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p=}U |UQv}=

�|QDmO |wHWv=O� |QoUa |ra
�Q=}O=DU=� �|vWro Q@m =|ra

TQOt C}@ QD x=oWv=O 'CU} R \}Lt w u=Qta |UOvyt |xOmWv=O

|rN=O p=}U Q=Wi w |oOWR=@ 'Q=WDv= u=R}t u}}aD |=Q@ |r}rLD VwQ l} 'VywSB u}= QO
|}xLiY VvQm Cr=L QO xOvvmW |=ynvU |=Q@ p=Ft Qw]x@ u=UWm \}Lt QO lQD

C@=F MQv CLD R}J=v |wQv=Qo =@ sm =QD p@=k Q}e w |vDw}v CQwY x@ p=}U "CU= xOW x�=Q=
|oOWR=@ w OWQ u=R}t QO |UQv}= QF= 'u}W}B C=ar=]t QDW}@ QO "OwW|t j} QRD lQD QO

|=Q@ 1|B wDwty V=WDe= |r}rLD VwQ 'xDWwv u}= QO "CU= xOWxDiQo xO}O=v lQD
x@ C@Uv \}Lt |DNU Q}O=kt Cr=L u}= QO "CU= xOW O=yvW}B QF= u}= uDiQoQ_vQO

'|UQv}= C=QF= uDiQoQ_vQO |}=Q=m \ki xv VwQ u}= "CU= QDW}@ p=}U |wQv=Qo w |UQv}=
"OQ=O R}v =Q p=}U |q=@ |wQv=Qo w u=UWm \}Lt |q=@ |DNU uwJty |Qo}O C=QF= xmr@
"CU= xOW xU}=kt u}W}B |xOWs=Hv= |=yQ=m =@ VywSB u}= '|HvUQ=@Da= w O}}-=D |=Q@
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VwQ '|UQv}= 'xOvvmW Q}PB=vPwiv |=ynvU '|m}rwQO}y CUmW %|O}rm u=oS=w
"|B wDwty V=WDe=

xtOkt "1
Q=DiQ ^=Lr R= xJ w pOt |xUOvy ^=Lr R= xJ 'xO}OB u}= |r}rLD pL QO
pL VwQ R= =yVr=J R= |WN@ "O};|t OwHwx@ |R}ov=Q@Vr=J p�=Ut '\}Lt
QO 2u=tR =@ |RQt \}=QW C=Q}}eD w pO=aD w u=} QH |r=QoDv= |xDU@sy CqO=at
|xrO=at |]NQ}e Q=DN=U R= |W=v u=wD|t =Q Qo}O |WN@ w CU= |r=QoDv= |x}L=v

[1]"CUv=O |oDUmW pN=O QO p=}U u=} QH Q@ sm =L
Q}F-=D uOw@ R}J=v ZQi =@ |}xLiY VvQm CQwYx@ |m}rwQO}y lQD VQDUo
ZQi =@ u; QO xm 'CU= xDiQo Q=Qk |UQQ@ OQwt 1990 p=U QO ,q@k 'p=}U |wQv=Qo
3x@=WDtOwN pL VwQ 'p=}U n =QO |wQ}v p@=kt QO p=}U |UQv}= |wQ}v uOw@sm =L

[2]"CU= xDi=} VQDUo lQD OWQ |=Q@
lQD Q=WDv= QO p=}U |UQv}= C=QF= xm Ov=xOQm ZQi u=QoWywSB R= |NQ@
R}J=v |r}N p=}U |wQv=Qo xm |]}=QW CLD |DL� lQD QO p=}U u=} QH =} w
pOt u=} QH |Qw�D R= xO=iDU= =@ =Q p=}U u=} QH w [4w3]'CU= R}J=v �CU=

[5]"Ov=xOQm
|=yVwQ R= xO=iDU= =@ =Q p=}U |wQv=Qo w |UQv}= C=QF= 'Qo}O |NQ@ OvJ Qy
w p}rLD |=]N Vy=m |=Q@ =t= 'Ov=xDiQo Q_v QO x@=WDtOwN w 4V=WDe= pL
xO=iDU= x@=WDtOwN w V=WDe= |=yVwQ Q=vm QO OQ=Ov=DU= VwQ R= pOt |}=Qosy
CqO=at pL |=Q@ xQ=wty V=WDe= VwQ x@ pL VwQ QO u}vJty [6]"Ov=xOQm
p=}U |UQv}= =} w |wQv=Qo QF= uOw@lJwm ZQi x@ R=}v 'CUmW pOt xDU@ty

"CU=

|xO}OB p}rLD |=Q@ l}vmDw�S Vv=O QO � syt |Q=R@= u=wvax@ � CUmW sR}v=mt
xU}=kt QO sR}v=mt u}= |Qw�D G}=Dv OvJ Qy "CU= nvU |xOwD QO CUmW
=D xOvvmW p;xO}= |=ynvU |=Q@ |m}rwQO}y CUmW l}Uqm |=y|Qw�D =@
OwHw |[=te= p@=k Q}e C=iqDN= u=vJty =t= 'OvDUy VN@C}=[Q |OwOL
C}ak=w Q@ j@]vt =Q xr�Ut C=}[Qi xm CU= R=}v C=iqDN= u}= Vy=m |=Q@ "OQ=O
u; p}rLD w \@=wQ uOWQDxO}J}B ?Hwt Q=m u}= OvJ Qy "CiQo Q_v QO pOt

"OwW|t
"OwW|t =ylQD OWQ COW V}=Ri= Ea=@ =ylQD R= p=}U Qw@a lW uwO@
lQD VQDUo Ov};Qi uDiQou}}=B CUO Ea=@ CU= umtt |UQv}= C=QF= uDiQo xO}O=v
|xO}OB x@ \w@ Qt xDU@sy Q=DiQ |UQQ@ '|UOvyt |=yQ=m R= |Q=}U@ QO xRwQt= "OwW

%CU= C}ty= R�=L Q} R OQ=wt p}@k R= |m}rwQO}y CUmW
&|SQv= p=kDv= w |QyW pkv w ptL |=ypvwD 'OU |=yx}=B �

&ltv nvU QO R=o |v}tRQ} R |Q=Oyov uR=Nt O=H}= �
&|vOat w x=Q '?; |=ypvwD E=OL= '|R=UOU C=}rta QO =HQ@ |=yVvD u}}aD �
uiO w |]}LtCU} R Q[t w O�=R O=wt uiO Qw_vt x@ CU} R \}Lt `}=vY �

"|}xDUy |=yxr=@ R
pw�Ut xOvU} wv �
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}rLDpmW x@ =Q xr�Ut 'QwmPt |=yZQi Vy=m =@ u=wD|t xm CU= sRq QmPD u}=
ZQi =@ u=QoWywSB R= |NQ@ ,=Q}N= 'p=Ft Qw]x@ "OQm p}rLD w pOt |QD|ak=w
|vDw}vQ}e ZQi =@ u}vJty w p=}U |oO=Di=?ka OwHw =} \}Lt uOw@ Q}PBPwiv

[11w10'7'1]"Ov=xOQm pOt =Q xr�Ut 'p=}U

sm =L CqO=at w |Ov@pwtQi "3
lQD pw] hYv |=Q@ uQ=kDt CQwYx@ sm =L CqO=at 'QwmPt |=yZQi =@ j@=]t

%OwW|t u=}@ CQwY u}= x@ '0 � x � l
%�1 |x]@=Q� |OwQw p=}U u=R}t |=Q@ sQH |=k@ |xrO=at "1

@
@t

Z l

x
wdx = wv;Z l

0
wdx = 1

2V (t);

V (t) =
Z l

0
Qdt: (1)

CU= u=} QH Q}Ut Q@ p=tQv CyH QO p=}U \UwDt CaQU v(x; t) 'u; QO xm
"CU= lQD pw] OWQ MQv u=ty v(x = l; t) w

[5w3]%�2 |x]@=Q� p=}U CmQL |=k@ |xrO=at "2
@v
@t

+ 1
2
@v2

@x
= �1

�

�
@p
@x

+ �0v
w2

�
(2)

"CU= p=}U XwYNt sQH hQat �'u; QO xm
[12]%�3 |x]@=Q�wlQD|oOWR=@ w pXr=N Q=Wi u}@ \=@DQ=|r=QoDv= |xrO=at "3

w(x; t) = 4
�E0

Z l

0
G
�
x
l
; x
0
l

�
p(x0; t)dx0;

G
�
�; �0

�
= ln

�����p1� �2 +
p1� �02p1� �2 �p1� �02

����� : (3)

"CU= Oa)@ uwO@ QwLt � = x
l(t) 'u; QO xm

%�4 |x]@=Q� lQD Q=WDv= |m}D=DU= x@W Q=}at "4

w = K0
E0
p

(l � x) l � x << l:

E0 = E
1� �2 ; �0 = 12�; K0 = 4

s�2
�

�
KIC : (4)

u=wD|t 'CU= xOt; [11w10'7'1]OwHwt `@=vt QO xm xOWQmP CqO=at uOQmT=}kt =@
"OQm |R=UxO=t; |r}rLD pL |=Q@ =Q xr�Ut

sm =L CqO=at 6|R=UT=}kt "4
Oa)@ uwO@ '=yQ}eDt Q}}eD R= xDUO l} =@ =Q =yu; 'sm =L CqO=at pL QO |DL=Q |=Q@

V=WDe= VwQ |Q}oQ=mx@ w [8�6]'uOQm T=}kt\@=wQ R= xO=iDU= =@ xar=]t u}= QO
p=}U |UQv}= C=QF= [9]'CU= xOW O=yvW}B 1999 p=U QO |WywSB QO xm '|B wDwty

"CU= xOW xDiQo Q_v QO Q}O=kt uOw@lJwm ZQi uwO@

u; C=}[Qi w xr�Ut |iQat "2
j@=]t� |ovU \}Lt l} QO 2l(t) pw]x@ lQD Q=WDv= |r}rLD pL 'VywSB u}= QO
nvU |m}v=mt |=y|oS} w "CU= xOW |UQQ@ |}xLiY VvQm ZQi =@ �1 pmW
xOW XNWt KIC |otQkJ =} |DNU w � uwU=wB ?} Q[ 'E nv=} pwOt =@
"CU= xOW j} QRD lQD \Uw QO Q(t) u=} QH MQv w � |wQv=Qo =@ p=}U l} "CU=
"CU= t u=tR w x u=mt R= |a@=D 'j} QRD R= |W=v lQD pf (x; t) |}xQiL Q=Wi
xr�Ut u}= QO CqwyHt "CU= �0 |=HQ@ VvD x@ OwOLt \}Lt 'Qo}O |iQ] R=

%R= Ov=CQ=@a
&OvyO|t V}=tv w(x; t) =@ xm lQD |oOWR=@ u=R}t "1

&CU= p = pf (x; t)� �0 =@ Q@=Q@ xm lQD QO Xr=N Q=Wi "2
"CU= u=tR R= |a@=D xm '2l(t) lQD pw] "3

%CU= xOW xYqN CQwY u}= x@ 'pOt u}= pL |=Q@ |r}rLD pL C=}[Qi
xOW ZQi CN=wvm} CQwYx@ lQD |xLiY Q@ Owta CQwYx@ =HQ@ VvD ��

&CU=
j} QRD `k=w QO w xOW ZQi R}J=v lQD pw] p@=kt QO |m}rwQO}y x=J `=aW ��

&CU= xOW s=Hv= lQD \Uw QO RmQtDt |x]kv l} R= p=}U
s=Q; u=} QH u}=Q@=v@ 'OvDUy lJwm |r}N |oOWR=@ MQv w lQD Q=WDv= CaQU ��

&CU= xOW xO=iDU= 5u=} QH |@amt uwv=k R= w xOW ZQi
j@]vt lQD lwv x@ u=tR Qy QO p=}U u}=Q@=v@ 'CU= xOW QB p=}U R= ,qt=m lQD ��

&OQ=Ov OwHw lQD lwv QO p=}U �Lag� |oO=Di= ?ka 'Qo}O CQ=@ax@ "CU=
&OyO|tv MQ p=}U QO |Dr=L Q}}eD xvwoI}y w xOW ZQi sm =QD p@=kQ}e p=}U ��

&CU= Q}PB=vPwiv w u=UWm \}Lt ��
�LEFM�|]N u=UWm CQwYx@CUmWl}v=mt ?wJQ=J QO lQD VQDUo ��
u}=Q@=v@ 'Ovm|t =O}B OWQ |WWm |wQ}v CLD lQD xm |}=Hv; R= w OwW|t u=}@

"CU= xOW xDiQo Q_v QO pw= CUmW Owt \ki

"|}xLiY VvQm ZQi =@ |m}rwQO}y CUmW pOt l}D=tW "1 pmW
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|ra O}k l} u=wD|t |O=OQ=Qk Qw]x@ 'L lQD |xOWT=}kt pw] uDW=Oxov C@=F |=Q@
|v=wD |x]@=Q ZQi =@ "OQm p=ta= xwQo u}= x@ GakGbmGc� = 1 CQwYx@ |Q@H
xwQo |}=yv sQi w lQD |xOWT=}kt pw] '(V � t�) u=tR w j} QRD CaQU u}@
QO "Ow@ Ovy=wN u=tR R= |v=wD CQwYx@ 'OwW|t xH}Dv QwmPt O}k R= xm 'Oa)@ uwO@
8 |r= 6 CqO=at QO =Q t@(:)=@t u=tR x@ C@Uv jDWt QwD=QB= u=wD|t 'C}=yv

%OQm u} Ro}=H 10 |x]@=Q CQwYx@
t @
@t

=
�
t _Gk
Gk

�
Gk

@
@Gk

+
�
t _Gm
Gm

�
Gm

@
@Gm

+
�
t _G�
G�

�
G�

@
@G�

(10)

"OvDUy u=tR x@ C@Uv |D@=F Q}O=kt RDv=QB pN=O ?}=Q[ 'u; QO xm

|BwDwty V=WDe= VwQ "5
C=kDWt |]NQ}e CqO=at pL |=Q@ |O=} R |r}rLD |=yVwQ 'Q}N= |=yxyO QO
Q=Qk xO=iDU= OQwt |UOvyt w |m} R}i |=yxO}OB QO w |iQat |r=QoDv= w |�RH
CqmWt w |}=Qosy C}OwOLt p}rO x@ =yVwQ u}= R= |NQ@ [15�13]"Ov=xDiQo
xH}Dv QO "OvDU}v OQ@ Q=m p@=k CqO=at R= |NQ@ pL QO '|RQt \}=QW uOQm<=[Q=
|xrO=at l} pL |=Q@ "CU= xDi=} xaUwD w O=yvW}B [14w9]'|y \UwD HPM VwQ

[14]%OwW|t pta CQwY u}= x@ HPM VwQ R= |]NQ}e
%CU= 11 |x]@=Q CQwYx@ |]NQ}e |xrO=at l} sQi |rm Qw]x@

N [f(�;Gi)] = 0; i = k;m; �

f(�;Gi) =
��
(�;Gi);�(�;Gi); �#(�;Gi); 
(Gi)

	
(11)

swrat=v `@=wD xDUO l} f(�;Gi=k;m;�) w |]NQ}e QwD=QB= l} N 'u; QO xm
'CU= xOW |iQat |y \UwD xm '|B wDwty V=WDe= VwQ |Q}oQ=mx@ =@ "OvDUy

%Ovm|t Q}}eD 12 |x]@=Q CQwYx@ xrO=at
H(f; p) = (1� p)L [f(�;Gi; p)� f0(�;Gi)] + pN [f(�;Gi; p)]

(12)

R= x}rw= TOL ?}DQD x@ L w f0(�;Gi) '|[Qi QDt=Q=B l} p 2 [0; 1] 'u; QO xm
p = 1 w p = 0 |=Q@ xm CU= |y}O@ "OvDUy |mtm |]N QwD=QB= w 'f(�;Gi)

"CU= Q=QkQ@ f(�;Gi; 1) = f(�;Gi) w f(�;Gi; 0) = f0(�;Gi) \@=wQ
|x}rw= TOL u}}aD x@ QHvt f(�;Gi; p) pL 1 =D 0 R= p Q=Okt V}=Ri= =@ u}=Q@=v@
13 |x]@=Q p ?UL Q@ f(�;Gi; p) \U@ =@ "OwW|t f(�;Gi) w f0(�;Gi)

%CW=O s}y=wN =Q

f(�;Gi; p) = f0(�;Gi) +
+1X
m=1

fm(�;Gi)pm (13)

|xrO=at |QU 'OvwW ?=NDv= |@U=vt ,qt=m Qw]x@ x}rw= `@=D TOL w |]N QwD=QB= Qo =
%CW=O s}y=wN =Q 14 |x]@=Q xH}Dv QO "OwW|t =Qosy p = 1 QO 13

f(�;Gi) = f0(�;Gi) +
+1X
m=1

fm(�;Gi) (14)

\}Lt QO jwi VwQCLD|}xt=vQ@ '=DU=Qu}ty QO "CU=?} QkD |x@DQtm 'u; QO xm
"CU= xOW xDWwv|m}rwQO}yCUmW|xDU@=w|]NQ}eCqO=atpL|=Q@Maple

%OvwW|t h} QaD 5 \@=wQ CQwYx@ =yQ}eDt Q}}eD R= xDUO u}= "Ovvm|t
w (x; t) = " (t)L (t) 
 (�; t) ;

p (x; t) = " (t)E0� (�; t) ;

l (t) = L (t) 
 (t) ; " (t) = L�2 (t) V (t) ;

v (x; t) = t�1L (t)# (�; t) ;

�
 (�; t) = 
 (�; t)/
 (t);

�# (�; t) = # (�; t)/
 (t): (5)

CaQU w lQD pw] hYv 'Xr=N Q=Wi '|oOWR=@ ?}DQD x@ # w 
 '� '
 'u; QO xm
"CU= lQD pw] T=}kt u; QO L(t) u}vJty "OvDUy Oa)@ uwO@ Cr=L QO p=}U
w xOWT=}kt sm =L CqO=at x@ 'sm =L CqO=at QO xOWQmP \@=wQ |Q=Po|=H =@

%s}UQ|t CQwY u}=x@ Oa)@ uwO@
%�6 |x]@=Q� �sQH |=k@� |oDUw}B |xrO=at

t _V
V

1Z
�

�
d� + t _L
L
� �
 + 	T = �
�#;

1Z
0

�
d� = 1
2
2 ; (6)

%�7 |x]@=Q� p=}U sDvtwt |xrO=at

�@�
@�

= G�
2 �#
�
t _L
L

�
1� �

�#
@ �#
@�

�
� 1 + @ �#

@�
+ �T

�
+Gm

�#

2 ;

(7)

%�8 |x]@=Q� |]N CUmW u=UWm Q=}at w |r=QoDv= |xrO=at

�
 (�; t) = L�1 f�g (�; t) = 4
�

1Z
�

G
�
�; �0

�
�
�
�0; t
�
d�0;

lim
x!1 (1� �)�0 5 �
 = Gk
�0 5;

	T = t
1Z
�

�
_�
 + _





�
�
� � @ �


@�

��
d�;

�t = t _




�
1� �

�#
@ �#
@�

�
+ t _�#

�#
: (8)

sDvtwt w |oDUw}B CqO=at QO =B=v =} Q=Po VN@ ?}DQD x@ �T w 	T 'u; QO xm
CQwYx@ xOWT=}kt xwQo xU u=wvax@ G� w Gm 'Gk u; QO u}vJty "OvDUy
|wQv=Qo 'Ot=H |DNU |@Uv |i}m C=QF= ?}DQD x@ xm 'OvwW|t h} QaD 9 |x]@=Q

%Ovvm|t u=}@ =Q p=}U |UQv}= w p=}U

Gk = K0
E0

L1 5

V
;

Gm = �0
E0

L6

tV 3 ;

G� = �
E0

L4

t2V : (9)
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Q=W
Dv=p

}rLDs}y=wN =Q 17 \@=wQ '13 |xrO=at =@ j@=]t w fm(�;Gi) = Gmi gm ZQi =@
%CW=O

�
(�;G�; p) =
+1X
m=0

Gm� �
mpm;

�(�;G�; p) =
+1X
m=0

Gm� �mpm;

#(�;G�; p) =
+1X
m=0

Gm� #m p
m;


(G�; p) =
+1X
m=0

Gm� 
mp
m: (17)

QO 17 CqO=at |Q=Po|=H =@ "CU=G� R= |a@=D \ki 
 'sm =L CqO=at x@ xHwD =@
s}y=wN =Q 19 w 18 \@=wQ 'p R= |}=yu=wD ?ULQ@ u; uOQm ?DQt w 16 CqO=at

%CW=O

p0 : 2
1Z
�

�
0d� + 2� �
0 � 3�
0 �#0 = 0;

2
20
1Z

0
�
0d� � 1 = 0; @�0

@�
= 0;

�
0 (�) = L�1 f�0g (�) ;

lim
�!1 (1� �)�0 5 �
0 = 
�0 5

0 : (18)

p1 : 3�
1 �#0 � 2
1Z
�

�
1d� � 2� �
1 + 3�
0 �#1 = 0;

2
1
1Z

0
�
0d� + 
0

1Z
0

�
1d� = 0;

@�1
@�

= 1
3


20
�2� � 3�#0

��@ �#0
@�

�
+ 1

3

20 �#0;

�
1 (�) = L�1 f�1g (�) ; 
1 = lim
�!1

�
�2�
1
0

�
0

�
: (19)

CqO=at x=oDUO "CU= xOW x�=Q= CUw}B QO p R= swO u=wD x@ \w@ Qt CqO=at
CU= xOW pL xDU@sy CQwYx@ Maple Q=Ri=sQv R= xO=iDU= =@ xOWQmP |r=QoDv=

%�20 \@=wQ�
�
0 = 1

2�
13
p1� �2; �0 = �

13

8 ;

�#0 = 1
6� + 1

2
cos�1 (�)p1� �2 ; 
0 = 2

�
23
: (20)

sm =L |DNU T=}kt xm |DQwY QO "OwW|t xDio 7|UQv}=|@ pL '20 \@=wQ x@
�|UQv}= =@� |LqY= pL 'p=}U |UQv}= OwHw CQwY QO =ysQD |x}k@ x@ 'OW=@

%�21 |x]@=Q� OwW|t xDio
�1 = �2 ln (2)

� 4 3 + 5
1 8

�2

�4 3 + 1
6

1 + 2�2

�4 3 (�2 � 1)

� arccos (�)2 + arccos (�) �
�4 3p1� �2 + 0 195207;

�
1 = L�1 f�1g ; 
1 = 0 166199: (21)

w (Gk = 1) |DNU C}tm =L =@ xDU@sy CqO=at "6
(Gm = 0) R}J=v |r}N |wQv=Qo

|xDU@sy CqO=at 'p=}U |wQv=Qo uOQmZQi R}J=v w j} QRD MQv uDiQoQ_vQO C@=F =@
%Ov};|t CUOx@ 15 |x]@=Q CQwYx@ |DNU T=}kt QO 8 |r= 6

1Z
�

�
d� + 2
3� �
 + 	T = �
�#;

1Z
0

�
d� = 1
2
2 ;

�@�
@�

=�1
3Gp


2 �#
�
1+Gp


 �#
@
 �#
@Gp

+
��

2�Gp



@

@Gp

�
�
�#
�3
�
@ �#
@�

�
;

�
 (�) = L�1 f�g (�) ;

lim
�!1 (1� �)�0 5 �
 = 
�0 5;

	T = �1
3

1Z
�

�
G�

@ �

@G�

+G�



@

@G�

�
�
� � @ �


@�

��
d� (15)

=@ j@=]t xH}Dv QO 'OwW xDiQo Q_v QO Gk = 1 |Dkw xm CU= sRq QmPD u}=
'xOWT=}kt pw] uDW=OCUO QO =@ "O};|t CUOx@ xOWT=}kt pw] '9 |xrO=at
|xrO=at u}vJty "OW Oy=wN G� = �E0 53 V 53

K0 83 t2
� t� 13 pO=at |UQv}= ?} Q[

pL Qw_vt x@ "OwW|t xO=U t(@=@t) = (�1 3)G�(@=@G�) CQwYx@ '10
12 |xrO=at QO =Q 15 CqO=at '|B wDwty V=WDe= VwQ R= xDU@sy CqO=at

%O};|t CUOx@ 16 \@=wQ CQwYu; QO xm 's}vm|t |Q=Po|=H

H1 =(1� p)
24 1Z
�

�
�
� 1

3G�
@ �

@G�

�
d� +2

3� �
� �
�#
�

+ p

24 1Z
�

�
d� + 2
3� �
� �
�#� 1

3
1Z
�

�
G�

@ �

@G�

+G�



@

@G�

�
�
� � @ �


@�

��
d�
�

H2 =(1� p)
242
2

1Z
0

�
d� � 1
35+ p

242
2
1Z

0
�
d� � 1

35 ;
H3 =(1� p)

�
@�
@�

�
+ p
�
�1

3G�

2 �#�

�
1 + G�


 �#
@
 �#
@G�

+
��

2� G�



@

@G�

�
� �

�#
� 3
�
@ �#
@�

�
+ @�
@�

�
;

H4 =(1� p) h�
 (�)� L�1 f�g (�)
i

+ p
h

�
 (�)� L�1 f�g (�)
i
;

H5 =(1� p)
�

lim
�!1 (1� �)�0 5 �
� 
�0 5

�
+ p

�
lim
�!1 (1� �) �0 5 �
� 
�0 5

�
: (16)
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"OyO|t u=Wv G� hrDNt Q}O=kt |=Q@ '(m = 1) 17 |x]@=Q =@ j@=]t =Q lQD
Ea=@ xm 'CU= xOQm =O}B V}=Ri= p=}U XwYNt sQH u=R}t V}=Ri= =@ p=}U CaQU
lwv QO p=}U Oa)@|@ CaQU 'G� V}=Ri= =@ "CU= xOW lQD OWQ CaQU V}=Ri=
OWQ MQv =@ s}kDUt \=@DQ= xm 'CU= xDi=} V}=Ri= 4 pmW =@ j@=]t � = 1 lQD

"�CU= lQD OWQ CaQU =@ Q@=Q@ lQD lwv QO p=}U CaQU� OQ=O lQD
R= lQD |xOWT=}kt p=}U Xr=N Q=Wi w xOWp=tQv |oOWR=@ u=R}t '5 pmW
'pw= |x@DQt pL R= |oOWR=@ u=R}t "OyO|t u=Wv =Q G� 'l} w QiY |x@DQt pL
QF= |LqY= sQD 'Qo}O |DQ=@a x@ "OyO|t Vy=m =Q |UQv}=|@ p}rLD R= �
0 Q}O=kt

"OQ=O lQD |oOWR=@ u=R}t QO |}xOvy=m
|xOWT=}kt (�) p=}UXr=N Q=Wi w (
 = 
 �
) |oOWR=@ u=R}t '6 pmW
Q}O=kt |=Q@ =Q 'm = 1 '17 |x]@=Q =@ j@=]t 'l} w QiY |x@DQt pL R= lQD
"OyO|t u=WvG� = f0; 0 1; 0 3; 0 5; 1 0g p=}U |UQv}= QDt=Q=B R= |irDNt
u}= "CU= xDi=} V}=Ri= lQD OWQ CyH QO Xr=N Q=Wi 'QwmPt pmW x@ xHwD =@
Oa)@|@ CaQU 'Qo}O CQ=@a x@ [2]"CU= K}HwD p@=k |rwvQ@ |xOa=k =@ j@=]t QF=
QHvt xH}Dv QO xm '�4 pmW j@=]t� CU= xDi=} Vy=m lQD OWQ CyH QO p=}U

"CU= xOW Xr=N Q=Wi V}=Ri= x@
Xr=N Q=Wi u}@ hqDN= G� 'p=}U |UQv}= QDt=Q=B V}=Ri= =@ xmv}= x@ xHwD =@
|UQv}= QDt=Q=B R= |QDq=@ Q}O=kt QO u}vJty w O=} R p=}U j} QRD pLt w lQD lwv QO

lQD pN=O QO # = 
 �# p=}U Oa)@ uwO@ CaQU w �# |xOWp=tQv CaQU "4 pmW
"G� hrDNt Q}O=kt |=Q@ '(m = 1) '17 |x]@=Q =@ j@=]t

u; |xOta Cw=iD "OvDUy [16]'V=o =Q=o |xOWu}}aD |=ypwtQi x@=Wt \@=wQ u}=
QO xm 'CU= m � 2 Q}O=kt |=Q@ gm =

��
m;�m; �#m; 
m
	 w #1 `@=wD QO

Ea=@ 'mV}=Ri= xm CU= sRq QmPD u}= "CU= xOW xQ=W= Q=YDN= x@ |Oa@ VN@
VwQ l} CU= sRq CQwY u}= QO xm &OW Oy=wN xr�Ut O=} R Q=}U@ |oO}J}B

"OwW xDiQo Q=mx@ CqO=at x=oDUO pL |=Q@ |OOa

G}=Dv w EL@ "7
=Q |B wDwty V=WDe= VwQ w [16]'V=WDe= VwQ wO u}@ |xU}=kt 3 w 2 |=ypmW
lQDs}v pw] u}@ |iqDN= 'OwW|t xOy=Wt 2 pmW QO xmQw]u=ty "OyO|t u=Wv
"OQ=Ov OwHwO(G�)|UQv}= =@ wO(1)|UQv}=|@ pL |=Q@ VwQ wO R= xOWx@U=Lt
xOy=Wt 3 pmW QO |UQv}= =@ pL R= p=}U |xOWp=tQv CaQU QO |D=iqDN=
|x]@=Q QO 1

3
1R
�
G�@ �
=@G�d� sQD uOwRi= R= |W=v hqDN= u}= "OwW|t

� p}U=Qi}O CqO=at p}rLD R= |QDj}kO pL Ea=@ sQD u}= "CU= H1
QO #1 'CUw}B =@ j@=]t "OwW|t |B wDwty V=WDe= VwQ QO |r=QoDv=
QO "CU= Q=PoQ}F-=D m � 2 =} O(G2

�) |=Q@ gm =
��
m;�m; �#m; 
m

	
"CU= xDiQo CQwY |UQv}= =@ |=ysQD |=Q@ KqY= 'VywSB u}= QO xH}Dv

%|BwDwty V=WDe= VwQ w [16]'V=WDe= VwQ wO R= lQDs}v pw] |xU}=kt "2 pmW
|x]@=Q =@ j@=]t |UQv}= =@ pL O(G�) '|wQv=Qo |@ w |UQv}=|@ pL O(1)

"(m = 1) 17

[16]'V=WDe= VwQ wO R= lQD pN=O QO p=}U |xOWp=tQvCaQU |xU}=kt "3 pmW
"l} w QiY |x@DQt pL R= |BwDwty V=WDe= VwQ w
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"G� hrDNt Q}O=kt |=Q@ 'm = 1 '17 |x]@=Q =@ j@=]t l} w QiY |x@DQt pL R= lQD |xOWT=}kt '� 'p=}U Xr=N Q=Wi w '
 = 
 �
 '|oOWR=@ u=R}t "6 pmW

"CiQo Q_v QO Gk = 1 ZQi =@ =wk Q=F; `tH pY= =@ j@=]t 'u=tRsy Qw]x@ =Q wO
'CU= xOW xU}=kt [16] `HQt =@ VywSB u}= G}=Dv '|HvUQ=@Da= w O}}-=D |=Q@
V}=Ri= Ea=@ G� V}=Ri= '|rmQw]x@ "CU= pw@k OQwt |i}m w |:tm ^=Lr R= xm
uOW|}xQ]k x@ QHvt xH}Dv QO xm 'OwW|t Xr=N Q=Wi hqDN= w p=}U CaQU

"OwW|t lQD pmW
x@ uO}WN@ CaQU Ea=@ w Vy=m |oOWR=@ u=R}t 'G� V}=Ri= =@ u}vJty
|UQv}= C=QF= uDiQoxO}O=v "OwW xDiQo Q_v QO |L=Q] QO O}=@ xm 'OwW|t lQD OWQ

"OwW lQD VQDUo Ov};Qi uDiQou}}=BCUO Ea=@ CU= umtt

QmWD w Q}OkD
(Dmitry Garagash) V=o =Q=o |QDtO QwUiwQB |xOvRQ= C=L}[wD R= u=oOvU} wv

"OvQ=RoU=BU VywSB u}= OvwQ uOWQDK[=w |=Q@ =O=v=m Dalhousie x=oWv=O R=

p}=tD xv}W}@ |oOWR=@ pLt xH}Dv QO &CU= xOW |ivt j} QRD pLt QOXr=N Q=Wi
uOWxDU@ x@ wQ j} QRD pLt w CU= xv}W}@ Xr=N Q=Wi u; QO xm OQ=O |DtU x@
|xQ]k x}@W G� R= |QDq=@ Q}O=kt QO |oOWR=@ pmW ,=D}=yv xm 'CU= xDiQ V}B

"CU= [16]`HQt G}=Dv x@=Wt =yxDi=} u}= "CU= xOW lW=

|Q}oxH}Dv "8
|oOWR=@ 'Q=WDv= u=R}t u}}aD |=Q@ |B wDwty V=WDe= |r}rLD VwQ 'VywSB u}= QO
Q=mx@ |}xLiY VvQm Cr=L QO xOvvmW |=ynvU QO lQD |rN=O p=}U Q=Wi w
R= |irDNt Q}O=kt |=Q@ lQD |oOWR=@ w OWQ u=R}t QO |UQv}= QF= "CU= xOW xDiQo
|wQv=Qo QF= uDiQoQ_vQO |=Q@ u=wD|t VwQ u}= R= "CU= xDiQo Q=Qk |UQQ@ OQwt G�
u}= QF= C}=yv QO w OQm xO=iDU= R}v lQD |oOWR=@ w OWQ u=R}t QO (Gm 6= 0) p=}U

=yCWwv=B
1. Homotopy perturbation method (HPM)
2. moving boundary

3. self similar solution (SS)
4. perturbation method (PM)
5. poiseuille equation
6. scaling
7. zero-inertia sloution
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