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u; |QDt=Q=B |r}rLD |=ypOt |xaUwD w =yxR=U |}xNQJ OQmrta j}kO |UQQ@ w CN=vW
u}= QO "OW=@ xDW=O |O=} R OQ@ Q=m =yxR=U |L=Q] w OQmrta u}tND w |v}@V}B QO Ov=wD|t

=@ p}Uv=Qi}O CqO=at |=v@t Q@ |}xNQJ |[=} Q pOt l} |xaUwD w |iQat x@ Q=DWwv
Vy=m '|DNU Vy=m '|oOWl} Q=@ p}@k R= |oOvy=m C=QF= |t=tD pt=W |�RH C=kDWt
QDmO xOWxO=O xaUwD pOt T=U=Q@ xOWx�=Q= pOt "CU= xOW xDN=OQB VRer w 'Ctw=kt

Qy uDiQoQ_vQO =@ w |]N OvJ � |O=R; xHQO OvJ |=ysDU}U `=wv= |=Q@ xm &CU= pkDUt
"CU= xOW xO=O xaUwD w |UQQ@ |m}t=v}O |=yl} QLD CLD QwmPt |oOvy=m C=QF= R= l}

p@=k |=yQDt=Q=B R= xO=iDU= =@ |}xNQJ |=ypm}U |rY= C=YNWt 'xOWQmP pOt QO
uO=Ou=Wv Qw_vt x@ "CU= x@U=Lt p@=k V}=tR; j} Q] R= |}xR=U sDU}U |Q}oxR=Ov=

|}=yp=Ft '|O=yvW}B pOt j} Q] R= |O=R; xHQO OvJ |=ysDU}U OQmrta |ak=w h}YwD
"CU= xOW u=}@ |m}vwtQ=y |=yQ=@ QF= CLD
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'|DNU Vy=m '|oOWl} Q=@ '|r}rLD pOt '|}xNQJ Q=DiQ %|O}rm u=oS=w
"VRer 'Ctw=kt Vy=m

xtOkt "1
`t=H |@=} RQ= QO |U=U= R=}v x@ xHwD =@ "CU= |R}NxRQr Q]N hrDNt Kw]U
|t=tD pt=W |}xNQJ |=ypOt |xaUwD CQwQ[ 'xrRrR s=ovyx@ xR=U OQmrta
s=ovy xR=U |=[=kD |v}@V}B CyH '|}xNQJ Q=DiQ QO QF-wt |oOvy=m |=yxO}OB
sDU}U xm OyO|t MQ|t=ovy|@=QN 'xrRrR|UOvyt QO "OQ=O|}xS} wC}ty=|@=QN
u}= xm 'OW=@v |}xRQr C=QF= Qw[L QO |rkF |=yQ=@ ptLD x@ QO=k Qo}O |}xR=U
l} Qo = "ODi= j=iD= =yxRQrTB |] =} w |rY= |xrRrR COt QO Ov=wD|t |@=QN
VQ@ p=kDv= xJv=vJ =} w 'OwW xDN}Uo Q=Wi QF= QOuwDU Ovv=t |Owta Q@ Q=@ w[a
|WQ@ CUmW p=Ft u=wvax@ 'OQ}PBv CQwY |DUQO x@ |Owta w |ki= <=[a= u}@
xR=U CU= umtt CQwY u}= QO 'ODi= j=iD= uwDU l} w K]Ut p=O l} u}@
Ov@=} VQDUo |a[wt |=y|@=QN xvwou}= Qo = p=L "OwW |a[wt |=y|@=QN Q=JO
xar=]t 'u}=Q@=v@ "OwW|t |rm |@=QN Q=JO xR=U '�xOvwQV}B |=y|@=QN ,=Lq]Y=�
|oOvy=m syt C=QF= uDiQoQ_vQO =@ |}xNQJ |=ypOt OvtR=}v xR=U |@=QN |@=} RQ= w
|y=oW}=tR; C=ar=]t ?re= QO C=QF= u}= xm xvwou=ty 'CU= |}xNQJ Q=DiQ QO

[2]"OwW|t xOy=Wt
� 4nQ@t=Q '3Q}=tOH)= '2uw � 1l =@ |=ypOt pt=W |}xR=U |=ysDU}U |NQ@
Q=DiQ ZQi =@ =Q QwmPt |=ysDU}U |}xRQr MU=B 'Qo}O |=ypOt |NQ@ w 5OwoU)=

|xOvyOu=Wv xm 'CU= |}xR=U |=ysDU}U `=wv= syt X=wN R= |}xNQJ Q=DiQ
|x_Lr =D =OD@= QO Q=DiQ u}= "CU= xrRrR s=ovyx@ xR=U |xOWhqD= |SQv= u=R}t
"OwW|t |Q}tN |=ypmWQ}}eD Q=JO TBU w CU= u=UWm CQwYx@ ,qwtat s}rUD
|=ypmWQ}}eD |x]U=w x@ xm 'CU= xR=U R= |]NQ}e |D}Y=N |}xNQJ Q=DiQ =Pr
xDiQo Q_v QO |]N CQwYx@ |}xNQJ Q=DiQ xJv=vJ "O};|t OwHwx@ |a=HDQ=Q}e
'|SQv= lqyDU= Qw_vtx@ xR=U C}iQ_ R= |yHwD p@=k VN@ hPL CyH x@ 'OwW
u}ty x@ "OW Oy=wN |}xv=Q=mx_i=LtQ}e w |O=YDk=Q}e |=y|L=Q] ?@U Qt= u}=
QO =Q |}xR=U |=ysDU}U |}xNQJ Q=DiQ |]NQ}e QF= O}=@ xR=U TOvyt Qw_vt
Q}}eD R= |W=v xR=U <=[a= X=wN Q}}eD QF= QO "OyO Q=Qk xHwD OQwt =y|L=Q]
'|Oqwi <=[a= QO =yOv@ Q=yt Vv=tm Ovv=t =[a= |xUOvy w Kr=Yt C=}YwYN
<=[a= Cq=YD= QO VRer w 'KrUt uD@ <=[a= QO =ylQD ?w=vDt uOWxDU@ w R=@

[1]"OwW|t u=}=tv |}xNQJ Q=DiQ '|Oqwi |xOWOQwv OQU |xR=U
QO |}xR=U |=ysDU}U |}xRQr OQmrta |UQQ@ 'xrRrR |UOvyt |rY= hOy

pw�Ut xOvU} wv �
"1394 4 1 VQ}PB '1394 3 12 x}LqY= '1393 10 7 Ci=} QO %M} Q=D
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OtCqO=at Q@ |vD@t� |r}rLD h}YwD R= xO=iDU= =@ �2000 w 1999� |twta

'=yQo =Q}t '|]N |=yQvi R= |}xawtHt R= pmWDt |m}v=mt |=ypOt �p}Uv=Qi}O
'|oOWl} Q=@ C=QF= hQat QwmPt pOt "CU= xOW xO=O xaUwD w |iQat =yxOvRer w
xm CU= xOW xO=O u=Wv u; R= xO=iDU= =@ w xOw@ Ctw=kt Vy=m w '|DNU Vy=m
p}Uv=Qi}O |xrO=at (2n � 1) pL j} Q] R= Ov=wD|t |]N OvJ |}xNQJ Q=DiQ
[12w1]"CU= pOt QO OwHwt |]N |=yVN@ O=OaD n u; QO xm 'OwW pY=L
|}xRQr |=[=kD |k]vt w `} QU u}tND |=Q@ xO=U |OvwQ R}v 2004 p=U QO
xm CU= xOt; CUOx@ xH}Dv u}= w xOW O=yvW}B |O=R; xHQO OvJ |=ysDU}U
|i=m |@v=H Ctw=kt w |DNU uDN=Usy=Qi j} Q] R= |@v=H |=ypmWQ}}eD xJv=vJ
CQ=UN?U=vt pQDvml} x@ u=wD|t 'OwW pQDvm xR=U |SQv= lqyDU=C}iQ_ R}v w

[13]"Ci=} CUO
=@ QD|OQ@ Q=m |}xNQJ pOt l} '2006 w 2000 |=yp=U QO u}vJty
|twyit ^=Lr x@ xm 'CU= xOW x�=Q= s}qt Q=w|vLvt |=yVN@ uDiQoQ_vQO
[14]"CU= xOw@ [12w7'6]"'Q}N= |xOvy=mQ}e w xOvy=m |xDi=}xaUwD |=ypOt T=U=Q@
lD |=ysDU}U |xv}W}@ |=ypmWQ}}eD QO |}xNQJ Q=DiQ QF= R}v 2005 p=U QO
OQwt =}vQi}r=m QO xOWC@F |xRQru}tR 240 R= |}xawtHt ZQat QO |O=R; xHQO
'|Q}tN � u=UWm %|=ypOt pt=WhrDNt |}xNQJ Q=DiQ ẁv 7 w xDiQo Q=Qk |UQQ@
w '\UwDt |oOvy=m 'origin-oriented '=Om =D 'hqm |xOWKqY= '|]N wO
origin- w '=Om =D 'hqm |xOWKqY= |=ypOt "CU= xOW |UQQ@ O}OW |oOvy=m
w \UwDt |oOvy=m =@ |=ypOt w '|DNU |oOvy=m ZQat QO \ki oriented

Ov=xDiQo Q=Qk |}xNQJ Ctw=kt Vy=m w |DNU Vy=m u=tRsy QF= CLD O}OW
x@ |mOv= ,=D@Uv QF= |t}rUDTB C@Ft |DNU xm CU= xOt; CUOx@ xH}Dv u}= w
"OQ=O (T < 0 2 sec) x=Dwm |r}N V=aDQ= ?w=vD |=yxQwO =@ |=ysDU}U RH
|xQwO =@ |=yxR=U |=Q@ |}xNQJ Q=DiQ C=QF= xm CU= xOW xOy=Wt u}vJty
QO xOWC@F |=yxRQru}tR ZQat QO w x}v=F 0 7 ,=OwOL R= QDnQR@ V=aDQ= ?w=vD
QO |Qo}O |xar=]t QO [15]"CU= lJwm ,=D@Uv smLt |m =N QDU@ =@ |=yu}tR
|y=oW}=tR; G}=Dv =@ hrDNt |}xNQJ |=ypOt |xU}=kt w |UQQ@ =@ 2005 p=U
|}xNQJ Q=DiQ ẁv xm CU= xOW xO=O u=Wv 'hrDNt |=yxR=U |=ysDU}U |NQ@
w Ovm ^iL =Q OwN |rm |@=QN Cr=L xR=U xm CU= C}ty= R�=L |v=tR ,qwY=

[2]"Ov=t@ Q=O}=B u=vJty
QO =Q VRer QF= u=QoWywSB ?re= w [12w1]'pkDUt QDmO xm CU= sRq QmPD u}=
lqyDU= u=R}t QO u; |x_Lqt p@=k QF= x@ xHwD =@ =t= 'Ov=xDN=Uv KQ]t OwN pOt
Q=Qk |UQQ@ OQwt O}=@ VRer QF= '|}xRQr |=yQ=@ p=ta= s=ovyx@ xR=U OQmrta w |SQv=
pkDUt QDmO |]N wO pOt 2012 p=U QO u=QoWywSB |NQ@ Qw_vt u}= x@ "OQ}o
u}= x@ u=W}= |]N wO pOt |UQQ@ =@ w xO=O xaUwD VRer QF= uDiQoQ_vQO =@ =Q
\w@ Qt |RQt \}=QW |NQ@ 'pkDUt QDmO |xOWKQ]t CqO=at xm Ov=xO}UQ xH}Dv
QDmO pOt QO R}v |U=U= KqY= l} =Pr &Ovvm|tv =[Q= =Q xNQJ |x}rw= |xkrL x@

[16]"Ov=xOQm p=ta= pkDUt

pkDUt QDmO pOt |iQat "2
|O=R; xHQO lD |m}v=mt sDU}U l} uDiQoQ_vQO =@ [1]'�1999� pkDUt QDmO
xO=iDU= =@ =Q QwmPt sDU}U |]N wO Q=DiQ '�1 pmW� Qo =Q}t w 'Qvi 'sQH R= pmWDt
l} Q@ sm =L |RQt \}=QW u=}@ Qw_vt x@ xm `@=wD u}= "CU= xOQm u=}@ 1 w 0 `@=wD R=

'xOWs=Hv= C=ar=]t QO u}vJty "Ov=xO=O Q=Qk |@=} RQ= w |UQQ@ OQwt =yu; |]NQ}e
[3]"OQ=O |]N wO |}xNQJ Q=DiQ =} w |Q}tN � u=UWm |}xNQJ Q=DiQ xR=U

ZQat QO CU= umtt |}xNQJ |Q=PoQ=@ s=ovyx@ |}xR=U <=[a= R= |Q=}U@
|oOvy=m '|DNU |oOvy=m '|oOWl} Q=@ %p}@k R= |irDNt |oOvy=m |=yxO}OB
<=[a= |=Q@ ,=YwYN ẁ[wt u}= "OvQ}o Q=Qk C=QF= u}= R= |@}mQD =} w VRer 'Ctw=kt
'p=Ft u=wvax@ "CU= OwyWt |}xNQJ |=y|Q=PoQ=@ ZQat QO KrUt uD@ |=yxR=U
uOWxDU@ w R=@ 'OQor}t Vv=tm '|oOWOQN '|oOQwNlQD R= |W=v Ov=wD|t |oOvy=m
u=R}t "OW=@ q=@ |QwLt w|WQ@ |=yVvD =@ |=yVvm =w w =RH= u}@ l =m]Y= '=ylQD
|xUOvy 'O=wt X=wN %p}@k R= |}xR=U <=[a= C=YNWt x@ wUl} R= '|oOvy=m
%pt=W |Q=PoQ=@ |xJN} Q=D x@ 'Qo}O |wU R= w 'Cq=YD= C=YNWt w ẁv w '=[a=
|oDU@ |Q=PoQ=@ |=ypm}U ?w=vD w '=ypm}U O=OaD 'pm}U Qy QO |Q=PoQ=@ COW

"OQ=O
ZQat QO |}xR=U <=[a= |oOvy=m pOt u=}@ Qw_vtx@ x}rw= |=yVqD xrtH R=
pOt l} 'u; QO xm &CU= xDiQo CQwY 1958 p=U QO |}xNQJ |Q=PoQ=@
[4]"CU= xOW O=yvW}B |}xNQJ |Q=PoQ=@ x@ Cq=YD= MU=B |xar=]t |=Q@ |Q=DiQ
l} '|vD@ <=[a= QO xOWxOy=Wt |DNU Vy=m x@ xHwD =@ u=QoWywSB |NQ@
|DNU =@ |Q=OQ@ Q=@ u; QO xm |Qw]x@ 'Ov=xO=O xaUwD =Q |DNU |oOvy=m pOt
xDU=m |DNU u=R}t R= OOHt |Q=PoQ=@ s=ovyx@ =t= 'OyO MQ x}rw= |DNU pO=at
QO |O=R; xHQO lD |=ysDU}U MU=B |xar=]t CyH QwmPt pOt R= =yu; "OwW
|oOWl} Q=@ xm |}=ypOt R= |rm ẁv [5]"Ov=xOQm xO=iDU= ?=DW h}] 4 ZQat
xO=O xaUwD 1978 w 1977 '1973 |=yp=U QO 'Ov=xDW=O |DNU |oOvy=m w
R= |@}mQD [7w6'4]'u}W}B |xDi=}xaUwD |=ypOt x@=WtQwmPt pOt [7w6]"CU= xOW
|xar=]t =@ R}v 1973 p=U QO [8]"CU= xOw@ ?twrwm VRer w |]N u=UWm <=RH=
'p=xO}= |xk@] OvJ u=tDN=U wO |Q}PBpmW |=[=kD QO |DNU |oOvy=m C=QF=
u}= 'x}v=F 2 ?w=vD |xQwO =@ |Qo}O w x}v=F 0 5 V=aDQ= ?w=vD |xQwO =@ |m}
|Q}PBpmW |=[=kD QO |R}J=v QF= '|DNU |oOvy=m xm CU= xOt; CUOx@ xH}Dv
|=[=kD V}=Ri= Ea=@ |DNU |oOvy=m 'p@=kt QO =t= &OQ=O sQv |=yu=tDN=U
R}v 1999 w 1998 |=yp=U QO [9]"OwW|t CNU |=yu=tDN=U |Q}PBpmW
lD |=yxR=U QO |DNU |oOvy=m w |oOWl} Q=@ C=QF= |UQQ@ x@ |D=ar=]t QO
xDN=OQB xDi=} xaUwD |}xNQJ pOt |Q}oQ=mx@ =@ |O=R; xHQO OvJ w |O=R; xHQO
lD |=ysDU}U |=Q@ |oOWl} Q=@ xm CU= xOt; CUOx@ xH}Dv u}= w [11w10]'xOW
MU=B lJwm ,=D@Uv O}OWD Ea=@ |vqw] w \UwDt ?w=vD |xQwO =@ |O=R; xHQO
|=Q@ ' ẁ[wt u}= hqNQ@ =t= "OwW|t s}rUD Ctw=kt x@ xHwD uwO@ |}=Hx@=H
Q=Qk |}xNQJ pm}U |O=} R O=OaD ZQat QO xm 'x=Dwm ?w=vD |xQwO =@ |=yxR=U
xOW x_Lqt u}vJty "O@=}|t V}=Ri= |Q}otWJ Qw]x@ |}=Hx@=H O}OWD 'OvQ=O
C}U=UL '|}=Hx@=H C@Uv QO xOvwWl} Q=@ pmWQ}}eD � wQ}v |x]@=Q QF= xm CU=
xH}Dv u}= R}v |O=R; xHQO OvJ |=yxR=U |=Q@ "OQ=Ov xRQru}tR COW x@ |O=} R
|y@=Wt pmWQ}}eD 'u=UWmQ}e |=ysDU}U QO |oOWl} Q=@ xm CU= xOt; CUOx@
s}rUDTB |ivt |DNU QF= |UQQ@ =@ u}vJty "OQ=O |O=R; xHQO lD |=ysDU}U =@
xm CU= xOt; CUOx@ xH}Dv u}= |O=R; xHQO OvJ w |O=R; xHQO lD |=ysDU}U QO
� |B C=QF= u=wva =@ xm � s}rUDTB |ivt |DNU |O=R; xHQO lD |=ysDU}U |=Q@
C=YNWt =@ |=ysDU}U |}=Hx@=H |=[=kD QO |oQR@ Q}F-=D '�OwW|t QmP R}v =DrO
's}rUD Ctw=kt Vy=m '(�) |ivt |DNU C@Uv V}=Ri= =@ QF= u}= "OQ=O |]N wO
T=U=Q@ [11w10]"O@=}|t V}=Ri= CaQU x@ sDU}U V=aDQ= ?w=vD |xQwO Vy=m w
|}xNQJ pOt l} [7w6]'xOvy=mQ}e w xOvy=m |xDi=}xaUwD |=ypOt |rm |Ov@xk@]
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"|]N wO sDU}U l} |}xNQJ |xkrL "2 pmW

"xOvy=mQ}e |]N wO |}xNQJ sDU}U l} MU=B "3 pmW

%O};|t CUOx@ 8 |x]@=Q R= xm CU= xOvRer pmWQ}}eD xs(t) '1 pmW j@=]t
xs(t) = x(t)� u(t) (8)

"OwW x�=Q= |Qo}O |xrO=at O}=@ u; pL CyH w OQ=O u w x pwyHt wO 6 |xrO=at
|RQt \}=QW |UQQ@ x@ 4 |r= 1 \@=wQ R= xO=iDU= =@ pkDUt QDmO 'Qw_vt u}= |=Q@
'�2 pmW� |]N wO |}xNQJ |xkrL l} |Q}tN w u=UWm |=yVN@ Q@ sm =L

%CU= xDN=OQB 3 |r= 1 |=yOv@ j@=]t
O=ODt= QO w C@Ft EAB w DE 'OA |=yQ}Ut O=ODt= QO ' _x = @x

@t CaQU "1
"CU= |ivt CD w BC |=yQ}Ut

QO sDU}U xm|v=tR =D 'CU= xOvRer x@ pYDt Qvi pmWQ}}eD u xmv}= x@ xHwD =@ "2
|xv}W}@ pmWQ}}eD x@ (1 � �)k |DNU =@ Qvi |va}� CU= |WRer Cr=L
QO 'u}=Q@=v@ "Ov=t Oy=wN |k=@ C@=F Qvi u}= QO pmWQ}}eD '�CU= xO}UQ � OwN
|=yQ}Ut O=ODt= QO w _u = 0 CaQU 'CD w EAB |WRer |=yQ}Ut O=ODt=

"CU= _u = _x CaQU DE w BC 'OA

pmWQ}}eD DE Q}Ut O=ODt= QO w u � �� Qvi pmWQ}}eD BC Q}Ut O=ODt= QO "3
"CU= u � � Qvi

|xrO=at 'Q}Ut Qy QO 4 |r= 1 \@=wQ R= xO=iDU= w 3 |r= 1 |=yOv@ x@ xHwD =@
%O};|t CUOx@ 9

_u = _x[N( _x)M(u� �) +M( _x)N(u+ �)] (9)

sDU}U x@ \w@ Qt (x(0) = u(0) = 0) QiY |x}rw= |RQt \}=QW ZQi =@
Q=DiQ '7=m}DtDt Q=Ri=sQv QO 9 w 6 p}Uv=Qi}O CqO=at u=tRsy pL w 1 pmW
|HQ=N Q=@ QF= CLD xOvy=mQ}e |O=R; xHQO lD sDU}U l} |]N wO |}xNQJ

"OwW|t pY=L 3 pmW j@=]t

"|O=R; xHQO lD |m}v=mt sDU}U "1 pmW

%OvDUy 5 |r= 1 \@=wQ j@=]t 'Ov=xOW xO=iDU= |]N wO |}xNQJ |xkrL

sgn(x) =

8>>>><>>>>:
�1 if x < 0
0 if x = 0
1 if x > 0

(1)

N(x) = 0 5[1 + sgn(x)]f1 + [1� sgn(x)]g =

8<:1 if x � 0
0 if x < 0

(2)

M(x) = 1�N(x) =

8<:0 if x � 0
1 if x < 0

(3)

N(x) = M(�x) =

8<:1 if x > 0
0 if x � 0

(4)

M(x) = N(�x) =

8<:0 if x > 0
1 if x � 0

(5)

R}v `@=wD Q}=U w OvDUy OL=w |}xrB `@=D N(x) w Ctqa `@=D sgn(x) '=yu; QO xm
"OvwW|t h} QaD =yu; ?UL Q@

|}=Q}t ?} Q[ =@ Qo =Q}t 'm sQH %pt=W 1 pmW j@=]t 'pkDUt QDmO pOt
�k |DNU =@ Qvi "CU= xOw@ (1 � �)k w �k |DNU =@ Qvi wO w 'c RwmU} w
=@ Qvi u}vJty "CU= x(t) u; =@ Q_=vDt |}=Hx@=H w xOw@ pYDt sQH x@ ,=t}kDUt
xOW pYDt sQH x@ � l =m]Y= ?} Q[ =@ xOvRer l} j} Q] R= (1��)k |DNU
� � 1 w sDU}U pm |DNU k 'QwmPt sDU}U QO "OQ=O u(t) pmWQ}}eD w CU=
P (t) `@=D j} Q] R= sQH x@ xOWp=ta= |HQ=N |wQ}v "CU= u; |DNU ?} Q[

"OwW|t h} QaD
%CU= 6 |x]@=Q j@=]t 1 pmW sDU}U Q@ sm =L |m}t=v}O pO=aD |xrO=at
m�x+ c _x+ �kx+ (1� �)ku = P (t) (6)

%O};|t CUOx@ 7 |x]@=Q R= �6?trwm |m =m]Y= |wQ}v� xOvRer QO OwHwt |wQ}v
�mg = (1� �)ku (7)

"CU= xOvRer x@ pYDt Qvi pmWQ}}eD |xv}W}@ � w �� � u � � 'u; QO xm
uO} Rer x@ ẁQW xOvRer 'OUQ@ � OwN pmWQ}}eD |xv}W}@ x@ Qvi u}= xm |t=ovy

"O@=}|t Vy=m �k x@ k R= sDU}U pm |DNU w Ovm|t
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"""u
DiQo

Q_vQ
O=@

=yxR
=U|

}xNQ
JQ

=DiQ
|R=

Up
Ot%OvwW|t h} QaD 12 |x]@=Q R= xO=iDU= =@ w

m =

266666664
m1 0 0 : 0
0 m2 0 : 0
0 0 m3 : 0
: : : : :

0 0 0 : mN

377777775 ;

K =

266666664
k1 + k2 �k2 0 : 0
�k2 k2 + k3 �k3 : 0
0 �k3 k3 + k4 : 0
: : : : :

0 0 0 : kN

377777775 ;

Ks =

266666664
k1 �k2 0 : 0
0 k2 �k3 : 0
0 0 k3 : :

: : : : �kN
0 0 0 : kN

377777775 (12)

Vy=m '|oOWl} Q=@ pt=W |oOvy=m u=tRsy C=QF= uDiQoQ_vQO CyH pkDUt QDmO
\}=QW x@ xHwD =@ '|O=R; xHQO OvJ sDU}U l} |=Q@ Ctw=kt Vy=m w '|DNU
=Q Oa)@ |@ |}=yv CqO=at '|SQv= `@=D R= xO=iDU= w p@k VN@ QO xOWQmP |RQt
13 \@=wQ |xawtHt R= '\w@ Qt CqO=at uOQmOa)@ |@ CyH |w "CU= xOQm x�=Q=

%CU= xOQm xO=iDU=

xn = yn�; un = zn�; kn = k�n; mn = m�n;

! =
p
k=m; � = !t; � = c

2m! (13)

|x]@=Q CQwY x@ |O=R; xHQO OvJ sDU}U|m}t=v}O pO=aD |xrO=at Oa)@|@ |x]@=Q
%CU= 14

��y + 2�� _y + ��y + (1� �)�sz = P (�) (14)

xHQO OvJ sDU}U l} |O=R; xHQO u}t)=n |=Q@ |RQt \}=QW x@ \w@ Qt |xrO=at
%CU= 15 |x]@=Q CQwYx@ |O=R;

_zn=�n( _yn� _yn�1)fN( _yn� _yn�1)[M(zn��p	n)M(yn�yn�1)

+M(zn �	n)N(yn � yn�1)]

+M( _yn � _yn�1)[N(zn + �p	n)N(yn � yn�1)

+N(zn + 	n)M(yn � yn�1)]g; n = 1; 2; :::; N (15)

'OvDUy Ctw=kt |oOvy=m w |DNU |oOvy=m `@=wD ?}DQD x@ 	n w �n 'u; QO xm
%OvwW|t h} QaD 17 w 16 |=yx]@=Q CQwYx@ xm

�n = 1
1 + �khn(t)

(16)

	n = 1
1 + �lhn(t)

(17)

wO |O=R; xHQO OvJ |m}v=mt sDU}U l} s)=n |O=R; xHQO |rm pmW "4 pmW
"|]N

'|]N wO |O=R; |xHQO OvJ sDU}U l} Q@ sm =L CqO=at |xaUwD CyH
kn 'mn 'QwmPt pmW j@=]t "CU= xOW xDiQo Q_v QO 4 pmW |m}v=mt sDU}U
w �kn |DNU =@ =yQvi "OvDUy RwmU} w |}=Q}t w '|DNU 'sQH ?}DQD x@ cn w
QO u}vJty "OvQ=O (xn � xn�1) pmWQ}}eD w pYDt sQH x@ ,=t}kDUt �kn+1
l} j} Q] R= '|R=wt CQwYx@ w uQ=kDt Qw] x@ Qo}O Qvi wO 'mn sQH hQ] Qy
(1��)kn |=y|DNU xm 'Ov=xOW pYDt sQH x@ �0 l =m]Y= ?} Q[ =@ xOvRer
xHQO Qy |=Q@ un+1 w un |=ypmWQ}}eD ?}DQD x@ w OvQ=O (1 � �)kn+1 w
Cr=L wO "CU= |t}rUDV}B |DNU C@Uv hQat 0 � � � 1 "OvQ=O |O=R;
� u=UWm |=ysDU}U w |]N |=ysDU}U Qou=}@ ?}DQD x@ � = 0 w � = 1
|xOvRer |WRer |}=Hx@=H w xn =@ Q_=vDt sQH pm |}=Hx@=H "OvDUy pt=m |Q}tN
?UL Q@ mn sQH x@ OQ=w |wQ}v P (t) "CU= (xn�xn�1)�un Q@=Q@ R}v s)=n

"CU= u=tR
%OwW|t u=}@ 10 |x]@=Q CQwYx@ s)=n sQH pO=aD |xrO=at '4 pmW j@=]t

mn�xn � �knxn�1 + �(kn + kn+1)xn � �kn+1xn+1

+ (1� �)knun � (1� �)kn+1un+1 = P (t);

n = 1; 2; :::; N (10)

u=wD|t xm 'OwW|t p}O@D =RHt |xrO=at 3 x@ n = 1; 2; 3 <=R= x@ 10 |x]@=Q
%OQm u=}@ CQwY u}O@ |U} QD=t sQi x@ =Q CqO=at u}=2664 m1 0 0

0 m2 0
0 0 m3

3775
8>><>>:

�x1
�x2
�x3

9>>=>>;+ �

2664 k1 + k2 �k2 0
�k2 k2 + k3 �k3
0 �k3 k3

37758>><>>:
x1
x2
x3

9>>=>>;+ (1� �)

2664 k1 �k2 0
0 k2 �k3
0 0 k3

3775
8>><>>:
u1
u2
u3

9>>=>>; = P (t)

|x]@=Q CQwYx@ |O=R; xHQO OvJ sDU}U pm |m}t=v}O pO=aD |xrO=at u}=Q@=v@
%CU= 11

m�x+ c _x+ �Kx+ (1� �)Ksu = P (t) (11)

OvDUy |DNU |=yT} QD=t w sQH |Q]k T} QD=t ?}DQD x@Ks wK 'm 'u; QO xm
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|xQ
wO'
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u=DU
tR�

h}
QW

u=Qt
a|

UOv
yt C=QF= pt=W |}xNQJ Q=DiQ x@ \w@ Qt ODtt \N =@ Q=Owtv '9 |r= 7 pmW QO

Q=DiQ Qou=}@ u}J\N Q=Owtv R}v w 'Ctw=kt Vy=m w '|DNU Vy=m '|oOWl} Q=@
Vy=m C=QF= Q}F-=D QDy@ uO=Ou=Wv CyH "CU= |oOWl} Q=@ QF= CLD |}xNQJ
CQwYx@ xOWQmP |=yQ=Owtv 'xk@] Qy |}xNQJ Q=DiQ QO Ctw=kt Vy=m w |DNU
|oOvy=m C=QF= xm OwW|t xOy=Wt QwmPt Q=Owtv wO |xU}=kt =@ "Ov=xOW sUQ u=tRsy
u}= uDiQoQ_vQO =@ xm =QJ &OvQ=O |}x_Lqt p@=k QF= |}xNQJ pm |SQv= u=R}t QO
u}= w OwW|t |QDW}@ Vy=m Q=JO u=tR CWPo =@ xNQJ Qy pN=O K]U 'C=QF=

"CU= xR=U \UwD xOW?PH pm |SQv= Vy=m =@ Q_=vDt Vy=m

"|O=R; xHQO 3 |WQ@ ?=k "5 pmW

"|m}vwtQ=y |Q=PoQ=@ QF= CLD |}xk@] uwQO |@Uv |}=Hx@=H MU=B "6 pmW

QF= CLD |m}vwtQ=y |Q=PoQ=@ x@ pw= |xk@] |}=Hx@=H � wQ}v MU=B "7 pmW
"Ctw=kt Vy=m w '|DNU Vy=m '|oOWl} Q=@

'|oOWl} Q=@ ?}=Q[ ?}DQD x@ �l � 0 w �k � 0 '�p � 0 '=yu; QO xm
sDU}U pm |SQv= `@=D h(t) u}vJsy "OvDUy Ctw=kt Vy=m w '|DNU Vy=m

%O};|t CUOx@ 18 |x]@=Q R= xm 'CU=|}xNQJ
_hn =	n(1� �) j _yn � _yn�1j [N( _yn � _yn�1)N(yn � yn�1 � 
p)

+M( _yn � _yn�1)M(yn � yn�1 + 
p)

+ �pN( _yn � _yn�1)M(yn � yn�1)

+ �pM( _yn � _yn�1)N(yn � yn�1)]

� j 1� fN( _yn � _yn�1)[M(zn � �p	n)M(yn � yn�1)

+M(zn �	n)N(yn � yn�1)]

+M( _yn � _yn�1)[N(zn + �p	n)N(yn � yn�1)

+N(zn + 	n)M(yn � yn�1)]g j ; n = 1; 2; :::; N
(18)

OvJ sDU}U l} MU=B pt=m Qw] x@ 'x}rw= \}=QW x=Qty x@ 18 w 15 '14 CqO=at
'|DNU Vy=m '|oOWl} Q=@ %p}@k R= |oOvy=m C=QF= pt=W |]N wO |O=R; xHQO
=@ u=wD|t =Q X=N OQ=wt |=Q@ sm =L CqO=at "Ovvm|t u=}@ =Q Ctw=kt Vy=m w
"OQw; CUOx@ �l w �k '�p '� ?U=vt ?=NDv= =@ w xOWQmP CqO=at R= xO=iDU=
C=QF= 'CU= xOW pL [12]'pkDUt QDmO Q=DWwv QO OwHwt p=Ft |=v@t Q@ xm '1 p=Ft
|]N wO |O=R; xHQO xU sDU}U l} |}xNQJ Q=DiQ QO |oOvy=m pt=wa u=tRsy
`HQt =@ Q=DWwv u}= QO xOWs=Hv= |R=UpOt CLY R}v w |[Qi Q=@ l} QF= CLD

"OyO|t u=Wv |DUQO x@ =Q |rY=
QiY RwmU} w |}=Q}t w u=Um} |DNU w sQH =@ xk@] 3 |WQ@ ?=k l} "1 p=Ft
Oa)@ |@ |=yT} QD=t "CU= xOW xDiQo Q_v QO 5 pmW j@=]t C=k@] |t=tD |=Q@

%Ov};|t CUOx@ CQwY u}O@ C=k@] |DNU w sQH =@ Q_=vDt

� =

2664 1 0 0
0 1 0
0 0 1

3775 ; � =

2664 2 �1 0
�1 2 �1
0 �1 1

3775 ;

�s =

2664 1 �1 0
0 1 �1
0 0 1

3775
"k = k1 = k2 = k3 w m = m1 = m2 = m3 xm|Qw] x@

?}=Q[ '�p = 0 1 Ctw=kt C@Uv '� = 0 05 |DNU C@Uv xJv=vJ
ZQi w OvW=@ �l = 0 01 Ctw=kt |oOvy=m w '�k = 0 2 |DNU |oOvy=m
'OW=@ P (�) = 5 sin(��) l}vwtQ=y Q=@ QF= CLD xk@] u} QDq=@ QO ?=k xm OwW

%Ow@ Oy=wN u=}@ p@=k CQwY u}O@ |Q=PoQ=@ T} QD=t

P (�) =

2664 0 0 0
0 0 0
0 0 5

3775
8>><>>:

0
0

sin ��

9>>=>>;
'� = 1 w y(0) = _y(0) = z(0) = h(0) = 0 uwmU |x}rw= \}=QW ZQi =@
pw= pm}U 5 |=Q@ |}=Hx@=H � wQ}v |=yMU=B w |}xk@] uwQO |@Uv |}=Hx@=H

"CU= xOW xO=O u=Wv 9 |r= 6 pmW j@=]t xk@] Qy |=Q@ w |Q=PoQ=@
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}xNQ
JQ

=DiQ
|R=

Up
Ot

|O=R; xHQO OvJ |xR=U l} s)=n |xHQO Qvi w sQH |m}v=mt sDU}U "10 pmW
"|]N OvJ

|=yQvi |t=tD |DNU ẁtHt xm CU= sRq QmPD u}= "OwW|t p=ta= s)=n |O=R;
0 � � � 1 "OwW|t 1 Q@=Q@ =y�i ẁtHt =Pr &CU= k pO=at sQH x@ pYDt
"CU= xn =@ Q_=vDt R}v sQH pm |}=Hx@=H w xOw@ |t}rUDV}B |DNU C@Uv hQat
CQwYx@ =Q s)=n sQH |m}t=v}O pO=aD |xrO=at u=wD|t 10 pmW x@ xHwD =@

%OQm u=}@ �19 |x]@=Q� |U} QD=t

M �x+ C _x+ �nKx+
n�1X
i=1

�iKsui = P (t) (19)

OvDUy |DNU |=yT} QD=t w sQH |Q]k T} QD=t ?}DQD x@Ks wK 'M 'u; QO xm
"Ov=xOW |iQat 2 VN@ QO xm

pYDt sQH x@ ,=t}kDUt xm CU= |}=yQvi x@ \w@ Qt 19 |x]@=Q swU <RH
"OvDUy pYDt xOvRer x@ xm CU= |}=yQvi x@ \w@ Qt R}v u; sQ=yJ <RH w OvDUy

%CU= 20 |x]@=Q CQwYx@ sDU}U sw=kt |wQ}v Q=OQ@

f = �nKx+
n�1X
i=1

�iKsui (20)

O}=@ 4 |r= 1 |x}=B `@=wD R= xO=iDU= =@ '|oOvy=m |=yxO}OB uDiQoQ_vQO Qw_vt x@
xOWQmP |RQt\}=QW =@ x@=Wt|}xNQJ |=yxkrL |RQt\}=QW xm OwW x�=Q=|}xrO=at
pY=L 21 |}=yv |xrO=at 'QwmPt \}=QW uDiQoQ_vQO =@ "Ovm =[Q= =Q 2 VN@ QO

%CU= xOW
_zn =�n( _yn � _yn�1)fN( _yn � _yn�1)[M(zn � �p	n)

M(yn � yn�1 � �0) +M(zn �	n)N(yn � yn�1 � �0)]

+M( _yn � _yn�1)[N(zn + �p	n)N(yn � yn�1 � �0)

+N(zn + 	n)M(yn � yn�1 � �0)M(yn � yn�1 + �0)]g
(21)

xHQO Ctw=kt |oOvy=m w |DNU |oOvy=m `@=wD ?}DQD x@ 	n w �n 'u; QO xm
w �k � 0 '=yu; QO xm "Ov};|t CUO@ 17 w 16 |=yx]@=Q R= xm 'OvDUy s)=n
|SQv= `@=D h(t) "OvDUy Ctw=kt Vy=m w |DNU Vy=m ?}=Q[ ?}DQD x@ �l � 0
|x]@=Q R= xm CU= u=tR x@ C@Uv pm |SQv= C=Q}}eD MQv _h w |}xNQJ sDU}U pm

QF= CLD |m}vwtQ=y |Q=PoQ=@ x@ swO |xk@] |}=Hx@=H � wQ}v MU=B "8 pmW
"Ctw=kt Vy=m w '|DNU Vy=m '|oOWl} Q=@

QF= CLD |m}vwtQ=y |Q=PoQ=@ x@ swU |xk@] |}=Hx@=H � wQ}v MU=B "9 pmW
"Ctw=kt Vy=m w '|DNU Vy=m '|oOWl} Q=@

=@ pkDUt QDmO |O=R; xHQO OvJ pOt |xaUwD "3
VRer QF= uDiQoQ_vQO

xH}Dv u}= x@ pkDUt QDmO |]N wO pOt |UQQ@ =@ [12]'�2012� u=Q=mty w u=}rv} R
x@ \w@ Qt |RQt \}=QW |NQ@ 'pkDUt QDmO |xOWKQ]t CqO=at xm Ov=xO}UQ
p=ta= u=W}= pOt QO |U=U= KqY= l} =Pr &Ovm|tv =[Q= =Q xNQJ x}rw= |xkrL
xaUwD VRer QF= uDiQoQ_vQO =@ =Q pkDUt QDmO |xOWKqY= |]N wO pOt w xOQm
R= =yxR=U R= |Q=}U@ |}xNQJ OQmrta QO pw=ODt Qw] x@ VRer |xO}OB "Ov=xO=O
|x]U=w x@ pt=a u}= "CU= xOy=Wt p@=k |Oqwi |xOWOQwv OQU |=yxR=U xrtH
OwHwx@ |@v=H |=yOv@ Q=yt w Cq=YD= p}@k R= xR=U <=RH= |Q}tN |=ypmWQ}}eD
|}=Hx@=H V}=Ri= =@ w G} QODx@ w Qy=_ x}rw= |=yxNQJ R= TB ,qwtat VRer "O};|t

"O@=}|t V}=Ri= ?=k |@v=H
'|O=R; xHQO OvJ |=yxR=U |]N OvJ |}xNQJ Q=DiQ uDiQoQ_vQO CyH
u; j@] xm 'CU= xOW |iQat 10 pmW j@=]t s)=n |O=R; xHQO |m}v=mt sDU}U
|DNU =@ =yQvi "OvDUy RwmU} w |}=Q}t w '|DNU 'sQH ?}DQD x@ cn w kn 'mn

(xn � xn�1) pmWQ}}eD |=Q=O w pYDt sQH x@ ,=t}kDUt �nkn+1 w �nkn
CQwYx@ w uQ=kDt Qw] x@ Qvi (n�1) O=OaD 'mn sQH hQ] Qy QO u}vJty "OvDUy
'Ov=xOW pYDt sQH x@ �(t) Q}eDt l =m]Y= ?} Q[ =@ xOvRer l} j} Q] R= |R=wt
un+1 w un |=ypmWQ}}eD w �ikn+1 w �ikn |=y|DNU |=Q=O ?}DQD x@ xm
xHQO x@ xm CU= u=tR =@ Q}eDt |HQ=N |wQ}v P (t) "OvDUy |O=R; xHQO Qy |=Q@
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QW

u=Qt
a|

UOv
yt

"|m}vwtQ=y |Q=PoQ=@ QF= CLD |}xk@]uwQO |@Uv |}=Hx@=H MU=B "11 pmW

QF= CLD |m}vwtQ=y |Q=PoQ=@ x@ pw= |xk@] |}=Hx@=H � wQ}v MU=B "12 pmW
"VRer w 'Ctw=kt Vy=m '|DNU Vy=m '|oOWl} Q=@

QF= CLD |m}vwtQ=y |Q=PoQ=@ x@ swO |xk@] |}=Hx@=H � wQ}v MU=B "13 pmW
"VRer w 'Ctw=kt Vy=m '|DNU Vy=m '|oOWl} Q=@

QF= CLD |m}vwtQ=y |Q=PoQ=@ x@ swU |xk@] |}=Hx@=H � wQ}v MU=B "14 pmW
"VRer w 'Ctw=kt Vy=m '|DNU Vy=m '|oOWl} Q=@

%Ov};|t CUOx@ 23 |x]@=Q R= 'u; QO 
p w 22
_hn =	n�i j _yn � _yn�1j [N( _yn � _yn�1)N(yn � yn�1 � 
p)

+M( _yn � _yn�1)M(yn � yn�1 + 
p)

+ �pN( _yn � _yn�1)M(yn � yn�1)

+ �pM( _yn � _yn�1)N(yn � yn�1)]

�j1�fN( _yn� _yn�1)[M(zn � �p	n)M(yn � yn�1 � �0)

+M(zn �	n)N(yn � yn�1 � �0)]

+M( _yn � _yn�1)[N(zn + �p	n)N(yn � yn�1 � �0)

+N(zn + 	n)M(yn � yn�1 � �0)M(yn � yn�1 + �0)] j
(22)


p = �p
�

= (1� �p) (23)

|x}rw= \}=QW ?=NDv= w '=m}DtDt Q=Ri=sQv QO 24 w 21 '19 CqO=at u=tRsy pL =@
pt=wa |t=tD pt=W |]N OvJ � |O=R; xHQO OvJ sDU}U l} MU=B '?U=vt
|UQQ@ OQwt ẁ[wt u}= Qo}O p=Ft l} QmP =@ xt=O= QO xm &OwW|t pY=L |oOvy=m

"CU= xDiQo Q=Qk
QF= uDiQoQ_vQO w |]N Q=yJ Q=DiQ ZQi =@ 1 p=Ft |xk@] 3 |WQ@ ?=k "2 p=Ft

%CU= xOW ZQi xOWx�=Q= C=YNWt CQwYx@ 'VRer
� = 0; �1 = 0 65; �2 = 0 2; �3 = 0 1;
�4 = 0 05; 
1 = 1; 
2 = 2; 
3 = 3;
�p � �pi = 0 1; �k � �ki = 0 1; �l � �li = 0 01;

i = 1; 2; :::; n� 1

� =

2664 1 0 0
0 1 0
0 0 1

3775 ; � =

2664 2 �1 0
�1 2 �1
0 �1 1

3775 ;

�s =

2664 1 �1 0
0 1 �1
0 0 1

3775
�0(�) = 0 125Floor

h �
2�
i

w CU= |m}vwtQ=y |Q=PoQ=@ CLD C=k@] |@Uv |}=H@=H xOvyO u=Wv 11 pmW
Q=yJ |O=R; xHQO xU sDU}U l} |}xNQJ Q=DiQ Qou=}=tv 14 |r= 12 |=ypmW
'13 w 12 |=ypmW j@=]t "OvDUy |oOvy=m C=QF= |t=tD uDiQoQ_vQO =@ |]N
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