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'CU= xDiQo Q=Qk xar=]t OQwt 1970 p=U R= |Q=O}=B=v u}= xmv}= =@ |rm Qw]x@
w |OOa |=yp}rLD w xO=U |}xR=U |=ypOt |=v@t Q@ xOWs=Hv= |=yQ=m |rw
O=H}= sU}v=mt x@ u=OvJ C=ar=]t u}= QO "CU= Q=wDU= OOaDt |=yV}=tR; u}vJty
|Q=O}=B=v |UQQ@ x@ Q=DWwv u}= QO "CU= xOWv xDN=OQB ẁ[wt u}= Q@ sm =L |Qw�D w
|Qw�D pOt |xaUwD w O=H}= sR}v=mt Q_vt R= |Oqwi |=yQ}D u=H |WWm |x}L=v

"CU= xOW xDN=OQB xr�Ut R= xOWxO=U

|O=yvW}B pOt |iQat "2
w '|y=oW}=tR; '|OOa |=yp}rLD s=Hv= w u}W}B |=yVywSB G}=Dv |UQQ@ R= TB
xOW O=yvW}B �p=DrmU=� |Oa)@ l} |=yu=tr= R= pmWDt |rOt '|Qw�D \@=wQ QwQt
QO u=H |x}L=v l} |Wv=tm Q=DiQ ZQi =@ |Q=O}=B=v O=ONQ pOt u}= QO "CU=
|WWm |Q=yt w[a wO CQwYx@ `]kt |v}}=B CtUk l} |WWm pta w Q=@ Q} R
|Q=Wi CLD uwDU u=wvax@ u=H `k=w QO "CU= xOW |R=Ux}@W '2 pmW j@=]t
Q=Qk u}}=B x@ wQ w s�=k |}=Hx@=H l} CLD OwN |q=@ Q=OQ}o x=ox}mD QO xm CU=
|WWm w[a wO \UwD �|WWm p=@ |x}L=v |va}� OwN u}}=B |=yDv= QO w xDW=O

"CU= xOW |Q=Oyov
u; pmWQ}}eD w pO=aD Q@ sm =L \@=wQ w ?=NDv= 3 pmW pOt Qw_vt u}= |=Q@

"CU= xOW G=QNDU=
<=[a= 'OwW|t OQ=w 3 pmW pOt QO h `=iDQ= x@ uwDU x@ V u=mtQ}}eD |Dkw
pmWQ}}eD R= p@k "OvQ}o|t Q=Qk VWm CLD O=R; C}a[w R= l |x}rw= pw] =@ |Q=yt
uwDU |oOWx=Dwm Q=Okt x@ C=Ot=Hl}v=mt\@=wQ j@] <=[a= u}= pw]Q}}eD 'uwDU
uwDU |@v=H u=mtQ}}eD x@ uwDU pmWQ}}eD R= TB w VP =} |Q=Wi |wQ}v R= |W=v
"CU= xDU@=w �Vw |@v=H R}N p}rOx@ uwDU s�=k Q} wYD |oOW x=Dwm � VtN CLD
QO 'CU= xOW p=ta= uwDU |q=@ |=yDv= x@ xm 'V u=mtQ}}eD Cio u=wD|t TB
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u=Wv =Q |oOWx=Dwm Q}O=kt '2 w 1 \@=wQ "OwW|t xDU=m u; R= Vu = Vp + Vw
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EA

dx �= 0 (1)

Vw = h� hw = 1
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hZ
0
w02dx (2)
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"xOWQ=yt uwDU pOt =@ Q}D Q=DiQ |R=UpO=at "2 pmW

[2]"?mQt Q}D QO |WWm p=@ |Q=O}=B=v "1 pmW
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|R} Qx}=B QO Q}}eD |=Q@ |}=yO=yvW}B 'u=H |r=kDv= Vv=tm =@ x]@=Q QO xOWs=Hv=
|]@=wQ w OvOQm KqY= =Q QrU=@ pOt OwN C=ar=]t QO w x�=Q= OwHwt |L=Q] \@=wQ
|xt=vu}}; |L=Q] \@=wQ w CiQo|t Q_v QO =Q u=H |r=kDv= Vv=tm xm OvO=O x�=Q=
xt=vu}}; u}= [8�6]"OW |QovR=@ =yu; C=ar=]t |=v@t Q@ |Oa@ |=yV}=Q} w QO AISC

Q}D Q@ OQ=w Q=@ Q} R QO u=H |[Qa |=yxOvvmCNU OwHw 'OwN |L=Q] \@=w[ QO
u}= O=H}= `v=t u=wvax@ 'OW=@ xOW O}kt VNQJ Q@=Q@ QO |Q=Wi p=@ xm |Dr=L QO =Q
xOvvmCNU OwHw VNQJ |=Q@ O}kt=v |Q=Wi p=@ Cr=L QO w Ov=O|t |Q=O}=B=v
=} |[Qa |xOvvmCNU OwHw sOa Q@ ZQi 'VywSB u}= QO [8]"Ov=O|t Q}F-=D|@ =Q

"CU= u; uOw@ Q}F-=D|@
xS} w x@� p@k |=yVywSB Q@ |QwQt OwN Q=m QO R}v �1995� |Qo}O u=QoWywSB
|=yxvwtv R}v w uQ}=DU= |rB |=yxvwtv |wQ |}=yV}=tR; w xO=O s=Hv= �=Qw} w RQt=U
|@v=H |Q=O}=B '�1999� |Qo}OVywSB QO u}vJty [9]"Ov=xO=O s=Hv= |ak=w T=}kt
Q=m u}= "CU= xOW |UQQ@ xOWQ=yt |Q=Wi p=@ =@ uQ=kDt pmW I Q}D |WWm p=@
pOt Q@ KqY= |x�=Q= u; R= TB w |OOa |R=UpOt w V}=tR; s=Hv= j} Q] R=
|rt=m =v 'Ov=tUB |=yVvD QF= 'QwmPt |OOa p}rLD QO "CU= xDiQo CQwY RQt=U
s=Hv= =@ w ^=Lr Kr=Yt u=Utwt w |]NQ}e X=wN w nQR@ |=ypmWQ}}eD 'x}rw=
|L=Q] =Pr [10]"CU= xOW OwHwt \@=wQ KqY= QO |aU '|@ QHD w |OOa p}rLD
xOw@ Q_vOQwt Q=DiQ R= u=WQ=_Dv= w C=}[Qi |=v@t Q@ =yxvwtv |R=UxO=t; w V}=tR;
|=Q@ |WvmQOv= |x]@=Q w xOW xOv=wN |Q=O}=B=v |rY= pt=a u=wvax@ u=H Vv=tm w
u=H R= s�=k Q=Wi Q} R |x}L=v |Q=O}=B=v T=U= u}= Q@ w 'CU= xOW x�=Q= ZQi u}=
pt=a 'u=H |@v=H R}N |=Q@ |i=m |Q=OQ}o QO |WWm p=@ ha[ =@ u; |y=Qty w

"CU= xOW xDN=vW |Q=O}=B=v VQDUo w O=H}=
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u}= QO QF-wt |=yQDt=Q=B V=|OOa |xar=]t QO |w "OwW ^=Lr O}=@ |a[wt Q=@ =@
R= =Q |Q=O}=B=v ẁv wO xOta Qw] x@ |w |OOa pOt "CU= xOQm |UQQ@ =Q xO}OB
w u=H QO |a[wt Vv=tm %R= Ov=CQ=@a xm 'OyO|t u=Wv Vv=tm xS} w Q=Okt p}rLD
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=Q Vv=tm R= |W=v pmWQ}}eD R= TB w p@k uwDU |@v=H |=tv '4 pmW O=R; s=Qo =}O
xDi=}pmWQ}}eD Cr=L QO =yQ=yt VWm |Owta |xir-wt 'T |wQ}v "OyO|t u=Wv
8 w 7 \@=wQ pmW x@ =Q wQ}v u}= |=yxir-wt u=wD|t O=R; s=Qo =}O x@ xHwD =@ "CU=

%CWwv
NT =NTw + VTw= T (sin� cos tan�1 w0 � cos� sin tan�1 w0)

�1 + 2 cos2 tan�1 w0
(7)

VT = NTx + VTx = T (cos� cos tan�1 w0 � sin� sin tan�1 w0)
�1 + 2 cos2 tan�1 w0

(8)

x w w |=DU=Q |=yxir-wt x@ \w@ Qt ?}DQD x@ x w w |=yT} wvQ} R '=yu; QO xm
VT |WQ@ w NT |QwLt |xir-wt wO x@ OwN =yv; R= s=OmQy xm 'OvDUy T |wQ}v

"CU= xOW xO=O u=Wv 4 pmW QO R}v � |x} w=R "OvwW|t x} RHD uwDU QO
10 w 9 \@=wQ CQwYx@ '|Q=yt <=[a= pmWQ}}eD x@ xHwD =@ T |wQ}v Q=Okt

%OwW|t xDWwv
T = 2T 0 cos� = 2T 0 cos cos�1 l0

h+ Vf
= 2T 0 l0

h+ Vf
(9)

T 0 = EAbr
l

�q
l2 + V 2

f + 2Vfh+W 2
h � l

�
(10)

G=QNDU= |=Q@ "OvwW|t xDiQo Q=mx@ |O=yvW}B pOt p}rLD |=Q@ QwmPt|rO=aD\@=wQ w
=@ Qovr |x]@=Q "CiQo Q_v QO u=wD|t =Q 5 pmW O=R; s=Qo =}O 'p}Uv=Qi}O |xrO=at
%OwW|t xDWwv 11 |x]@=Q CQwY x@ M |x]kv pwL xOWxO=O C=YDNt ZQi
M = EIw00 = �(T cos )w + (T sin )x (11)

hu = h+Vf � hw+V u; QO xm ' = tan�1 (wh=hu) |x]@=Q uDUv=O =@
%CWwv 12 |x]@=Q j@=]t =Q 11 |x]@=Q u=wD|t 'CU=

EIw00 = T
�
x: sin

�
tan�1 wh

hu

�
� w: cos

�
tan�1 wh

hu

��
(12)

"xDi=}Vv=tm uwDU QO =ywQ}v O=R; s=Qo =}O "4 pmW

"u=H |r=kDv= Vv=tm |UQQ@ |=Q@ |O=yvW}B pOt "3 pmW
uwDU `=iDQ= s�=k Q} wYD R}v hw "OvyO|t u=Wv =Q uwDU |@v=H pmWQ}}eD w `@=D
Q_vhQY p@=k 2 |x]@=Q =@ xU}=kt QO 1 |x]@=Q "CU= |@v=H pmWQ}}eD R= TB

%CWwv =Q 3 |x]@=Q u=wD|t u}=Q@=v@ 'CU=
Vu �= Vw (3)

u=mtQ}}eD p=ta= R= TB 'l Q@=Q@ x}rw= Cr=L QO pOt s�=k |xLiY QO =yQ=yt pw]
`=iDQ= pm "OW Oy=wN l00 uwDU VtN R= TB w l0 pO=at uwDU VtN uwO@ w s�=k
h� Vf Q@=Q@ uwDU QO Vv=tm O=H}= w u; p=ta= R= TB w h Q@=Q@ x}rw= Cr=L |=Q@
uwDU x@ p=YD= Qw=Ht |x} w=R u; QO xm Ovvm|t O=H}= |FrFt Vf w l0'l "OW Oy=wN
xDWwv 4 |x]@=Q pmW x@ =yTwv}Um |x]@=Q 'QwmPt ErFt |=Q@ "OwW|t xO}t=v �

%OwW|t
l02 = l2 + V 2

f � 2lVf cos�; (4)

u=}@ =Q 5 \@=wQ u=wD|t 3 pmW j@] R}v � =} ji= =@ |WWm <=[a= |x} w=R |=Q@
%OQm

� = sin�1 h
l
; �0 = cos�1 h

l
) � = � � �0 = � � cos�1 h

l

cos(�) = cos(� � cos�1 h
l

) = �h
l

(5)

QO xR=U |x}rw= |xLiY Q@ xDi=} pmWQ}}eD uwDU Q} wYD� l0 Q=Okt |x@U=Lt =@
u=wD|t 'u; O=ODt= Q@ �uwDU |=yDv= u=mtQ}}eD� wh uOw@Owta x@ xHwD=@ w �3 pmW
%�6 |x]@=Q� OQ@ Q=m x@ |Q=yt <=[a= |}=yv pw] u}}aD |=Q@ =Q EQwe=F}i |x]@=Q
l02 = l2 + V 2

f + 2Vfh) l002 =
�
l2 + V 2

f + 2Vfh
�

+
�
w2
h

�
l00 =

q
l2 + V 2

f + 2Vfh+ w2
h (6)
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(h+ Vf )2 (18)

u}= |=Q@ |v=QL@ Q=@ Q=Okt '|Q=O}=B=v RQt QO xUOvy R= T uOw@pkDUt ZQi =@
Qrw= Vv=tm Q=@ x@=Wt xm &O};|t CUOx@ 'CU=yQ=yt QO OwHwt VWm xm 'sDU}U
QO |WWm |wQ}v "CU= QDW}@ |tm pw] =@ |rw 'xO=U |=yDv= wO =@ uwDU |=Q@
%CU= xDU@=w |UOvy pt=a wO x@ wQ}v u}= "CU= xr�Ut |=yQ}eDt R= |m} =yQ=yt
j@] wQ}v u}= |v=QL@ Q=Okt "w =} uwDU R}N Q=Okt "2 'Vf u=mtQ}}eD Q=Okt "1

"OW=@ Vv=tm O=ONQ sOa =} O=ONQ |xOvvmu}}aD Ov=wD|t 18 |x]@=Q

Q}D Q=DiQ x@ |O=yvW}B pOt s}taD "4
u}@ x]@=Q R= xO=iDU= =@ u=wD|t Tcr =} =yQ=yt QO |WWm |v=QL@ Q=@ uDW=O =@
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��q
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�
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+ 2Vfh

l
�
q
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l
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l
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!
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w00 � kw + kx = 0 (14)
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�
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hu
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0 1 0 1
k 0 1 0

sin kh cos kh 0 0
k2 sin kh k2 cos kh 0 k2=h

3777775
8>>>>><>>>>>:

A1
A2
A3
A4

9>>>>>=>>>>>; = f0g (17)
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18 |x]@=Q 'k = T=EI h} QaD R= xO=iDU= w |R=UxO=U "OwW|t xO=O Q=Qk QiY
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CQwY xv}tR u}= QO |QDW}@ |y=oW}=tR; C=ar=]t O}=@ QDj}kO u}tND x@ uO}UQ

"OQ}o

G}=Dv "5
|=yV}=tR; |xOWVQ=Ro Q=@ =@ |O=yvW}B pOt R= xOt;CUOx@ |v=QL@ Q=@ |xU}=kt

"CU= xOW x�=Q= 6 pmW QO nvJ w u}rwt
|OOa |=yp}rLD w |y=oW}=tR; G}=Dv =@ |O=yvW}B pOt |v=QL@ Q=@ |xU}=kt
|xU}=kt "CU= xOW xO=O u=Wv 8 w 7 |=ypmW QO ?}DQD x@ nvJ w u}Ov=Qo
"OyO|t u=Wv =Q |v=QL@ Q=@ |v}@V}B QO |O=yvW}B pOt ?wr]t |}=v=wD 'xOWQmP
x@ u=wD|t =Q |y=oW}=tR; |=yxvwtv w |O=yvW}B pOt Q=@ u}@ OwHwt hqDN= Cra
|=y=]N u}vJty w '\@=wQ QO xDiQoCQwY |R=UxO=U 'Q_vOQwt pOt uOw@|@} QkD

"CUv=O V}=tR; x@ \w@ Qt
w =yV}=tR; =@ |O=yvW}B |x]@=Q |v}tND Q=@ u}@ |v}tND Q}O=kt |xU}=kt
OwOL QO =Q =yxvwtv xty |=Q@ |v=QL@ Q=@ u}tND QO =]N u}ov=}t '|OOa |=yp}rLD
|O=yvW}B |x]@=Q \UwD |v}tND Q=@ xm CU= |r=L QO u}= "OyO|t xH}Dv �30
|rt C=QQkt syO EL@t QO |O=yvW}B |x]@=Q u}vJty w [6]'AISC |xt=vu}};
G}=Dv =@ xU}=kt QO =Q OYQO 190 =D 35 |xOwOLt QO |}=]N Q=Okt [13]'u=Q}=
'Qo}O |wU R= [10]"OyO|t u=Wv u}W}B u=QoWywSB |OOa |=ypOt w =yV}=tR;
|xty QO xt=vu}}; |L=Q] \@=wQ hqNQ@ =Q u=H Ct=N[ QF= |O=yvW}B |x]@=Q

"OQ}o|t Q_v QO Cq=L

143

Archive of SID

www.SID.ir

http://www.sid.ir


"""|
=yQ}

D|
WW

m|
x}L

=vQO
|Q=

O}=B=
vO=

ONQ
|U

QQ@|v}@V}B |QDy@ CkO =@ =Q |v=QL@ Q=@ 'Q=OQ}o w xO=U x=ox}mD |=yCr=L |=Q@
"Ovm|t

QDy@ h}YwD |=Q@ u=H |r=kDv= Vv=tm QO QF-wt |WWm |x}L=v OUQ|t Q_vx@ "4
"OwW xO=O VQDUo R}v Q}D u=H `]kt R= |WN@ x@ O}=@ xO}OB u}=

?} QkD xOt;CUOx@ Q}O=kt |L=Q] \@=wQ x@=Wt |rw 'CU= QD?wr]t OwHwt
"CU= |OOa pL =} V}=tR; Q=@ R= u}}=B OL

|=Q@ u=Um} CQwYx@ =Q Q}D |=yDv= |Q=OQ}o \}=QW xm '|L=Q] \@=wQ hqNQ@ "3
u}at ?}=Q[ w |O=yvW}B pOt R= xO=iDU= 'OvQ}o|t Q_v QO =yCr=L |xty

�References� `@=vt
1. Basler, K., Yen, B.T., Mueller, J.A. and Thurlimann, B.,

Web Buckling Tests on Welded Plate Girders, Bulletin
No. 64, Welding Research Council, New York (1960).

2. Daniels, J.H. and Fisher, J.W., Static Behavior of Com-
posite Beams with Variable Load Position, Fritz Engi-
neering Laboratory, Report No. 324.3, Lehigh Univer-
sity, Bethlehem, Pennsylvania (1967).

3. AISC, Speci�cation for the Design of Structural Steel
for Buildings, American Institute of Steel Construction,
Inc., Chicago, Illinois (1978).

4. Yura, J.A., Web Behavior of Concentrated Loads in
Steel Beams, Column Research Council, Louis, Missouri
(1970).

5. Summers, P.A. and Yura, J.A., The Behavior of Beams
Subjected to Concentrated Loads, PMFSEL, Report No.
82-5, University of Texas, Austin (1982).

6. AISC, Load and Resistance Factor Design Speci�cation
for Structural Steel Buildings, American Institute of
Steel Construction, Inc., Chicago, Illinois (1994).

7. AISC, Load and Resistance Factor Design Speci�cation
for Structural Steel Buildings, American Institute of
Steel Construction, Inc., Chicago, Illinois (2005).

8. AISC, Load and Resistance Factor Design Speci�cation
for Structural Steel Buildings, American Institute of
Steel Construction, Inc., Chicago, Illinois (2010).

9. Mullin, D. and Cheng, J.J., The E�ect of Tension Flange
Movement on The Strength of Point Loaded I-Beams,
Structural Engineering Report No. 208, University of Al-
berta (1995).

10. Grondin, G.Y. and Cheng, J.J.R. \Sidesway web buck-
ling of steel beams", Engineering Journal, AISC, 36(4),
pp. 169-79 (1999).

11. Axhag, F. and Johansson, B. \Tension ange instability
of I-beams", Journal of Constructional Steel Research,
49(1), pp. 69-81 (1999).

12. Topkaya, C. \A numerical study on linear bifurcation
web buckling of steel I-beams in the sidesway mode",
Journal of Engineering Structures, 28(7), pp. 1028-1037
(2006).

13. Building and Housing Research Center, National Iranian
Building Codes, No. 10 (2009).

144

Archive of SID

www.SID.ir

http://www.sid.ir

