUO pL =@ Nc ?} Q[ Q=Okt C}=yv QO
%OwW|t QU}t 10 |x]@=Q

@Nc
@�

= 0 (13)

@Nc
@r

= 0 (14)

|=Q@ 5 53 Q=Okt 'OvwW pL CN=wvm} |x}q lD l =N |=Q@ CqO=at u}= Qo =
"CU= �5 14� u; l} Qw�D j}kO Q=Okt R= V}@ �8 xm 'O};|t CUOx@ Nc ?} Q[
|x@U=Lt |=Q@ =Q |@ QHD xt}v |]@=wQ OwN |xar=]t QO u=QoWywSB |NQ@
"Ov=xOQm x�=Q= sQv |wQ CNU w CNU |wQ sQv l =N Cr=L wO Qy |Q@ Q=@ C}iQ_
xOW x�=Q= Nc |x@U=Lt CyH 15 |x]@=Q 'sQv |wQ CNU l =N Cr=L |=Q@

[9]%CU=
Nc = qu

cut
= 5 14

�
cub
cut

�
+ 2

�
ca
cut

��
H
B

�
(15)

|x}q QO xOW`k=w |xOvvmM=QwU |oDN}Uo QF= x@ \w@ Qt 15 |x]@=Q swO VN@
|q=@ |x}q Cr=L |=Q@ 0 8 =D �uoty l =N |=Q@� 1 R= ca ?} Q[ w CU= |}q=@
|wQ sQv l =N Cr=L |=Q@ u}vJty "CU= Q}eDt (cut=cub = 5) CNU Q=}U@

[9]%Ov=xOQm x�=Q= =Q 16 |x]@=Q R}v CNU l =N
Nc = qu

cut
= 5 14 + 5 14

�
cub
cut
� 1
��

1� H
Hf

�2
� 5 14

(16)

xm 'CU= xOwr=W Q} R |oDN}Uo K]U jta Hf w |}q=@ |x}q jta H 'u; QO xm
[20]"CU= xOwr=W ZQa =@ Q@=Q@ |UQ |=yl =N |=Q@ QDt=Q=B u}= '=yu; |x}YwD j@]

CNU l =N |wQ sQv l =N Cr=L "1"4
Q}=U G}=Dv w '5 |x]@=Q 'VywSB u}= G}=Dv u}@ xOWs=Hv= |=yxU}=kt j@]

%s}UQ|t C=Oy=Wt u}= x@ [14w13'9'7'4'3]'u=QoWywSB
xOwr=W |}=yv |Q@ Q=@ C}iQ_ 'OwW|t xOy=Wt 2 pmW QO xm Qw]u=ty
Qy `@=D =} w (Nc;max) CU= xDU@=w H=B C@Uv x@ \ki =} Cr=L u}= QO
K[=w 9 |r= 7 |=ypmW x@ xHwD =@ "CU= H=B w cut=cub C@Uv wO

xOwr=W |Q@ Q=@ C}iQ_ xm |DQwY QO 5 |x]@=Q w OwOLt p[=iD G}=Dv xm CU=
[3]'u=Q=mty w Or}i} Qt u}}=B w q=@ OwOL u}ov=}t x@ 'OW=@ H=B `@=D \ki
Q=O?}W CtUk� x}L=v u}= R= GQ=N QO xm |r=L QO 'OvDUy l}ORv Q=}U@
|}q=@ OL x@ H=B Vy=m =@ 4 |x]@=Q w |OOa p[=iD G}=Dv �2 pmW
l}ORv [1]'|mUiwr=m}t w [3]'u=Q=mty w Or}i} Qt QO xOWx�=Q= |Q@ Q=@ C}iQ_
|q=@ OL R= [7]'uJ OQw;Q@ xm O};|t Q_v x@ xD@r= w �8 w 7 |=ypmW� OvwW|t
|QDtm CkO [4]'|mUiwr=m}t w [3]'u=Q=mty w Or}i} Qt x@ C@Uv |Q@ Q=@ C}iQ_

"OQ=O
xOy=Wt 9 |r= 7 |=ypmW QO xm Qw]u=ty 'OwOLt u=tr= G}=Dv =@ xU}=kt QO
|v}@V}B |Q@ Q=@ C}iQ_ |=Q@ =Q |QDnQR@ Q}O=kt |rm Qw] x@ [13]'wS 'OwW|t
w Or}i} Qt |xOWx�=Q= |q=@ OL R= OQ=wt |NQ@ QO Q=Okt u}= xm 'CU= xOQm
w [14]'si w |v}Ov@ |xOWx�=Q= G}=Dv p@=kt QO "CU= xDiQ QD=Qi R}v [3]'u=Q=mty
QO |rY= C}OwOLt xm CU= sRq QmPD u}= "OvDUy l}ORv Q=}U@ VywSB u}=
xm 'CU= 0 5 R= QDlJwm |=ycut=cub |UQQ@ sOa [14]'si w |v}Ov@ VywSB
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t w Or}i} Qt |xOWx�=Q= u}}=B w q=@ OwOL u}ov=}t Q@=Q@ ,=OwOL OwOLt p[=iD G}=Dv
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1. fast lagrangian analysis of continua
2. limiting equilibrium
3. punching failure
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