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[18]"O};|t CUOx@ |QwLtlD V}=tR; R=

|=[i QO uw=Q@ � lwy pOt s}rUD �`@=D� Q=}at "3
|rY= |=yVvD |Oa)@xU

[10]%OwW|t u=}@|rY= |=yVvD x=oDUO QO 8 |x]@=Q CQwYx@ pOt u}= s}rUD `@=D
f = �1 � �3 � �ci

�
s�mb

�1
�ci

�a
= 0 (8)

|Oa)@ wO |=[i QO s}rUD `@=D �|=yxWwo � |Q=vm |=yRQt 'QwmPt pmW j@=]t
|x]@=Q s}rUD `@=D QO a u=wD x@ xHwD =@�|v=wD |xO}tN|vLvtl} CQwYx@ =yVvD
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"""u
w=Q@

�l
wy|

@QH
DpO

ts}
rUD

Q=}at
G=QN

DU=x@ `H=Qt ?re= QO Oq |x} w=R "OQ=O |QDW}@ EL@ |=H ?D=Qt x@ 'Ovm Q}}eD x} w=R
%CU= xOW h} QaD 17 |r= 15 \@=wQ pmW

� = 1
3 arcsin

 
�3p3J3

2J3=2
2

!
) (15)

sin 3� = �3p3
2

J3
2pJ32

(16)

� = �� + �
6 (17)

"CU= swU |i=QLv= |WvD �pkDUt� Q}eDt=v J3 R}v '=yu; QO xm

|}x} w=R |WvD Q}eDt=v |va} Oq |x} w=R CUQO pmW G=QNDU= "1"4
�

x=@DW= x@ =y?=Dm w Cq=kt QDW}@ QO xm 'Oq |x} w=R h} QaD CUQO w |U=U= |x]@=Q
[17w16]%CU= 20 |r= 18 \@=wQ xawtHt sQi x@ 'CU= xOW QmP

� = tan�1
� 1p3

�
2�02 � �03
�01 � �03 � 1

��
(18)

= �1
3 sin�1

 3p3
2

det s
J3

!
(19)

det s =

��������
�0x � p0 �xy �zx
�xy �0y � p0 �yz
�zx �yz �0z � p0

�������� (20)

CUOx@ 23 |r= 21 \@=wQ R= |DQ=mO VvD |=yxir-wt x@ C@Uv Oq |x} w=R jDWt w
%O};|t�

@�
@�0

�
=

p3
2 cos 3�J3

24 det s
J

� @J
@�0
	

�n @(det s)
@�0

o 35 (21)

J =
�1

6
h
(�0x � �0y)2+ �0x � �0z)2

+ (�0y � �0z)2 + � 2
xy + � 2

zx + � 2
yz

io 12 (22)�
@J
@�0

�
= 1

2J
�
�0x � p0; �0y � p0;�0z � p0; 2�xy; 2�xz; 2�yz	t

(23)

T} QD=t =} Q=OQ@ |xO=yv=QD |=vat x@ VywSB u}= QO t hQL xm CU= QmP x@ sRq
"CU= �=yuwDU w =yQ]U |=yx}=QO |=H Z} waD�

'� pm |=yVvD Cr=L QO xJ '|WvD C=kDWt |x@U=Lt QO xm OQm xHwD O}=@
[16]"OvDUy sy Q@=Q@ Q}O=kt xQ=wty '�0 QF-wt |=yVvD Cr=L QO xJ w

QO uw=Q@ � lwy pOt s}rUD `@=D |x]@=Q G=QNDU= "5
|}x} w=R � |i=QLv= � |WvD |=yQ}eDt=v |=[i

(J2; J3; �; ��)
|=yQ}eDt=v?UL Q@ �|Qo}O x=wNrO pOt Qy =}� uw=Q@ � lwy pOt s}rUD `@=D G=QNDU=
CQwY (�1 � �2 � �3)|rY=|=yVvD |=[i QO pOt s}rUD `@=Dltm x@|WvD

|=yVvD QwLt '�p QwLt� pmW T-=Q R= xOvQPo QwLt 'CU= xOW s}UQD xOWQmP
%CU= 9 |x]@=Q CQwYx@ u; |xrO=at xm 'CU= l}D=DU=wQO}y

p = �x + �y + �z
3 = (�1 + �2 + �3)

3 (9)

\w@ Qt xOWs}UQD u}J\N |vLvt '2 pmW QO |Oa)@ wO Q} wYD QO xm OwW xHwD
[10]"CU= �3 > �1 xm CU= |]}=QW x@

|=yQ}eDt=v |=[i QO uw=Q@ � lwy pOt s}rUD `@=D "4
|WvD

`@=D T=U=Q@� 10 |x]@=Q pmW x@ |WvD |=yQ}eDt=v |=[i QO pOt u}= s}rUD `@=D
[10]%OwW|t u=}@ �|rY= |=yVvD |=[i QO p@k VN@ QO xOWu=}@ s}rUD

f =
�
2pJ2 cos ��

�1=a � s�1=a
ci

+mb
p
J2�(1=a)�1

ci

�
cos �� � sin ��p3

�
+mbp�(1=a)�1

ci = 0
(10)

%CWwv R}v 11 |x]@=Q pmW x@ p = I13 |Q=Po}=H=@ u=wD|t =Q QwmPt |x]@=Q xm
f =

�
2pJ2 cos ��

�1=a � s�1=a
ci

+mb
p
J2�(1=a)�1

ci

�
cos �� � sin ��p3

�
+mb

I1
3 �

(1=a)�1
ci =0

(11)

QO� |WvD pw= Q}eDt=v I1 'u}vJty "Ov=xOW h} QaD ,q@k =yQDt=Q=B |t=tD 'u; QO xmp
J2 '�I1 = �1+�2+�3 = �xx+�yy+�zz Q@=Q@ w|rY=|=yVvD |=[i

�� = �� �
6 sQi x@ � Oq |x} w=R R= |rmW �� w 'swO |i=QLv= |WvD Q}eDt=v QPH

%CU= 14 |r= 12 |=yx]@=Q ?UL Q@ |WvD Q}eDt=v l} OwN xm 'CU=

cos(3�) = 3p3J3
2pJ32

(12)

0 � � � �
3 (13)

� = �OH + �
6 (14)

OQ@ Q=m ?=Dm QO xm CU= |WvD Q}eDt=v |x} w=R '�OH xm OwW |Q=}U@ O}m -=D O}=@
Cq=kt w ?Dm R= |O=OaD QO w |iQat [15]'OwOLt <=RH= VwQ QO |Q}tN |x} Q_v
|D=@U=Lt |x} w=R |=H x@ � Oq |x} w=R x=@DW= x@ R}v |Q}tN |x} Q_v x@ \@DQt
u}@ |}xHQO 30 hqDN= x@ xm 'CU= xOW QmP \@=wQ |x}rm QO �� = �OH
nQR@ Vkv OwN hqDN= u}= xm 'CU= xOWv |v=OvJ xHwD QDt=Q=B wO u}= h} QaD
,=Oa@ xmu=vJ� VvD |=yQ}eDt=v ?UL Q@ =ypOt s}rUD \@=wQ C=@F= QO |U=U= w
O=H}= |[=} Q \@=wQ |x}=B Q@ |Q=DiQ |=ypOt "Ovm|t =i}= �OW Oy=wN xOy=Wt
w =yxDiy 'nvy=ty=v |v=}t |x]@=Q =} w ?} Q[ l} |y=o C=}[=} Q QO w Ov=xOW
�QiY� -=O@t u=wD|t 'OR=U|t wQ@ wQ Vr=J =@ =Q xr�Ut l} pL OvwQ =yx=t |DL
O}=@ =t= 'OQm h} QaD |i=QLv= |xLiY |wQ Cw=iDt |=yu=mt QO =Q Oq |x} w=R
l} QO ,qFt |ak=w \}=QW Q}}eD |vat x@ Oq |x} w=R Ctqa Q}}eD |DL xm OQm xHwD
Q=Okt Qo = Q}UiD u}= =@ &CU= Tma Q@ =} w |Q=Wi x@ |WWm |QwLt xU V}=tR;
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3 2
|xQ

=tW
'32

�2
|xQ

wO-
�13

95
R}}=B

�'h
}QW

u=Qt
a|

UOv
yt '29 |x]@=Q swO hQ] pw= CQ=@a wO R= I1=3 lQDWt |xrtH hPL R= TB

%O};|t CUOx@ 30 |x]@=Q

f =�1 � �3 � �ci
�
s�mb

�1
�ci

�a
=
�2pJ2p3

�
cos � � cos

�
� + 2�

3
���

� �ci
�
s� mb

�ci

�2pJ2p3 cos � + I1
3
��a

= 0 (30)

hQ]� swO hQ] pw= |x]@=Q RDv=QB pN=O CQ=@a |D=FrFt \U@ R= xO=iDU= =@ TBU
%�31 |x]@=Q� OQ}o|t CQwY |R=UxO=U '30 |x]@=Q �AJ

cos � � cos
�
� + 2�

3
�

= cos � �
�

cos � cos 2�
3 �sin � sin 2�

3
�

(31)

%CW=O s}y=wN =Q 33 w 32 \@=wQ '|D=FrFt \@=wQ Q@=v@ |iQ] R=

cos
�2�

3
�

= cos
��

2 + �
6
�

= � sin
��

6
�

= �1
2 (32)

sin
�2�

3
�

= sin
��

2 + �
6
�

= + cos
��

6
�

= +
p3
2 (33)

%O};|t CUOx@ 34 |x]@=Q '31 |x]@=Q QO QwmPt Q}O=kt |Q=Po}=H =@ p=L

cos �� cos
�
�+ 2�

3
�

=cos ��
 

cos �
�
�1

2
�
�sin �

 p3
2
!!

= 3
2 cos � +

p3
2 sin � =

p3 cos(� � �
6 ) =

p3 cos ��

(34)

hQ] R= pw= |x]@=Q QO \U@ R= '34 |x]@=Q QO xOWxO=U |xH}Dv |Q=Po}=H =@
%O};|t CUOx@ 35 |x]@=Q '30 |xQ=tW u}W}B s}rUD `@=D CU=Q

f = 2pJ2 cos �� � �ci
�
s� mb

�ci

�2pJ2p3 cos � + I1
3
��a

= 0
(35)

%�36 |x]@=Q� s}v=UQ|t � 1
a

� u=wD x@ =Q 35 |x]@=Q QO s}rUD `@=D u}iQ] p=L

f =
�
2pJ2 cos ��

� 1
a � (�ci)

1
a

�
s�mb

�ci

�2pJ2p3 cos �+ I1
3
��

= 0
(36)

�� =
�
� � �

6
� '�� sy w � sy 'u}W}B \@=wQ Q@=v@ 36 |x]@=Q QO xm OwW xHwD

%O};|t CUOx@ 37 |x]@=Q =Pr &OQ=O OwHw

x=Qty x@ x=wNrO |Q=DiQ pOt Qy sUQ |=Q@ |rY= VvD |=yQwLt |Q=Pos=v "3 pmW
[17]"|rY= |WvD |=yQwLt u}@ |=}=wR

|=yQ}eDt=v ?ULQ@ '�11 |xrO=at� xDioV}B s}rUD `@=D G=QNDU= |=Q@ "OQ}o|t
|=yQ}eDt=v w |rY= |=yVvD |=[i wO u}@ =yVvD p}O@D |O}rm |x]@=Q R= VvD

"CU= xOW xO=iDU= 24 |x]@=Q pmW x@ |WvD
|=[i QO |WvD |=yQ}eDt=v w |rY= |=yVvD u}@ p}O@D |O}rm |x]@=Q

%OwW|t u=}@ 24 |x]@=Q |Q=OQ@ pmW x@ '�3 pmW� VvD |Oa)@xU8>><>>:
�1
�2
�3

9>>=>>; = 2pJ2p3

8>><>>:
cos �

cos
�
� � 2�

3
�

cos
�
� + 2�

3
�
9>>=>>;+ I1

3

8>><>>:
1
1
1

9>>=>>; (24)

%O};|t CUOx@ 25 |x]@=Q R= R}v �QwmPt |WvD |Hv=}t |x]@=Q� =Hv}= QO
� = �� + �

6 = �OH + �
6 (25)

'|WvD |=yQ}eDt=v w |rY= |=yVvD u}@=t xOWx�=Q= |Q=OQ@ |x]@=Q j@=]t p=L
VvD |=yQ}eDt=v |=[i x@ |rY= |=yVvD |=[i R= uw=Q@ � lwy pOt s}rUD `@=D

%�26 |x]@=Q� CU= xOW |U} wvR=@
f = �1 � �3 � �ci

�
s�mb

�1
�ci

�a
= 0 (26)

%CW=O s}y=wN =Q 27 |x]@=Q '=[i wO u}= |Q=OQ@ p}O@D |x]@=Q j@] =Pr

�1 = 2pJ2p3 cos � + I1
3 (27)

%CW=O s}y=wN =Q 28 |x]@=Q (�3) swU |rY= VvD |=Q@ R}v w

�3 = 2pJ2p3 cos
�
� + 2�

3
�

+ I1
3 (28)

u} Ro}=H uw=Q@ � lwy pOt R= jwi s}rUD `@=D QO '28 w 27 pO=at \@=wQ TBU
%�29 |x]@=Q� CU= xOW

f =�1 � �3 � �ci
�
s�mb

�1
�ci

�a
=
�2pJ2p3 cos � + I1

3
�

�
�2pJ2p3 cos

�
� + 2�

3
�

+ I1
3
�

� �ci
�
s� mb

�ci

�2pJ2p3 cos � + I1
3
��a

= 0 (29)
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"""u
w=Q@

�l
wy|

@QH
DpO

ts}
rUD

Q=}at
G=QN

DU=[10]%O}; CUOx@

g = �1 � �3 � �ci
�
sg �mg

�1
�ci

�ag
(43)

|=[i QO uw=Q@ � lwy pOt p}Uv=DB `@=D G=QNDU= "7
|WvD |=yQ}eDt=v

|xrO=at uw=Q@ � lwy pOt |Q}tN p}Uv=DB `@=D |xOWxDiQ}PB |=ypmW R= |m}
T=U=Q@ uw=Q@ � lwy pOt p}Uv=DB `@=D 'QwmPt |xrO=at QO "CU= 44 |xOWx�=Q=
uOQw;CUOx@ |=Q@ "CU= xOW x�=Q= |r[=iD � |WvD |=yQ}eDt=v w |WvD |=yQ}eDt=v
|Q=DiQ T} QD=t |x@U=Lt Qw_vt x@ 'QwmPt `@=D swO |x@DQt |WvD |=yjDWt
QO xm 'CU= u=}Uy |a@ Qt |=yT} QD=t |x@U=Lt x@ R=}v 'pOt |Q}tNu=UWm

"CU= xOW xQ=W= u; x@ xt=O=

g(�)HB = �m03 I1 + 3
�ci

J2 +
p3m0

2
p
J2 (44)

C=@F= |=Q@ "CU= |Q}tN u=} QH O=ONQ u}L QO xvwtv `=UD= QDt=Q=B m0 'u; QO xm
?UL Q@ �3 w �1 |=ypO=at |Q}tN p}Uv=DB `@=D QO '|oO=U x@ R}v QwmPt |x]@=Q
`@=D� `@=D u}= h} QaD "CU= xOW xO=U xrY=L C=Q=@a w u} Ro}=H VvD |=yQ}eDt=v
Q=DiQ O=ONQ u}L� |oOvwWsQv s}y=wN@ xm CU= |v=tR w Cr=L |=Q@ �p}Uv=DB
\}=QW QO uw=Q@ � lwy pOt OQ=wt QDW}@ |=Q@ 'OwW xDiQo Q_v QO �|Q}tN |a=HDQ=
QO "OQ=Ov R}v |oOvwWCNU \}=QW w OwW|t xOQ@ Q=mx@ pt=m |Q}tN |a=HDQ=
s}rUD `@=D =@ Q@=Q@ |Q}tN p}Uv=DB `@=D w Q=oR=U ẁv R= pOt u}= |Q}tN u=} QH pY=
QO R}v |oDN}Uo u}L QO |oOvwWsQv OW=@ sRq xm |OQ=wt QO Qot 'OwW|t ZQi
s}UQD |=Q@ |WvD w |r[=iD VvD |=yQ}eDt=v u}@ |UOvy |x]@=Q "OwW xDiQo Q_v
xOW s}UQD 4 pmW CQwYx@ |rY= |=yVvD |=[i QO pOt s}rUD `@=D |Oa)@xU

"CU=

p=QOy=Dm = |WvD |xLiY QO uw=Q@ � lwy pOt hrDNt |[Qa `]=kt "4 pmW
\}=QW |va}� CU= xOW xO=O V}=tv u}J\N \UwD pOt |x}wv=F s}rUD Q=}at�
xO=O V}=tv R}v swO |i=QLv= |WvDQ}eDt=v w Oq |x}w=R |UOvy Q}U=iD '�|WvD

[10]"�CU= xOW

�2pJ2p3
�

cos � � cos
�
� + 2�

3
���

= 2pJ2p3
 3

2 cos � +
p3
2 sin �

!
= 2pJ2p3

0B@�p3
�2

2 cos � +
p3
2 sin �

1CA
= 2pJ2

 p3
2 cos � + 1

2 sin �

!
= 2pJ2

�
cos �6 cos � + sin �6 sin �

�
= 2pJ2

�
cos
�
� � �

6
��

= 2pJ2 cos �� (37)

%O};|t CUOx@ 41 |r= 38 |=yx]@=Q '37 |xrY=L |x]@=Q \U@ R= TB

f =
�
2pJ2 cos ��

� 1
a � (�ci)

1
a s� (�ci)

1
a�1 mb

I1
3

+mb (�ci)
1
a�1 2pJ2p3 cos � = 0 (38)

cos � = cos
�
�� + �

6
�

= cos �� cos �6 � sin �� sin �6
= cos � =

p3
2 cos �� � 1

2 sin �� ) in : f (39)

f =
�
2pJ2 cos ��

� 1
a � (�ci)

1
a s� (�ci)

1
a�1 mb

I1
3

+mb (�ci)
1
a�1 2pJ2p3

 p3
2 cos �� � 1

2 sin ��
!

= 0 (40)

f =
�
2pJ2 cos ��

� 1
a � (�ci)

1
a s+ (�ci)

1
a�1 mb

I1
3

+mb (�ci)
1
a�1pJ2

�
cos �� � sin ��p3

�
= 0 (41)

� lwy pOt s}rUD `@=D CU= xOW |aU C}=yvQO 'xOWs=Hv= C=@U=Lt j@=]t xm
|=[i QO s}rUD `@=D R=� |WvD |=yQ}eDt=v ?UL Q@ 42 |x]@=Q pmW x@ uw=Q@

[10]%OwW G=QNDU= �|rY= |WvD
f =

�
2pJ2 cos ��

�1=a � s�1=a
ci

+mb
p
J2�(1=a)�1

ci

�
cos �� � sin ��p3

�
+mb

I1
3 �

(1=a)�1
ci = 0

(42)

42 |xrO=at j@=]t 'xOWs=Hv= C=@U=Lt j@=]t 'uw=Q@ � lwy pOt s}rUD `@=D '=Pr
[10]"Ow@ Oy=wN

uw=Q@ � lwy pOt |Q}tN p}Uv=DB `@=D "6
|=Q@ �xD}r=tQv� Ot=aD sOa \}=QW QO w Q=oR=U=v |Q}tN u=} QH O=ONQ CQwY QO
|=Q@ "CiQo Q_v QO =Q �l}DUqB� |Q}tN p}Uv=DB `@=D u=wD|t uw=Q@ � lwy pOt
'f |xDioV}B s}rUD `@=D QO uw=Q@ � lwy pOt |Q}tN p}Uv=DB `@=D uOQw;CUOx@
|va} |Q}tN p}Uv=DB Cr=L QO OwN Q_=vDt Q}O=kt =@ s w mb 'a |=yQDt=Q=B O}=@
43 |x]@=Q KQW x@ pOt u}= |Q}tN p}Uv=DB `@=D =D 'OvwW u} Ro}=H sg w mg 'ag
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3 2
|xQ

=tW
'32

�2
|xQ

wO-
�13

95
R}}=B

�'h
}QW

u=Qt
a|

UOv
yt

(I1; I2; I3) VvD |=yQ}eDt=v pw= |x@DQt C=kDWt |x@U=Lt "2"8�p
J2; J3; �

� �|r[=iD� |i=QLv= VvD |=yQ}eDt=v w
� |WvD |=yQ}eDt=v w |WvD |=yQ}eDt=v pw= |x@DQt |�RH C=kDWt VN@ u}= QO

%�58 |r= 56 \@=wQ� CU= xOW x�=Q= |r[=iD
@I1
@�

= ( 1;|{z}
@I1
@�x

1|{z}
@I1
@�y

; 1|{z}
@I1
@�z

; 0|{z}
@I1
@�xy

; 0|{z}
@I1
@�xz

; 0|{z}
@I1
@�yz

)t (56)

@I2
@�

= (�y + �z| {z }
@I2/@�x

; �x + �z| {z }
@I2/@�y

; �x + �y| {z }
@I2/@�z

; �2�xy| {z }
@I2/@�xy

; �2�xz| {z }
@I2/@�xz

;

�2�yz| {z }
@I2/@�zy

)t (57)

@I3
@�

= (�y�z � � 2
yz| {z }

@I3/@�x

; �x�z � � 2
xz| {z }

@I3/@�y

; �x�y � � 2
xy| {z }

@I3/@�z

;

�2�z�xy + 2�xz�yz| {z }
@I3/@�xy

;�2�y�xz + 2�xy�yz| {z }
@I3/@�zx

;

�2�x�yz + 2�xy�xz| {z }
@I3/@�zy

)t (58)

'|Q}HvR |Q}ojDWt Oa=wk ltm x@ |i=QLv= VvD |=yQ}eDt=v pw= |x@DQt C=kDWt w
%Ov=xOW u=}@ 61 |r= 59 \@=wQ xawtHt pmW x@

@
p
J2

@�
= 1

6pJ2

�
3@I2
@�

+ 2I1
@I1
@�

�
(59)

@J3
@�

= 1
9
0@ 9 @I3@� + 3I1 @I2@�

+3I2 @I1@� + 2I21 @I1@�

1A (60)

@�
@�

= �p3
4 sin(3�)pJ52

(2J2
@J3
@�
� 3J3

@J2
@�

) (61)

pOt |Q}tNu=UWm VvQm � VvD C=@U=Lt "9
wtv w ��VvD wtv u}@ �|Q}tN � |a=HDQ=� |Q}tNu=UWm |x]@=Q G=QNDU= |=Q@
s}v=O|t "CU= [Dep] |Q}tNu=UWm |Q=DiQ T} QD=t h} QaD x@ R=}v '�" VvQm
|WQ@ VvD 3 w p=tQv VvD 3 |rm Qw]x@ '|DQ=mO |=yVvD |Oa)@xU |=[i QO xm
Ov=wD@ xmv}= |=Q@ |rm Cr=L QO |Q}tN � |a=HDQ= |Q=DiQ T} QD=t u}=Q@=v@ 's} Q=O
R= "OW=@ 6 � 6 w |a@ Qt |U} QD=t O}=@ 'OwW ?Q[ |WvD |}xir-wt 6 Q=OQ@ QO
wtv w f�"eg |a=HDQ= VvQm wtv `tH pY=L Q@=Q@ f�"g pm VvQm wtv |iQ]

[17w16]"�68 |r= 62 \@=wQ� CU= f�"pg |Q}tN VvQm
f��g = [Dep]6�6 f�"g (62)

f�"g = f�"eg+ f�"pg (63)

� |WvD |=yQ}eDt=v w |WvD |=yQ}eDt=v |iQat "8
�|i=QLv= =} |WQ@� |r[=iD

|DQ=mO |=yVvD w |r[=iD |=yVvD u}@ |x]@=Q "1"8
�|WQ@ =}|i=QLv=�|r[=iD �|WvD |=yQ}eDt=v w �I�|WvD |=yQ}eDt=vVN@ u}= QO
'|Oa@ |=yVN@ QO "CU= xOW |iQat =yu; Q@ sm =L |xYNWt |=yxrO=at w (J �
�u=}Uy |=yT} QD=t� swO |x@DQt |�RH C=kDWt w pw= |x@DQt |�RH C=kDWt
u}ov=}t |tHL VvD 45 |xQ=tW |x]@=Q "Ov=xOW x�=Q= R}v xOWQmP |=yQ}eDt=v
q w p pw=ODt |WvD |=yQ}eDt=v 46 |x]@=Q wI1 pw= |WvD Q}eDt=v ?UL Q@ QFwt

"OyO|t V}=tv =Q QFwt |=yVvD Cr=L QO

� = � � p = � � �x + �y + �z
3 = � � I1

3 (45)

p0 = p� u q0 = q = (�1 � �3) (46)

%�48 w 47 \@=wQ� (Ii) |DQ=mO |WvD |=yQ}eDt=v
I2 = �x�y + �y�z + �z�x � � 2

xy � � 2
yz � � 2

zx �
I2 = �1�2 + �2�3 + �3�1 (47)

I3 = �x�y�z+2�xy�yz�zx��x� 2
yz��y� 2

zx��z� 2
xy � �1�2�3

(48)

%�49 |x]@=Q� |Oa)@xU |DQ=mO |=yVvD x=oDUO QO xYNWt |xrO=at
�3 � I1�2 + I2� � I3 = 0 (49)

%�52 |r= 50 \@=wQ� �|WQ@ '|i=QLv=� Ji |r[=iD |DQ=mO |WvD |=yQ}eDt=v
J1 = �x + �y + �z = 0 0 (50)

J2 = 1
6 [(�x � �y) 2 + (�y � �z)2 + (�z � �x)2 + 6� 2

xy

+6� 2
yz +6� 2

zx

i
(51)

J3 = 1
27
h
2(�3

x + �3
y + �3

z)� 3(�x�2
y + �x�2

z + �y�2
x + �y�2

z

+�z�2
x + �z�2

y) + 12�x�y�z + 9� 2
xy(�x + �y � 2�z)

+9� 2
yz(�y + �z � 2�x) + 9� 2

zx(�x + �z � 2�y)

+ 54�xy�yz�zx] (52)

|r[=iD � |WvD |=yQ}eDt=v w |r[=iD |=yVvD T=U=Q@ xYNWt |xrO=at w
%�53 |x]@=Q� �|i=QLv=�

�3 � J2� � J3 = 0 0 (53)

CQwYx@ Ov=wD|t |r[=iD � |WvD |=yQ}eDt=v w |WvD |=yQ}eDt=v u}@=t |x]@=Q w
[17]%OwW xDiQo Q_v QO 55 w 54 \@=wQ

J2 = I21
3 � I2 (54)

J3 = I3 � I1I2
3 + 2I31

27 = I3 + I1J2
3 � I31

27 (55)
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DpO

ts}
rUD
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G=QN

DU=

pOt |=Q@ Dep |Q}tNu=UWm T} QD=t |x@U=Lt "10
uw=Q@ � lwy

C}a[w O}=@ 'uw=Q@ � lwy pOt |Q}tNu=UWm Q=DiQ T} QD=t |x@U=Lt |=Q@
=} Q=oR=U u=} QH� u; |Q}tN u=} QH ẁv w pOt u}= |oOvwWCNU/|oOvwWsQv
� lwy pOt\}=QW =@ j@=]t 'DepT} QD=t |x@U=Lt |=Q@ "OwWXNWt �Q=oR=U=v
w |oOvwWCNU Ok=i Q=DiQ ZQi =@ 'Ovm|t |UQQ@ =Q pt=m |Q}tN Q=DiQ xm 'uw=Q@
�Dep T} QD=t Qw_vt� T} QD=t u}= |x@U=Lt |x]@=Q Q=oR=U u=} QH uwv=k ZQi

[16]%OW Oy=wN xO=U 75 |x]@=Q pmW x@
Dep = De � De (@g=@�) (@f=@�)tDe

� (@f=@"p)t
� @g
@�

�
+ (@f=@�)tDe (@g=@�)

(75)

|x]@=Q QO "CU= pOt s}rUD `@=D f w pOt |Q}tN p}Uv=DB `@=D g 'u; QO xm
uwJ '�|oOvwWCNU =} |oOvwWsQv Ok=i� pt=m |Q}tN u=} QH ZQi =@ 'QwmPt
'OwW|t ZQi @"p = @k w C@=F k = cte |oOvwWCNU Cr=L u}= QO
'�Q=oR=U u=} QH� x=Qty u=} QH uwv=k ZQi =@ w � (@f=@"p)t = 0 TB
QO xOWQmP \@=wQ |Q=Po}=H =@ xm 'OwW|t b = @g=@� = @f=@� = a

%O};|t CUOx@ 76 |x]@=Q '75 |x]@=Q
Dep = De � De (@f=@�) (@f=@�)tDe

+ (@f=@�)tDe (@f=@�)
= De � DeaatDe

atDea

(76)

CU= |i=m \ki Dep T} QD=t |x@U=Lt |=Q@ '76 |x]@=Q j@] TB
'77 |x]@=Q j@=]t xm 'OwW x@U=Lt uw=Q@ � lwy pOt |=Q@ a = @f=@� xm

%CU= xir-wt 6 =@ |Q=OQ@ a = @f=@�

at =
�
@f
@�

�t
=
�

@f
@�xx

@f
@�yy

@f
@�zz

@f
@�xy

@f
@�xz

@f
@�zy

�
1�6

(77)

CQwY 78 |x]@=Q KQW x@ 'pOt s}rUD `@=D ?UL Q@ a Q=OQ@ Q=Okt |x@U=Lt w
[16]%OQ}o|t

a = @f
@�

= @f
@I1

@I1
@�

+ @f
@
p
J2
@
p
J2

@�
+ @f
@��

@��
@�

=
X

Ĉiâi

�� = F (
p
J2; J3) (78)

'QwmPt \@=wQ R= |Q}oQwDm =i w a |x]@=Q QO @��
@� R= jwi pO=at |Q=Po}=H =@ w

[16]%O};|t CUOx@ 81 |r= 79 \@=wQ
a = @f

@�
= @f
@I1

@I1
@�

+ @f
@
p
J2
@
p
J2

@�

+ @f
@�� ( @��

@
p
J2
@
p
J2

@�
+ @��
@J3

@J3
@�

) (79)

@��
@�

= @��

@
p
J2
@
p
J2

@�
+ @��
@J3

@J3
@�

(80)

a = @f
@�

= @f
@I1|{z}
Ĉ1

@I1
@�|{z}
â1

+ ( @f
@
p
J2

+ @f
@��

@��

@
p
J2

)| {z }
Ĉ2

@
p
J2

@�| {z }
â2

+ ( @f
@��

@��
@J3

)| {z }
Ĉ3

@J3
@�|{z}
â3

(81)

f��eg = [De]6�6 f�"eg (64)

[De]6�6 =

"
D 03�3

03�3 G

#
6�6

(65)

D = E
(1 + �)(1� 2�)

2664 1� � � �

� 1� � �

� � 1� �

3775 (66)

G = E
2(1 + �)

I3�3 (67)

I3�3 =

2664 1 1 1
1 1 1
1 1 1

3775 ; 03�3 =

2664 0 0 0
0 0 0
0 0 0

3775 (68)

Kr=Yt uwU=wB?} Q[ � w '�|ovU� Kr=Yt �nv=}� |a=HDQ= pwOtE '=yu; QO xm
wtv u}@ |x]@=Q� |Q}tN u=} QH uwv=k "Ov=xOW h} QaD ,q@k R}v =yQDt=Q=B Q}=U "CU=
|x]@=Q CQwYx@ �|Q}tN p}Uv=DB `@=D pw= |x@DQt |�RH jDWt w |Q}tN VvQm

%OwW|t u=}@ 69
�"p = � @g

@�
(69)

"CU= �Qr=mU=� |OOa QDt=Q=B l} � 'u; QO xm
pmW x@ QwmPt C=@U=Lt 'uw=Q@ � lwy pOt QO |oOvwWsQv |=Q=O Q=DiQ ZQi =@
'Dep '6� 6 |a@ Qt |Q}tNu=UWm |Q=DiQ T} QD=t p}mWD |=Q@ C=kDWt |x�=Q=
|x]@=Q j@=]txmv}= p}rO x@ OQm xHwD O}=@ "Ov=xOW x�=Q= 72 |r= 70 \@=wQ KQW x@
'CU= OwHwt =yVvD |Oa)@xU |=[i QO VvD QwUv=D QO |WvD |xir-wt VW '70
%Ow@ Oy=wN 6� 6 w |a@ Qt R}v |Q}tNu=UWm VvQm � VvD |Q=DiQ T} QD=t TB
f�g = f�x; �y; �z; �xy; �yz; �zxgt (70)

Dep = [De]6�6 �
[De]6�6

n
@g
@�

o
6�1

n
@f
@�

ot
1�6

[De]6�6n
@f
@�

ot
1�6

[De]6�6
n
@g
@�

o
6�1

+A
(71)

A = � 1
�

�
@f
@k

�t
f�kg (72)

pOt Qy =}� uw=Q@ � lwy pOt |Q}tN p}Uv=DB `@=D g w s}rUD `@=D f '=yu; QO xm
u=} QH uwv=k h} QaD |=Q@ xm |QDt=Q=B R}v � w 'Cr=L QDt=Q=B k 'CU= �Qo}O x=wNrO

"OwQ|t Q=mx@ pOt |Q}tN p}Uv=DB `@=D ltm x@

|Q}tN � |a=HDQ= |Q=DiQ T} QD=t QO Q=PoQF= hrDNt Cq=L "1"9
T} QD=t G=QNDU= |=Q@ =Q Cr=L wO u=wD|t '|WvQm |oOvwWsQv/|oOvwWCNU Q@=v@

%CiQo Q_v QO |Q}tNu=UWm |Q=DiQ
[16]%�73 x]@=Q�CU=C@=F fkgCr=L QDt=Q=BCr=Lu}= QO %pt=m |Q}tNCr=L "1�
@f
@k

�t
= 0 0) A = 0 0 (73)

Cr=L QDt=Q=B Cr=L u}= QO %|WvQm |oOvwWsQv/|oOvwWCNU |Q}tN Cr=L "2
[16]%�74 |x]@=Q� CU= f"pg |atHD |Q}tN |=yVvQm =@ ?U=vDt fkg

A = � 1
�

�
@f
@k

�t @ fkg
@ f"pg f�"

pg (74)
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|xQ

=tW
'32

�2
|xQ

wO-
�13

95
R}}=B

�'h
}QW

u=Qt
a|

UOv
yt

(Sx; Sy; Sz) |=yVvD '�90 w 87 \@=wQ� â3 w â2 \@=wQ QO xm OwW xHwD
VvD� \UwDt VvD p[=iD pY=L xm 'OvDUy �|i=QLv= =} |r[=iD� |WQ@ VvD
=@ '=yVvD u}= xm CU= |y}O@ "OvDUy |DQ=mO |=yVvD R= �p |m}D=DU=wQO}y

"OvDUy |m} |WQ@ |=yVvD
`@=D K]U Q@ Owta u=} QH Q=OQ@ '�g `@=D� uw=Q@ � lwy pOt p}Uv=DB `@=D |=Q@
92 w 91 \@=wQ j@=]t '(v = vHB) u; jDWt w (b = bHB) 'g p}Uv=DB
QDt=Q=B u=ty m0 QDt=Q=B 'QwmPt \@=wQ QO xm OQm xHwD O}=@ &OW Ovy=wN x@U=Lt
QO xm 'CU= uw=Q@ � lwy pOt QO Q=oR=U=v |Q}tN u=} QH O=ONQ u}L QO `=UD=
xO=iDU= u; R= [22]'u=}Uy |=yT} QD=t swO w pw= |=yx@DQt C=kDWt |x@U=Lt
x@ \w@ Qt 'Q[=L VywSB R=e; QO xOWxDio ?r=]t j@=]t QDt=Q=B u}= "CU= xOW

%CU= Q=oR=U=v u=} QH O=ONQ u}L QO pOt |Q}tN p}Uv=DB `@=D

bHB := @g
@�

= �m03
@I1
@�

+ 6pJ2
�ci

@
p
J2

@�
+
p3m0

2
@
p
J2

@�
(91)

vHB := @2g
@�2 = 6pJ2

�ci
@2pJ2
@�2 + 6pJ2

�ci
@
p
J2

@�

�
@
p
J2

@�

�t
+
p3m0

2
@2pJ2
@�2 (92)

u=}Uy |=yT} QD=t "11
|�RH C=kDWt R= pY=L |a@ Qt |=yT} QD=t R= CU= CQ=@a u=}Uy T} QD=t
|=yxir-wt x@ xHwD =@ �uw=Q@ � lwy pOt p}Uv=DB `@=D =Hv}= QO� `@=D l} swO |x@DQt
j@=]t f(x) `@=D |=Q@ u; |[=} Q h} QaD xm '"""w �yy '�xx |va} 'VvD |DQ=mO

[22]%CU= 93 |x]@=Q

H(f)ij(x) = DiDjf(x) (93)

pmW x@ |DQ=mO |=yVvD x@ C@Uv |rY= VvD |=yxir-wt pw= |x@DQt |�RH jDWt
%OwW|t u=}@ 94 |twta |x]@=Q

@�i
@�

= 2p3
�
cos(�+�i)

@
p
J2

@�
�pJ2 sin(�+�i)

@�i
@�

�
+ 1

3
@I1
@�

i = 1; 2; 3 (94)

�3 = 2�
3 w �2 = �2�

3 '�1 = 0 %CW=O s}y=wN xQ=wty 95 |x]@=Q QO w u; QO xm
%O};|t CUOx@ 95 |x]@=Q R= |rY= |=yVvD u=}Uy jDWt w

@2�i
@�2 = 2p3

�
cos(� + �i)

@2pJ2
@�2

� sin(� + �i)
�
@
p
J2

@�

�
@�
@�

�t
+ @�
@�

�
@
p
J2

@�

�t)
+ 2pJ2p3 sin(� + �i)

@2�
@�2 i = 1; 2; 3 (95)

xOW RwBUv=QD Q=OQ@ =} T} QD=t O=tv '95 |x]@=Q QO jDWt C=Q=@a QO t Ctqa
xOW Zwa T} QD=t =} Q=OQ@ |=yuwDU w =yQ]U |=H u; QO xm 'CU= �xO=yv=QD�

%�97 w 96 \@=wQ� CU=

%a = @f
@� p}mWD |=Q@ âi w Ĉi C=kDWt |x@U=Lt
%�83 w 82 \@=wQ� â1 w Ĉ1 |x@U=Lt ��

Ĉ1 = @f
@I1

= 1
3mb�(1=a)�1

Ci (82)

â1 = @I1
@�

= f1; 1; 1; 0; 0; 0gt (83)

%�85 w 84 \@=wQ� â2 w Ĉ2 |x@U=Lt ��
Ĉ2 = @f

@
p
J2

+ @f
@��

@��

@
p
J2

(84)

â2 = @
p
J2

@�
= 1

2pJ2
@J2
@�

= 1
2pJ2

8>>>>>>>>>><>>>>>>>>>>:

Sx
Sy
Sz

2�xy
2�yz
2�zx

9>>>>>>>>>>=>>>>>>>>>>;
(85)

xm OQm xHwD O}=@ C=kDWt |x@U=Lt QO 'pOt s}rUD `@=D x@ xHwD =@ w =yu; j@=]t xm
jDWt 'QDt=Q=B u}= ?UL Q@ w OvDUy pJ2 R= |a@=D R}v cos �� w sin �� C=Q=@a
jDWt 'u}W}B |xOWC=@F= ?r=]t j@] |iQ] R= "�?Q[pY=L |=yjDWt� OvQ=O

%O};|t CUOx@ 86 |x]@=Q R= pJ2 x@ C@Uv �� |�RH
@��

@
p
J2

=
�
� tan 3��:

� 1p
J2

��
(86)

%CU= xOW C=@F= 87 |x]@=Q j@=]t â2 Q=Okt ,q@k R}v w

â2 = @
p
J2

@�
= 1

2pJ2
@J2
@�

= 1
2pJ2

8>>>>>>>>>><>>>>>>>>>>:

Sx
Sy
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2�xy
2�yz
2�zx

9>>>>>>>>>>=>>>>>>>>>>;
(87)

%�88 |x]@=Q� â3 w Ĉ3 |kDWt C=Q=@a |x@U=Lt-
Ĉ3 = @f

@��
�
@��
@J3

�
(88)

%CU= xOW x@U=Lt 89 |x]@=Q KQW x@ @��@J3 |�RH jDWt Q=Okt w
@��
@J3

= �
p3

2 �pJ2
�3 cos(3��) (89)

=Hv}= QO w xOW C=@F= ,qt=m 'OwHwt |x}=B |=ypOt |=Q@ ,q@k R}v â3 jDWt Q=Okt w
%�90 |x]@=Q� CU= xOW xO=O Q=Qk u; |xH}Dv \ki 'Q=m uOWxYqN |=Q@

â3 = @J3
@�

=

8>>>>>>>>>><>>>>>>>>>>:

SySz � � 2
yz + J23

SxSz � � 2
xz + J23

SxSy � � 2
xy + J23

2 (�yz�xz � Sz�xy)

2 (�xy�xz � Sx�yz)
2 (�xy�yz � Sy�xz)

9>>>>>>>>>>=>>>>>>>>>>;
(90)
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1. elastic-perfectly plastic model
2. Mohr- Coulomb
3. upper-bound
4. lower-bound
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