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H2 �H1 = H(t)��Hc + �HR (3�3)

%Ov};|t CUOx@ 5�3 w 4�3 CqO=at R= xO=iDU= =@ �Hc w �HR 'u; QO xm
�HR = kR

2gA2QjQj (4�3)

�Hc = kc
2g _Hj _Hj (5�3)
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dH
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= AUVU �ADVD (4)
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w |m}t=v}O CqO=at '|r[=iD Q}oGwt uRNt uwQO u=} QH p}rLD QO u}vJty
Ov=xOW G=QNDU= uRNt w QR}=Q u}@ \=@DQ= |xrO=at R}v w �6 w 5 CqO=at� |oDUw}B

%�7 |xrO=at�
|m}t=v}O |xrO=at ��

L
gA

dQ
dt

= �kTV jV j � fsU jU j � (H2 �H1) (5)

|oDUw}B |xrO=at ��
AV = At

dHt
dt

+Ar
dHr
dt

+Q (6)

"|r[=iD Q}oGwt uRNt =@ |@;jQ@ x=owQ}v sDU}U l} R= |}=tv "2 pmW

|oDUw}B |xrO=at ��
@H
@t

+ V @H
@x

+ V sin � + c2

g
@V
@x

= 0 (1)

|m}t=v}O |xrO=at ��
@V
@t

+ V @V
@x

+ g @H
@x

+ fV jV j
2D = 0 (2)
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c w (m=s2) pkF ?=DW g '(m) xrwr Q]k D "OvDUy hrDNt |=yu=mt w
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'O@=}|t V}=Ri= |Qw@a |@O xm |]}=QW QO =Q xrwr uwQO ?; sHL R= |DtUk =D
xrwr uwQO |ivt Q=Wi xm |}xrLQt QO w �C@Ft Q=Wi p}OaD� Ovm xQ}NP OwN QO
=Q |ivt Q=Wi R= |W=v Q=F; uOQ@ u}@ R= CyH R=}vOQwt ?; sHL 'OwW|t O=H}=
Q=m x@ xO=U uRNt u; QO xm =Q |m}rwQO}y sDU}U R= |}=tv '1 pmW [22]"Ovm u}t-=D
|rY= |x}PeD uRNt 'CUOq=@ QO xOWx}@aD uRNt "OyO|t u=Wv 'CU= xOW xOQ@
=Q}t |=yu=} QH |] QO 'u; uwQO ?; K]U =D OW=@ nQR@ |i=m OL x@ O}=@ xm 'CU=
uRNt 'u}@ QwD CUOq=@ QO |DQ=@a x@ =} 'sDU}U CUOu}}=B QO "Ov=t@ |k=@ C@=F
Q=Wism |xrwr x@ Iwk |x@ Q[ ?QNt Q=F; p=kDv= R= =D CU= xOW xO=O Q=Qk Q}oGwt

"Ovm |Q}owrH
�?rY uwDU� sQH u=Uwv |Qw�D R= Q}oGwt uRNt uwQO u=} QH p}rLD QO
%�4w 3 CqO=at� Ov=xOW G=QNDU= |oDUw}B w |m}t=v}O CqO=at w xOW xO=iDU=

|m}t=v}O |xrO=at ��

H2 �H1 + L
g
dV
dt

+ fL
2gDV jV j = 0 (3)

%OwW|t xi=[= sm =L CqO=at x@ |RQt \}=QW u}=
%�1�3 |xrO=at� CUOq=@ |rY= uRNt QO ��

HR ��HR = H1 (1�3)

%�2�3 |xrO=at� �uwmU |UQv}= R= Q_vhQY� Q}oGwt uRNt QO ��
HR +H(t)��Hc = H2 (2�3)

"xO=U Q}oGwt uRNt =@ |@;jQ@ x=owQ}v sDU}U l} R= |}=tv "1 pmW
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wtu

R=Nt
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rta
|U

QQ@%O};|t CUOx@ 11 |x]@=Q R= u=tR R= x_Lr Qy QO uRNt pN=O QO ?; `=iDQ=
Hk+1
i = Hk

i + (AUV kU �ADV kD)�t
At

(11)

%O};|t CUOx@ 12 |x]@=Q R= Q}oGwt uRNt `=iDQ=
Hk+1
i = Hk

i +HR �Haxis +Hfree (12)

"CU= xrwr QwLt R=QD Haxis 'u; QO xm
p=kDv= \N QO u=tR R= x_Lr Qy QO u=} QH CaQU %|r[=iD Q}oGwt uRNt QO ��

%O};|t CUOx@ 13 |x]@=Q R=
V k+1
i � V ki = (�(H

0k
i + ktV ki ABS(V ki ))� (fsUki ABS(Uki ))

g�t
L

(13)

%O};|t CUOx@ 14 |x]@=Q R= u=tR R= x_Lr Qy QO uRNt pN=O QO ?; `=iDQ=
Hk+1
i = Hk

i + (AUV kU �ADV kD)�t
At

(14)

%O};|t CUOx@ 15 |x]@=Q R= Q}oGwt uRNt pN=O QO s�=OQ}e u=} QH CaQU
Uk+1
i = (V (k; 1)�A�ADV kD)=At; Uk+1

i = Uki (15)

%O};|t CUOx@ 16 |x]@=Q R= R}v Q}oGwt uRNt `=iDQ=
Hk+1
i = Hk

i +HR �Haxis +Hfree (16)

xov C@=F w xOw@ Q}}eD uwO@ xvRwQ w QR}=Q `]kt K]U '|r[=iD Q}oGwt uRNt QO
"CU= xOW xDW=O

xr�Ut KQ] "3
QO KQ]t p�=Ut R= |}xvwtv u=wvax@ u=wD|t =Q Q[=L VN@ QO xOW x�=Q= \}=QW
uRNt R= ?; p=kDv= sDU}U R=l}D=tW|}=tv '3 pmW QO "OQm|@=} RQ= QwmPt |xv}tR
,qt=m w s}kDUt CQwYx@ =yxrwr "CU= xOW xO=O u=Wv|y=owQ}v u}@ QwDl} x@|rY=
(L) Q}oGwt uRNt =D |rY= uRNt R= Q=Wism |xrwr pw] w Ov=xOW ZQi ?rY
Gwt CaQU 'QDt 430 Q@=Q@ (L0) u}@ QwD pLt =D Q}oGwt uRNt R= w QDt 1200 Q@=Q@

"x=owQ}v u}@ QwD x@ OU uRNt R= ?; p=kDv= sDU}U R= l}D=tW |}=tv "3 pmW

uRNt w QR}=Q u}@ \=@DQ= |xrO=at ��

At
dHt

dt
=

8<:CA0
p2g(Hr �Ht) : Hr > H

�CA0
p2g(Ht �Hr) : Hr < H

(7)

|OwQw QO QR}=Q `]kt K]U A0 '?; p=kDv= |xrwr `]kt K]U A '=yu; QO xm
|vwQ}@ |xrwr `]kt K]U Ar 'uRNt |v=}t |xrwr `]kt K]U At 'uRNt
|vwQ}@ VN@ QO ?; R=QD Hr 'uRNt |v=}t VN@ QO ?; K]U R=QD Ht 'uRNt
?} Q[ C '?; p=kDv= |xrwr pw] L 'xrwr uwQO u=} QH CaQU V 'uRNt

[13]"OvDUy pkF ?=DW g w xvRwQ |x}rND

Q}oGwt uRNt QO ?; R=QD |Q=O}=B "3"2
CLD ?; K]U |Q=O}=B 'OQ}o Q=Qk Q_v Ot O}=@ Q}oGwt uR=Nt |L=Q] QO xm |}xr�Ut
|=yu=Uwv 'OyO|t MQ uRNt OOHt |x}PeD xm |OQ=wt QO "CU= C@=F |wQ}v QF=
OQ=w u}@ QwD Q@ |ia=[t |wQ}v w OwW|t Q=Wi Oy QO Q}}eD ?Hwt ?; K]U
QO ha=[t |wQ}v O=H}= R= |Q}owrH w ?; K]U |Q=O}=B Qw_vt x@ =Pr "OwW|t
OwW xDiQo Q_v QO As |xv}tm Q=Okt R= QDW}@ O}=@ uRNt `]kt K]U 'u}@ QwD pLt

%�8 |x]@=Q�
At > As (8)

%O};|t CUOx@ 9 |x]@=Q R= As 'u; QO xm
As = AL

HR�Hf
V 2

2g (9)

=twD \QW '8 |x]@=Q "CU= Q=Wism |xrwr pw] QO |SQv= Ci= �Hf 'u; QO xm
|Qo}O |=yQ=}at 'uRNt `]kt K]U |xv}tm |x@U=Lt |=Q@ [20]"OwW|t xO}t=v
�1969� V=Q w �1959� T} Q=t '�1956� pOQ=o Q}_v hrDNt u=QoWywSB \UwD
Q}=U x@ C@Uv |QDW}@ u=v}t]= ?} Q[ '=twD |Q=O}=B K]U um}r "CU= xOW x�=Q=

"CU= xOW xOQ@ Q=m x@ Q[=L VywSB QO w OQ=O =yQ=}at

uRNt uwQO u=} QH Q@ sm =L CqO=at |R=UxDUUo "4"2
p}Uv=Qi}O CqO=at ẁv R= Q}oGwt uR=Nt pN=O QO sQH u=Uwv Q@ sm =L CqO=at
|=Q@ l}Uqm VwQ x@ pL 'xO=U Q=}U@ OQ=wt QO RH w CU= |]NQ}e |�RH
u=tr= Q}_v |irDNt |=yVwQ x@ u=wD|t =Q CqO=at R= ẁv u}= "CU}v QwOkt =yu;
CqO=at pL |=Q@ "OQm pL 15xYNWt VwQ =} w 14'OwOLt p[=iD 13'OwOLt
VwQ x@ CqO=at |R=UxDUUo w xOW s=Hv= ?r]t Q=Ri=sQv QO |U} wvOm 'pY=L
|m} 16�FDM� OwOLt p[=iD VwQ "CU= xOw@ wQV}B |wor= =@ OwOLt p[=iD
jDWt u; QO xm 'CU= p}Uv=Qi}O CqO=at |@} QkD pL |=Q@ |OOa |=yVwQ R=
'CqO=at pL |=Q@ u; T=U= xm 'OwW|t xOR ?} QkD =yu; pO=at Cq[=iD =@ `@=wD

"CU= Qwr}D VwQ =@ `@=D ?} QkD R= xO=iDU=
R= p=kDv= \N QO u=tR R= x_Lr Qy QO u=} QH CaQU %xO=U Q}oGwt uRNt QO ��

%O};|t CUOx@ 10 |x]@=Q
V k+1
i � V ki = �(H

0k
i + ktV ki ABS(V ki ))g�t

L
;

H 0 = H2 �H1 (10)
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yt "|OQwt |xar=]t |=Q@ |r=kDv= sDU}U C=YNWt "1 pwOH
|r[=iD Q}oGwt uRNt xO=U Q}oGwt uRNt Q}oGwt uRNt C=YNWtswO Cr=L pw= Cr=L swO Cr=L pw= Cr=L

30 30 30 30 �x}v=F Q@ ?amtQDt� Q=O}=B Cr=L |@O
4 4 4 4 �`@ QtQDt� ?; p=kDv= |xrwr `]kt K]U

1200 1200 1200 1200 (L) �QDt� Q}oGwt uRNt =D ?; p=kDv= |xrwr pw]
430 430 430 430 (L0) �QDt� u}@ QwD =D Q}oGwt uRNt R= p=kDv= |xrwr pw]
|vOJ |vOJ |vOJ |vOJ xrwr TvH
38 38 38 38 �QDt� |rY= uRNt QO ?; `=iDQ=

95 5 95 5 95 5 95 5 �QDt� u}@ QwD |HwQN pLt QO ?; R=QD
1 85 2 25 1 85 2 25 (n) =twD Cr=L x@ C@Uv Q}oGwt uRNt |vt}= ?} Q[
10 10 10 10 QwLt x@ C@Uv Q=O}=B u=} QH Cr=L QO ?; K]U R=QD hqDN=

�QDt� Q}oGwt uRNt p=YD= pLt QO xrwr
0 487 0 487 0 487 0 487 ?; p=kDv= |xrwr QO Ci= ?} Q[
1500 1500 1500 1500 �x}v=F� |R=Ux}@W pm u=tR COt
6 5 6 5 6 5 6 5 �x}v=F� |@=NDv= |v=tR pY=wi

1300 QO Q}oGwt uRNt?Yv uwO@ p=kDv= sDU}U QO xv}tm w xv}W}@ Q=Wi "4 pmW
"�V = 0 33V0 =@ x}v=F

|xv}W}@ "OQ=O Q}oGwt uRNt ?Yv x@ R=}v w CU}v ut}= 'x@ Q[ R= |W=v |=yQ=Wi
"OwW|t x@U=LtPa = 2t�a=D |x]@=Q R= xO=iDU= =@ (Pa) xrwr ptLD p@=k Q=Wi

[24]"CU= xrwr Q]k D w xrwr Q=OH R=Ht Ctw=kt �a 'xrwr Q=OH Ct=N[ t

xv}tm w xv}W}@ |=yQ=Wi '|OOa |R=Ux}@W R= pY=L G}=Dv|HvUCLY |=Q@
w CiQ u=tR R= VwQ u}= QO "Ov=xOW xU}=kt pY=L G}=Dv =@ w OQw;Q@ 17 |x]@=Q =@
|x]@=Q R= xv}tm w xv}W}@ |=yQ=Wi w xOW xO=iDU= (tC = 7 9 s) Gwt CWoQ@

[23]%�21 |r= 19 \@=wQ� OvwW|t x@U=Lt 18 |x]@=Q R= xO=iDU= =@ Q=Wi

�H = 2L�V
gtc

(18)

"CU= Iwk |x@ Q[ ẁkw R= |W=v Q=Wi V}=Ri= �H 'u; QO xm

�H = 2L�V
gtS

= 2(1360)(2 574)
(9=81)(7 9)

= 108=27m (19)

Hmax = HR + �H ! Hmax = 95=5 + 108 27 = 203=77m
(20)

xOw@ V = 2 574m=s xrwr QO u=} QH CaQU w c = 1070m=s Q@=Q@ |Q=Wi
R=HtVvD 'E = 168�109 N=m2 xrwr |v=UWm pwOt '|O=a |=tO QO "CU=
k = 2 19� 109 N=m2?; |tHL pwOt 'p=mU=B=ot 148 Q@=Q@ |vOJ |xrwr
sDU}U C=YNWt Q}=U "CU= xOW xDiQo Q_v QO QDt|r}t 10 Q@=Q@ xrwr Ct=N[ w
uRNt hrDNt `]kt K]U wO |=Q@ OQ=wt s=tD "CU= xOW x�=Q= 1 pwOH QO p=kDv=

"CU= xOW |UQQ@

G}=Dv |HvUCLY "4
uwO@ x}v=F 1300 u=tR QO xrwr \N pw] QO xv}tm w xv}W}@ Q=Wi Q=Okt QO Q}}eD
CaQU Q}}eD <=R= x@ C=Q}}eD u}= "CU= xOW u=Wv 4 pmW QO Q}oGwt uRNt OwHw
xOW pY=L (�V = 0 33V0) u=} QH |O=a \}=QW x@ C@Uv 0 85m=s
Q}}eD u}= "CU= xOw@ QDt 92 74 Q=Wi Q}}eD Q=Okt |xv}W}@ Cr=L u}= QO xm CU=
Q}F-=D CLD |O=a \}=QW QO CU= umtt x=owQ}v u}@ QwD pLt QO CaQU Q=Okt QO
CaQU �75 R= O}=@v u; Q=Okt um}r "OwW O=H}= hQYt C=v=Uwv =} jQ@ C=v=Uwv
Q}}eD R= u=R}t u}= [22]"Ovm Rw=HD (�V = 0 75V0) |O=a \}=QW QO u=} QH
QDt 215 74 pO=at xv}W}@ Q=Wi u; <=R= x@ xm CU= 1 97m=s CaQU =@ pO=at
"CU= (137 86m) |vOJ |xrwr R=Ht Q=Wi R= V}@ Q=Wi V}=Ri= u}= "OwW|t
xrwr \N pw] QO x_Lr Qy QO CaQU '13 w 10 |x]@=Q x@ xHwD =@ C}=yv QO
p@=k u=tR Qy QO w xrwr pw] QO CaQU 'CaQU Q}}eD p=ta= =@ w OwW|t x@U=Lt
|O=a \}=QW Q}}eD R= |W=v CaQU Q}}eD <=R= x@ u=} QH Oy QO Q}}eD "CU= |Q}oxR=Ov=

%OwW|t x@U=Lt 17 |x]@=Q R= xO=iDU= =@ 'u=} QH
�H = a�V

g
(17)

\N QO QDt �13 59 |ivt Q=Wi 'xrwr Q}Ut pw] QO Q=Wi V}=Ri= Q@ xwqa
|}=R<qN ẁkw "CU= xrwr QO |}=R<qN ẁkw |xOvyOu=Wv xm CU= xOW O=H}= xrwr
Q@=Q@ QO xOWQmP p=kDv= sDU}U u}=Q@=v@ [23]"OwW|t xrwr Q=OH |oOQwN ?Hwt
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wtu

R=Nt
OQm

rta
|U

QQ@w uRNt R=QD |QDt 6 16 x@ |rY= uRNt R=QD |QDt �27 39 R= ?; `=iDQ= 'x}v=F
K]U R=QD 'x}v=F 286 13 u=tR |] R= TB TBU "OUQ|t OwN Q=Okt |xv}W}@
QPo ẁQW R= x}v=F 978 45 u=tR QO C}=yv QO w OUQ|t |QDt �4 196 x@ ?;
TB "OQ=O Q=Qk QDt �2 335 `=iDQ= QO uRNt QO ?; R=QD '|m}rwQO}y |=Q}t u=} QH
u=tR =D w CU= |rY= uRNt R=QD |q=@ xQ=wty uRNt QO ?; `=iDQ= 'u=tR u}= |] R=

"OwW|t xOy=Wt uRNt ?; R=QD QO |mJwm |=yu=Uwv \ki x}v=F 1500
Q}W uOW xDU@ pw= |x_Lr QO uRNt ?; R=QD '|r[=iD Q}oGwt uRNt QO
u=tR CWPo R= TB "CU= |rY= uRNt R=QD x@ C@Uv QDt �24 16 Q@=Q@ u}@ QwD
�1 356 x@ |rY= uRNt R=QD |QDt �24 16 R= ?; K]U `=iDQ= 'x}v=F 292 6
|QDt �0 61 QO x}v=F 975 38 |] R= TB w OUQ|t OwN Q=Okt |xv}W}@ w |QDt
uRNt QO '|m}rwQO}y |=Q}t u=} QH QPo pqN QO |DQ=@a x@ "OQ=O Q=Qk uRNt R=QD
QO xm |r=L QO 'OQ}PB|t CQwY |oQR@ Q=}U@ |xvt=O QO sQH u=Uwv 'xO=U Q}oGwt
Q}oGwt uRNt R= |QDlJwm Q=}U@ |xvt=O QO sQH u=Uwv |r[=iD Q}oGwt uRNt
xv}y@ Ea=@ |r[=iD uRNt QO C=v=Uwv |xvt=O uOw@ QDlJwm "OwW|t s=Hv= xO=U
x@ C@Uv |r[=iD Q}oGwt uRNt O=a@= |va} "OwW|t KQ] uOW |O=YDk= w uOw@

"CU= QDxv}y@ xO=U uRNt
`@ QtQDt 60 OwOL QO uRNt `]kt K]U 'n = 1 85?} Q[ =@ swOCr=L QO
x@ =Q ?; R=QD |=yu=Uwv w u=} QH CaQU C=Q}}eD '8 w 7 |=ypmW "Ow@ Oy=wN
QO "OyO|t u=Wv n = 1 85 Cr=L QO |r[=iD w xO=U Q}oGwt uRNt QO ?}DQD

QO uRNt pN=O ?; R=QD |=yu=Uwv w xrwr \N QO u=} QH CaQU C=Q}}eD "7 pmW
"n = 1 85 =@ xO=U Q}oGwt uRNt R= xO=iDU= Cr=L

QO uRNt pN=O ?; R=QD |=yu=Uwv w xrwr \N QO u=} QH CaQU C=Q}}eD "8 pmW
"n = 1 85 =@ |r[=iD Q}oGwt uRNt R= xO=iDU= Cr=L

Hmin max = HR ��H ! Hmin = 95=5� 108 27
= �12 77m (21)

�12 77 w 203 77 Q@=Q@ ?}DQD x@ p=kDv= sDU}U QO Q=Wi |D=@U=Lt Q}O=kt
�QDt �13 59 w 215 74� |OOa |R=Ux}@W R= pY=L Q}O=kt =@ xm CU= QDt
"OQ=Po|t xLY xOWxO=iDU= |OOa VwQ CkO w |DUQO Q@ xm OQ=O |mOv= hqDN=

EL@ w G}=Dv "5
uRNt ?; R=QD C=v=Uwv w u=} QH CaQU C=Q}}eD "1"5

Q@=Q@ 1 85 w Q@=Q@ 2 25 Cr=L wO QO |r[=iD w xO=U Q}oGwt uRNt O=a@= =OD@=
|Q=O}=B `]kt K]U '9 |x]@=Q R= xO=iDU= =@ "CU= xOW |@=} RQ= =twD |Q=O}=B K]U
K]U 'n = 2 25 Cr=L |=Q@ "CU= xOW x@U=Lt `@ Qt QDt 33 20 Q@=Q@ As =twD
uRNt wO OQmrta |xU}=kt |=Q@ "CU= `@ QtQDt 74 OwOL QO Q}oGwt uRNt `]kt
`=iDQ= QO ?; R=QD w (V ) p=kDv= \N QO u=} QH CaQU C=Q}}eD '|r[=iD w xO=U
\N QO u=} QH CaQU C=Q}}eD '6 w 5 |=ypmW "CU= xOW |UQQ@ (H) uRNt
w xO=U Q}oGwt uRNt QO ?}DQD x@ =Q uRNt pN=O ?; R=QD C=v=Uwv w p=kDv= |xrwr

"OyO|t u=Wv n = 2 25 Cr=L QO |r[=iD
xO=U Q}oGwt uRNt pN=O QO ?; R=QD 17'u}@ QwD Q}W uOW xDU@ pw= |x_Lr QO
149 55 u=tR CWPo R= TB "CU= |rY= uRNt R=QD x@ C@Uv QDt �27 39 Q@=Q@

QO uRNt pN=O ?; R=QD |=yu=Uwv w xrwr \N QO u=} QH CaQU C=Q}}eD "5 pmW
"n = 2 25 =@ xO=U Q}oGwt uRNt R= xO=iDU= Cr=L

QO uRNt pN=O ?; R=QD |=yu=Uwv w xrwr \N QO u=} QH CaQU C=Q}}eD "6 pmW
"n = 2 25 =@ |r[=iD Q}oGwt uRNt R= xO=iDU= Cr=L
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"n = 1 85 Cr=L QO |r[=iD w xO=U uR=Nt `=iDQ= C=Q}}eD |xU}=kt "9 pmW

uR=Nt R= xO=iDU= Cr=L QO p=kDv= |xrwr \N QO u=} QH CaQU |xU}=kt "10 pmW
"|r[=iD w xO=U

QO u=} QH CaQU |xU}=kt QO =Pr "OwW|t |Q}owrH u}@ QwD OwN w C=U}U-=D x@
xO=U uRNt R= QDy@ OQmrta w |}=Q=m ^=Lr x@ |r[=iD uRNt 'p=kDv= |xrwr \N

"Ow@ Oy=wN

Iwk |x@ Q[ |xO}OB R= |W=v |Q=Wi Gwt `=iDQ= |xU}=kt "4"5
|UQQ@ Iwk |x@ Q[ Gwt `=iDQ= R= uRNt `=iDQ= |Q}PB Q}F-=D u=R}t 'Q[=L VN@ QO
QO =Q u=tR x@ C@Uv Iwk |x@ Q[ Gwt `=iDQ= |=yu=Uwv '11 pmW "CU= xOW
TB (n = 2 25) pw= Cr=L QO 'xO=U Q}oGwt uRNt QO "OyO|t u=Wv pw= Cr=L
�6 16 Q=Okt |xv}W}@ x@ Iwk |x@ Q[ Gwt `=iDQ= 'x}v=F 149 55 u=tR |] R=
u=tR |] R= TB |r[=iD uRNt QO xm |r=L QO 'OUQ|t |rY= uRNt R=QD |QDt
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