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R= OQm xQ=W= O}=@ u}tR Vv=Q ẁkw u=mt X}NWD |xUwQB |=Q@ R=}vOQwt u=tR COt
CaQU� CU= xOw@ RDQy=o}o GvQ QO =yxOvDUQi |x}=Q; \UwD =yxO=O p=UQ= xm =Hv;
x@ OwOLt |Di=Ut '�CU= x}v=F QO QDtwr}mQ=Ry 300 OwOL QO C=aq]= p=UQ=

QwmPt |=y?wQB u=tO}J "OQm j}kO |UQQ@ w VR=OQB w CiQo Q=}DN= QO =Q u; R=
'Q}N= VwQ QO "OW=@ 4 pmW CQwYx@ Ov=wD|t Vv=Q x@ uwv_t |xOwOLt QO
R= |Q}oxQy@ =@ X}NWD p@=k |=yxv=DU; X}NWD 'Vv=Q |xO}OB |UQQ@ |=v@t
K]U |SwrwQO}y w |U=vWu}tR |=yQDt=Q=B COtR=QO w nvQOq@ V} wB O}OH ODt
|xm@W |=ysD} Qwor= w |w=mxO=O RwQx@ |=yxw}W R= |Q}oxQy@ =@ Vv=Q x@ uwv_t
C=R}yHD R= xO=iDU= =@ xm CU= |Q}O=kt p}rLD QO |R=i j]vt OQ@ Q=m w |@Ya
Ci=} QO w p=kDv= C=R}yHD w \U=w |=yCQ=m w =ypO@t w =yQoTL� |Q=Ri=CNU
|R=UxQ}NP Vv=Q x@ uwv_t K]U Qw=Ht |D=aq]= lv=@ QO �C=aq]= s}U|@

"Ov=xOW
Vv=QV}=B wX}NWD |=yVwQ u} QDG}=Q u=wva x@ 'QwmPt |xv=oxU |=yVwQ
?}=at xrtH R= p=Ft |=Q@ "OvQ=O =Q OwN x@ XwYNt ?}=at w =}=Rt s=Om Qy 'u}tR
"OQm xQ=W= |vwmUt |L=wv QO u; OQ@ Q=m C=Q]N x@ u=wD|t 'xOWKQ]t pw= VwQ
|wH \}=QW R= u; G}=Dv CkO uDiQoQ=Qk Q}F-=D CLD 'swO VwQ ?}=at xrtH R=
C=}rta w |R=UxQ}NP w |Qw;`tH |xUwQB uOw@ Q@u=tR u}vJty w |}=wyw?; w
uOw@u=Qo R}v swU VwQ Xk=wv u} QD|rY= R= |m} "CU= u; QO |R=OQBxO=O u}ovU

[11�8]"CU= nQR@ T=}kt =@ |=yOQ@ Q=m QO u; ẁvDt |=yQoTL w C=R}yHD
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CQ=_v s}U|@ QoTL |=yxm@W |R=UxO=}B w |iQat x@ =} w [13]'TPS w GPS

|vD@t |R=OQBxO=O R= xO=iDU= =} w [14]'u=@ R}tOvJ w xOQDUo CQwYx@ u}tR Vv=Q Q@
xQ=W= [23�16]'14QwO x=Q R= QoTL |=yxw}W Qo}O x@ =} w [15]'ROC |=y|vLvt Q@

"OQm
'15?r]t OvtDQOk Q=Ri=sQv R= xO=iDU= =@ |R=Ux}@W Q@ x}mD =@ Q[=L VywSB QO
Q=}U@ VwQ l} 'xOWKQ]t |xO}= |v=O}t uwtR; QO C=v=mt= Ow@tm CyH x@ w
|iQat u}tR Vv=Q ẁkw |=Q@ Q=O?}W Kw]U V}=B h=Oy= |=DU=Q QO Ct}ku=RQ=
|=yVN@ Q}U=iD w G}=Dv x@ O=vDU= =@ u=QoVywSB |=aO= "CU= xOW |R=Ux}@W w

x@ uwv_t K]U nvQOq@ V}wB |=Q@ QoTL |xm@W |=yxQo u=tO}J "4 pmW
"xOWKQ]t VwQ QO Vv=Q
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R=x
O=iD

U=
=@u

}tR
Vv

=QV
}=B

"AOI QO u}tR Vv=Q V}=B sDU}U R= |rm |}=tv "5 pmW

%s} Q=O w OvDUy T 0 w T R= R1 w R0 pY=wi (r00; r01) w (r0; r1) h=QLv= \w]N
r0 =

q
x20 + y20 + z20 ; r1 =

q
(x0 � a)2 + y02 + z02

T � T 0w R1 � T u}vJty w T � T 0 w R0 � T \w]N =@ �1 w �0 |x} w=R
=Q R1 w R0 w =yTx u=mt O}=@ 'sDU}U |x}rw= ?Yv pqN QO "OvwW|t xDN=U
CQwYx@ T |x]kv QO xwm ?}W Q=OQ@ "OvwW u}}aD a w z0 'y0 'x0 =D 'CiQo xR=Ov=

%�|OOa C=@U=Lt |=yVwQ ltm x@� OwW|t xOR u}tND 1 |x]@=Q
~M = (x1 � x0)x̂+ (y1 � y0)ŷ + (z1 � z0)ẑ (1)

%O};|t CUOx@ 2 |x]@=Q R= x}=Bywm =} xvt=O ?}W �|OOa� Qr=mU= Q=Okt w
MTh = (z1 � z0)=

q
(x1 � x0)2 + (y1 � y0)2 (2)

hqDN= O}=@ Q=J=v x@ �1 w �0 Q=Okt u}}aD |=Q@ w T 0(x1; y1; z1) R= `q]= uwO@
uDW=O uwO@ "OwW x@U=Lt D = r0 � r1 |}xrY=i hqDN= T=U=Q@ 'D R=i
Ov=wD|tD = r00� r01 u}@ |}xrY=i hqDN= Q]=N x@ '0D R=i hqDN= 'T 0 u=mt

"OwW |Q}oxR=Ov= xOvQ}o xQo wO j} Q] R= \ki
=Q 3 |x]@=Q u=wD|t T � T 0 � R0 w T � T 0 � R1 ErFt 2 uDW=O =@

%OQw; CUOx@
~r 20 + ~� 2 � 2r0 � ~� � cos �0 = ~r

020

~r 21 + ~� 2 � 2r1 � ~� � cos �1 = ~r
021 (3)

%Ov};|t CUOx@ 4 |x]@=Q j@=]t r01 w r00 u}=Q@=v@
r00 � r0 � ~� � cos �0

r10 � r1 � ~� � cos �1 (4)

uDW=O =@ "OvDUy ?Yv u}L QO swrat |=yQDt=Q=B �1 w �0 'r1 'r0 'u; QO xm
%O};|t CUOx@ 5 |x]@=Q R= ~� Q=Okt D0 = r00 � r01 w D = r0 � r1

~� = D �D0
cos �0 � cos �1

(5)

28 2 Q@=Q@ |OOa u; QPH uDiQo w CL=Ut u}= s}UkD =@ xm '`@ QtQDt 2500
|x]@=Q Q@ x}mD =@ "CU= VWwB CLD |xk]vt |xQ}=O `=aW 'O};|t CUOx@ QDt
'�|}=Hx@=H/|}=Hx@=H COt = CaQU� |]N CaQU |x@U=Lt |xOWxDN=vW
QO xOWuwQmvU |=yxOvQ}o QO u; Ci=} QO w xOvDUQi j} Q] R= p=UQ= |=Q@ sRq u=tR
|r}rLD C=}rta w VR=OQB u=tR COt w OW Oy=wN x}v=F Td = 9� 10�8 OwOL
|m}vwQDmr= |=yQ=Ot |q=@ |Q=m Ot=U@ x@ xHwD =@� Vv=Q u=R}t |x@U=Lt CyH
'CU= Tp = 3 2 � 10�8 OwOL QO �=yxOvQ}o |R=UxO=}B |=Q@ |UQDUO p@=k
CU= QwmPt u=tR wO ẁtHt Q@=Q@ |Y}NWD C=}rta CyH sRq u=tR COt pm xm

"(Tt = 12 2� 10�8)
sDU}U ,=D}=yv xm CU= xOW KQ]t xrLQt u}= QO xm p=-wU u}= =@ x]@=Q QO
|xQwO pw] xJ w Vv=Q hrDNt `=wv= X}NWD QO |OQ@ Q=m |xvt=O xJ '|O=yvW}B
X}NWD CQOk 'xOWxQ=W= OQ=wt Q@ x}mD =@ xm OwW xQ=W= xDmv u}= x@ O}=@ 'OQ=O VRer
u=Qm w `@ QtQDt 2500 CaUw =@ |}xk]vt x@ OwOLt Vv=Q u=R}t |=Q@ QwmPt VwQ
QDt|r}t 0 1 OwOL QO X}NWD CkO w Tt = 12 2� 10�8 |Y}NWD u=tR
ẁkw u=R}t w xQwO pw] ^=Lr R= w CU= xOW pY=L =y|R=Ux}@W QO xm 'CU=
G}=Dv Q}UiD VN@ QO xm � CU}v QwYDt |O=yvW}B sDU}U |=Q@ |D}OwOLt 'Vv=Q

"�CU= xOW |UQQ@ |R=Ux}@W
|Di=} QO |=yxO=O xmCU=|v=tR COt '|O=yvW}B sDU}U |OQmrta |xOwOLt
wHxiQY xw}W u}= "OvwW p=UQ= x} wv=F pQDvm Rm =Qt x@ Ovv=wD|t QDW}@ |=yVR=OQB |=Q@
=Q xOWp=UQ= Q=Ot l} Ovv=wD|t =yuDv; w =yxOvDUQi R= x}=Q; OvJ xm =QJ 'CU=
Q}}eD |ovwoJ Q}UiD TBU 'OQivt Tx =@ |tDU}U =OD@= QO "OvwW l} QW sy =@
"Ov=xOW |UQQ@ Tx R= |}x}=Q; =@ |tDU}U u; R= TB w '|}=Hx@=H u=R}t x@ R=i
xOW C=@F= u; |[=} Q \@=wQ w K} QWD �sy@t� nvo �Cr=L� Q}Ut l} C}=yv QO
|=yp=vo}U w s}UQD uwQmvU s}U|@ |xOvQ}o xQo wO s=Qo =}O lwr@ u}vJty "CU=
K}[wD w u=}@ xOvQ}o QO |R=UQ=mW; =D p=UQ= pL=Qt R= xrB x@ xrB 'xOvQ}o w xOvDUQi
R= |}=Hx@=H |xR=Ov= Q}UiD |=Q@ |Oa@ 3 |=y|R=Ux}@W u}vJty "Ov=xOW xO=O

"CU= xOW s=Hv= QwmPt |xO}= |=]N u=R}t w R=i hqDN= C=Q}}eD |wQ

xOvQ}o � xOvDUQi s}U |@ pOt h}YwD "1"2
'Vv=Q x@ uwv_t |xk]vt "OyO|t u=Wv =Q u}tRVv=Q sDU}U R=|rm|}=tv '5 pmW
u; QO =yTx R= |}x}=Q; w `k=w |vwmUt |xk]vt |q=@ QO xwm |x}=Bywm =} xvt=O QO
Ov=xOW |R} Qxt=vQ@ w s}_vD |Qw] w |Q=Pos=v T6 =D T1 R= Tx Qy "CU= xOW ?Yv
p=UQ= s}U|@ uwQmvU |xOvQ}o xQo wO x@ =Q |}xOWu}}aD V}B R= |xO=O |xr=@vO xm
|=ys=v x@ uwQmvU |xOvQ}o 2 'xBD w AOI R= QwO "�19sDU}U VRwt; R=i� Ovvm
"��XNWt Q=Okt |xR=Ov= x@ sy =@ |tm |xrY=i QO� Ov=xOW xO=O Q=Qk R1 w R0

Tx l} sDU}U T=U=Q@ |}=Hx@=H |x@U=Lt "2"2
T (x0; y0; z0) OyO|t u=Wv =Q Vv=Q X}NWD pOt |=Q@ |Oa@xU |=tv '6 pmW
(0; 0; 0) QOR0 s=v x@ pw= |xOvQ}o xQo wCU= AOI QO =yTx |=yxawtHt R=|m}
TB T |xOW=Hx@=H |x]kv T 0 w xOW `k=w (a; 0; 0) QO R1 swO |xOvQ}o xQo w
p(x0; y0; 0) \=kv w pmWQ}}eD =} |}=Hx@=H u=R}t Q@=Q@ � "CU= Vv=Q ẁkw R=
"CU= x � y |xLiY |wQ T 0 w T \=kv �Q} wYD� CW=ov p0(x1; y1; 0) w
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�h

}QW
u=Qt

a|
UOv

yt

"T 0 s=v x@ u}tR Vv=Q R= Oa@ Cr=L w T xQo C}a[w V}=tv "6 pmW

"sy@t Q}Ut |UOvy |UQQ@ "7 pmW

l} QW xOvvm s}yUD l} j} Q] R= =Q p=UQ= Q=Ot l} Ovv=wD|t Tx |=yx}=Q; u}vJty
'xOWuwQmvU |xOvQ}o xQo 2 "O@=} Vy=m |Q=Ri=CNU |R=UxO=}B |xv} Ry =D 'OvwW
u}tR |}=Hx@=H u=R}t w |}=U=vW =Q Tx w Ovvm|t Q=mW; =Q |Di=} QO |=yp=vo}U

"Ovvm|t XNWt =Q

�sy@t� nvo Q}Ut "4"2
wO u}@ R=i hqDN= u=R}t xm |Qw] x@ 'u}tR pmWQ}}eD CQwYx@ sy@tQ}Ut l}
|}xrY=i Cw=iD "OwW|t h} QaD 'Ov=t@ C@=F TxT 0 |}=Hx@=H R= |W=v xOvQ}o
'OvW=@ |w=Ut Qo = (r01 � r00) pmWQ}}eD =} |}=Hx@=H R= Oa@ w (r0 � r1) p@k
xOW KQ]t p@k VN@ QO xm |Y}NWD VwQ QO "CU= xO=O MQ sy@t Q}Ut l}
QO 'OW=@ xOW =Hx@=H sy@t Q}Ut |wQ Q@ T 0(x1; y1; z1) xm |DQwY QO 'CU=
uDiQoQ_vQO =@ '7 pmW j@=]t "OwW|t xH=wt CUmW =@ u}tR Vv=Q X}NWD
|QwLt `]=kD R= pY=L |xQ}=O |wQ Q@ Ov=wD|t T |x]kv 'r1 w r0 =vLv= \w]N
CqO=at |wQ Q@ T (x0; y0; z0) u}=Q@=v@ "OW=@ xDW=O Q=Qk r1 w r0 `=aW =@ xQm 2
|xQ}=O "Ovm|t jOY (x0 � a)2 + y20 + z20 = r21 w x20 + y20 + z20 = r20
Ov=wD|t x = x0 ZQi =@ w OQ=O Q=Qk y� z |xLiY |wQ Q@ xQm 2 `]=kD R= |W=v

%OwW C@=F 9 |x]@=Q CQwYx@
x0 = (a2 + r02 � r12)=2a = c=2a
c = a2 + r02 � r12

y02 + z02 = r02 � c2=(4a2) (9)

j@=]t w xOW|Q}oxR=Ov= '0D R=i j} Q] R= |rw 'CU= swrat=v D0 '3 |x]@=Q QO
%CU= x@U=Lt p@=k 6 |x]@=Q

D0 = � � '0D=360 (6)

nvo � Q=Okt l} ''0D xm OwW xHwD "CU= |Ot=U@ Q} Qm Gwt pw] � 'u; QO xm
4 |x]@=Q u}=Q@=v@ "CU= 0 < '0D < 360 |xOwOLt QO w CU= �\rDNt =}
VN@ D �D0 Q=Okt '� < � |=Q@ "OyO|t CUOx@ =Q D0 |QUm VN@ \ki
=@ 'O}; CUOx@ D R= Ov=wD|t D0 K}LY VN@ xm =Hv; R= "CU= � R= |QUm
xmv}= uDUv=O =@ w D = r0 � r1 = ND:� + �D 'r1 'r0 %Q}O=kt uDW=O
j} Q] R= Ov=wD|tD0 CUQO Q=Okt '�D = D�ND:�;ND = mod[D;�]

w CU= � R= |QUm D �D0 xm =Hv; R= "OwW x@U=Lt D0 = ND:�+ �D0

%CWwv =Q 7�1 |x]@=Q u=wD|t 's} Q=O =Q D �D0 = �D ��D0 |x]@=Q

� = �D ��D0
cos �0 � cos �1

(7�1)

�1 '|Q}oxR=Ov= QO =]N RwQ@|rY=pt=a 'CU=XNWt 7�1|x]@=Q QO xm Qw]u=ty
�00 = �0 +" s}vm ZQi "Ov=xDU@=w pmWQ}}eD w |}=Hx@=HCyH x@ xm OvDUy �0 w
R= �" R= |W=v� �0 'OW=@ �h=QLv=� lJwm |=]N " w 'CU= �01 = �1 + " w

%O};|t CUO x@ 7�2 |x]@=Q
�0 = �D ��D0

cos(�0 + ")� cos(�1 + ")

� �D ��D0
cos �0 � cos �1 � " � (sin �0 � sin �1)

(7�2)

%CU= 8 |x]@=Q j@=]t " R= |W=v |}=Hx@=H |=]N
�� = �0 � � � " � (�D ��D0) � sin �0 � sin �1

(cos �0 � cos �1)2

��
�
� " � sin �0 � sin �1

cos �0 � cos �1
(8)

=yTx R= |}=yx}=Q; =@ sDU}U "3"2
R= |}x}=Q; =@ '|Oa@ 2 sDU}U l} x@ Ov=wD|t |DL=Q x@ Tx l} =@ QwmPt sDU}U
"O@=} VQDUo u}tR Vv=Q uOQmQwD}v=t CyH |a}Uw |xOwOLt VWwB |=Q@ =yTx

"CU= xOW xO=O u=Wv 5 pmW QO (2� 3)Tx p=Ft l}
=Q OwN p=vo}U 's_vt |r=wD j@] =D CU= xOW |R} Qxt=vQ@ x}=Q; R= Tx Qy
"OW=@ xDW=O =Q VOwN x@ XwYNt ?}W Q=OQ@ Ov=wD|t Tx Qy "Ovm p=UQ=
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R=x
O=iD

U=
=@u

}tR
Vv

=QV
}=BC=YDNt uDW=O =@ "CU= x� y |xLiY QO nvo Q}Ut |xrO=at '13 |xrO=at

CUOx@ 15 |x]@=Q R= T 0 |x]kv QO nvo Q}Ut O=ODt= QO `=iDQ= 'mah w T
%O};|t

z = z0 �mah �
q

(x0 � x)2 + (y0 � y)2 (15)

\=kv QO =yxOvQ}o w Tx xm 'OyO|t u=Wv x�y |xLiY QO =Qnvo Q}Ut '8 pmW
"Ov=xDiQo Q=Qk a = 5 =D � = 1 =@ R1(a; 0) w R0(0; 0) 'T (40m; 200m)

Vy=m � R= |v=Um} u=R}t =@ L1 w L0 xm CU= |Dr=L |xOvyOu=Wv 'hr=8 pmW
Qy QO "OyO|t u=Wv 13 |x]@=Q |x}=B Q@ =Q Q}Ut '?8 pmW xm |r=L QO &Ov=xDi=}
u=}@ �xOvQ}o wO R1 w R0 u}@ xrY=i� � R= |a@=D u=wvax@ nvo Q}Ut 'CQwY wO
QO xOWxO=O u=Wv |=yQ}Ut u}@ y |xir-wt hqDN= 'x |xir-wt Qy |=Q@ "OwW|t

"CU= xOW xO=O u=Wv G8 pmW QO ?8 w hr=8 pmW
pmWQ}}eD w |}=Hx@=H u}L QO Tx |x]kv z |xir-wt 'u}tR |x@P=H p}rO x@
?}W =@ mTh ?}W |v=wNty sOa =} |v=wNty 'X=N Cr=L u}= QO "OwW|t sm
xm |Dkwma = mT Qo = "OwW|t |UQQ@ x� y |xLiY QO �sy@t Q}Ut�mah

CUmW R=i hqDN= T=U=Q@ X}NWD VwQ 'mT = (x1 � x0)=(y1 � y0)
|x@U=Lt |=Q@ '7�1 |xrO=at "Ovm|t Q=m CUQO CQwYu}= Q}e QO 'OQwN|t
R= |}x}=Q; xm |Dkw "OwQ|t Q=m x@ OQivt Tx =@ sDU}U l} QO u}tR h=QLv= u=R}t
Oy=wN =Q VOwN sy@t Q}Ut w Q=O?}W K]U ?}W Tx Qy 'OwW xO=iDU= =yTx
s=OmI}y xm OwW |L=Q] |Qw] O}=@ uwQmvU s}U|@ |xOvQ}o xQo wO u=mt "CW=O

"OQ}ov Q=Qk pmWQ}}eD =} |}=Hx@=H Q}Ut |wQ Q@ nvo |=yQ}Ut R=

xOvQ}o � xOvDUQi sDU}U p=vo}U R}r=v; w s=Qo =}O lwr@ 5"2
xQo wO w Tx l} CQwYx@ s=Qo =}O lwr@ QO xOvDUQi � xOvQ}o sDU}U |rm OQmrta
l} |rwtat Tx l} "CU= xOW xO=O u=Wv 9 pmW QO uwQmvU s}U|@ |xOvQ}o
jQi =yxOvQ}o Ot=U@ =@ Fc pt=L Ot=U@ "ODUQi|t C@=F pt=L Ot=U@ =@ p=vo}U

"OQ=O

"�a R= |a@=D u=wvax@ y |xir-wt |=]N� x� y |xLiY QO nvo Q}Ut "8 pmW

nvo Q}Ut "CU= pr20 � c2=(4a2) u; `=aW w (c=2a; 0; 0) QO xQ}=O RmQt
w r0 xm Ovm CmQL |Qw] T |DQ=@a x@ =} 'Vv=Q w |}=Hx@=H xm OyO|t MQ |Dkw
� > 0; r01 = r1 � �; r00 = r0 � � %u}=Q@=v@ "Ovvm Q}}eD |v=Um} � =@ wO Qy r1
|xQm 2 `]=kD R= C0 = C � 2(r0 � r1)� ZQi =@ '�u}tR |x@P=H Q]=N x@�
O}OH `=aW w O}OH x = x0 =@ O}OH |xQ}=O l} 'r01 w r00 |=y`=aW =@ O}OH

%OQ}o|t pmW 10 |x]@=Q CQwYx@
x21 + y21 + z21 = r

020

(x1�a)2+y2
1+z21 =r

021 ) x1 =[c�2(r0�r1)�]=2a=c0=2a
y2

1 + z21 = (r0 � �)2 � c02
4a2 (10)

QO xQ}=O u}= RmQt "CU= O}OH |xQ}=O u}= =@ x}=Bywm K]U `]=kD pY=L T 0

Q@=Q@ ,=@} QkD xm 'CU= p(r0 � �)2 � (c02=4a2) u; `=aW w (c0=2a; 0; 0)

QO sy@t Q}Ut "CU= r0 � (c2=8a2r0) � [1 � c(r0 � r1)=(2a2r0)]�
C=@F= "CU= r01 w r00 Q=Okt C=Q}}eD =@ T 0 |UOvy u=mt QO |Oa@xU x=oDUO
2 QO O}=@ CQwY Qy QO "CU= xO}J}B ,qt=m sy@t Q}Ut '|Oa@ 3 |xrO=at
nvo Q}Ut ?}W Q=Okt R= xO=iDU= =@ z QwLt QDt=Q=B Q=Okt w OwW pL Oa)@
|xLiY QO "OwW x@U=Ltmah = (z1�z0)=

p
(x1 � x0)2 + (y1 � y0)2

w z0 = 0 =@ xQm wO `]=kD R= |W=v |xQ}=O wO `]=kD pY=L Ov=wD|t x� y w T
%s} Q=O =Q 11 \@=wQ =Pr "OW=@ L1 w L0 `=aW

L0 = r0 cos ��

L1 = r1 cos �B

�� = tg�1(y0=x0)

�� = tg�1[(y0=(x0 � a)] (11)

[L = L0�L1] "OvDUy T |x]kv =D R1 w R0 |]N |=}=wR �� w �� 'u; QO xm
x@ |Oa@ 3 |=[i R= |Q} wYD Ovv=wD|t xQ}=O 2 u}= "CU= h=QLv= u=R}t hqDN=
|xLiY QO 10 |x]@=Q 'z = 0 ZQi =@ "OW=@ 3 pmW QO |Oa@ 2 |xLiY l}

%OwW|t xO=U 12 |x]@=Q CQwYx@ x� y
x = c� 2(l0 � l1)�

2a
y2 = (l0 � �)2 � [ c2a �

(l0 � l1)�
a

]2

y � l0 � c2

8a2l0
� [1� c(l0 � l1)

2a2l0
]� � l0 � c2

8a2l0
� � (12)

%O};|t CUO x@ 13 |x]@=Q j@=]t y '12 |xrO=at QO y w x R= � hPL =@

y= l0� (a2 + l20 � l21)2

8a2l0
� a2 + l20 � l21

2(l0 � l1) + a
(l0 � l1)x=max+K

(13)

CUOx@ 14 |x]@=Q R= K w nvo Q}Ut ?}W ma = a=(L0 � L1) 'u; QO xm
%O};|t

K = l0 � (a2 + l20 � l21)2=(8a2l0)� (a2 + l20 � l21)=(2(l0 � l1))
(14)
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u=Qt
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UOv

yt %O};|t CUOx@ 19 |x]@=Q R= R=i hqDN=

'D(t) = '0 � '1 = tan�1[v0s(t)
v0c(t)

]� tan�1[v1s(t)
v1c(t)

]

= (wc + �wc)(�0 � �1) (19)

?Yv R= Oa@ "O};|t CUOx@ �VRwt; R=i� x}rw= ?Yv |xUwQB pqN R= 'D R=i
Q=m x@ �D0 = r00 � r01 |x@U=Lt |=Q@ w OwW|t |Q}oxR=Ov= '0D R=i 'x}rw=
7�1 |xrO=at R= � x}=B pmWQ}}eD =} |}=Hx@=H '�D = r0 � r1 Qo = "OwQ|t
QO |D=@U=Lt |=]N '�Fc=Fc = 0 5 � 10�4 xm =Hv; R= "Oy=wN CUOx@
p@=k xm 'OW Oy=wN 0 5 � �=104 Q@=Q@ �wc(or �'D) p}rO x@ '� u}tND

"CU= Q_vhQY
w V}=B sDU}U |=Q@ ?r]t Q=Ri=sQv R= xO=iDU= =@ |Oa@xU |}xv=}=Q |R=Ux}@W
'Tx VW T=U=Q@ s}U|@ QoTL |=yxm@W R= xO=iDU= =@ u}tR Vv=Q X}NWD
'u=mt |R=Ux}@W QO "CU= xOW s=Hv= 'Ov=xOW ?Yv |[Qi |xk]vt |wQ Q@ xm
u=wvax@ T 0 u=mt "OvDUy ?r]t |R=Ux}@W |xt=vQ@ |=y|OwQw '=yTx w R1 'R0
x@U=Lt OQ=wt u}= =D 'CU= xOW xO=O C=@U=Lt CkO u=R}t VHvU |=Q@ |aHQt

%OwW
"'0D w 'D u}@ R=i hqDN= �

"�0 w �1 |xOWxOR u}tND |=}=wR �
"T |x]kv QO xwm ?}W |Oa@ 3 Q=OQ@ '�T} QD=t� ~M Q=OQ@ �

=D CU= K[=w "CU= xOW s=Hv= pDv}= CPU =@ xD=}=Q |wQ Q@ |R=Ux}@W pOt %xDmv
QDsyt Q=}U@ 'D R=i 'OW=@ �D��D0 = D�D0 wD�D0 < � xm |Dkw
Q@ u}tR K]U?}W Q=OQ@ j}kO u}tND CQwY Qy QO "CU= (r0 w r1) jr]t pw] R=
xQo wO |}xrY=iV}=Ri= u; Q@ xwqa "OvQ=O QF= � QO ,=Da}@] w �1 w �0 |x@U=LtCkO
=Q cos �0� cos �1;�D��D0 |x@U=Lt CkO =t= 'CU}v Q=PoQF= � QO xOvQ}o
K]U ?}W u}tND u=R}t x@ xDU@ �1 w �0 |=Q@ |Q}oxR=Ov= |=]N "OvyO|t V}=Ri=
Qw]u=ty "OwW|t � |=Q@ ��6 OwOL QO� |QDtm C=Q}}eD OYQO x@ QHvt 'u}tR
|wQ Q@ xOvQ}o xQo wO u}@ � |xrY=i 'CU= xOW xO=O u=Wv Q}N= \@=wQ QO xm
w �0 |=yx} w=R hqDN= QO u}vJty "OQ=O Q}F-=D u}at Tx l} <=R= x@ 'sy@t Q}Ut
'Tx u=mt w p=vo}U pt=L Gwt pw] x@ xDU@ "OQ=Po|t Q}F-=D �D��D0 w �1
(cos �0� cos �) w (�D��D0) =D OW=@ nQR@ |i=m |xR=Ov= x@ O}=@ � Q=Okt
|r}N O}=@v � p@=kt hQ] QO w OwQv u}@ R= C=@U=Lt CkO w OvwWv lJwm |r}N
u=R}t 'u=}=B QO "OQ=Po@ |ivt QF= xOvQ}o xQo wO |R=UuwQmvU lqm QO =D OW=@ O=} R
u}@ `k=w |xrY=i =@ w x@U=Lt QwmPt VwQ j} Q] R= pB |x}=B pmWQ}}eD w |}=Hx@=H
|x]@=Q� CU= xOW xU}=kt =[i QO x]kv wO |UOvy |xrY=i R= pY=L T 0 w T

%�20

Tx(x0; y0; z0); T 0x(x1; y1; z1)

�Real =
p

(x0 � x1)2 + (y0 � y1)2 + (z0 � z1)2 (20)

C=@U=LtV}=tv w C=YDNt uOQmOQ=w |=Q@ 22�GUI�|m}i=Qo\U=wl} u}vJty
w C=}�RH "CU= xOW s=Hv= ?r]t Q=Ri=sQv QO |R=Ux}@W G}=Dv sUQ w |HwQN

"CU= xOW x�=Q= p=Ft QmP x=Qty x@ 3 VN@ QO |R=Ux}@W G}=Dv

"uwQmvU s}U|@ |xOvQ}o xQo wO sDU}U Q=Owtv lwr@ "9 pmW

|Ot=U@ |xOwOLt QO� +25 ppm =D �25 ppm R=}v OQwt |rwtat u=tOv=Q
20xOvQ}o w xOvDUQi u}@ Fc |=]N xv}W}@ u}=Q@=v@ "CU= �Ov=t|t Q=O}=B sDU}U xm
'OW=@ Fc + �Fc Q=Okt Tx |=Q@ pt=L Ot=U@ ZQi =@ "Ow@ Oy=wN 50 ppm

�Fc = 0 5 � Fc=104 Ot=U@ hqDN= xv}W}@ =@ Fc R}v xOvQ}o pt=L Ot=U@
l =QDW= x@ =Q |rLt QwDq}U= l} 's}U|@ |xOvQ}o xQo wO '5 pmW QO "Ow@ Oy=wN
|v=}t Ov=@ Ot=U@ FI xm 'Ovm|t O}rwD =Q Fc � FI w FI Ot=U@ wO xm 'OvQ=Po|t
=@ pkDUt CQwYx@ m1(t) w m0(t) |Di=} QO |xOWC} wkD |=yp=vo}U "CU=
21�LPF� QPou}}=B QDr}i R= p=vo}U wO u}=TBU "OvwW|t xrwOtOFc�FI Ot=U@
R=isy (I-Q) QwDqOwtO wO R= "Ov}; OwHw x@ S1(t) w S0(t) =D OvwW|t xO=O Qw@a
C=aq]= O}rwD |=Q@ ,=Oa@ xm 'v1(t) w v0(t) |x}=B Ov=@ |=yp=vo}U O}rwD |=Q@ |a@ Qt
p(t) p=vo}U Qo = "OwW|t xO=iDU= 'Ot; Oy=wN Q=mx@ xOvQ}o xQo wO u}@ R=i hqDN=
p(t) = cos[wc + �wc)t]; 0 � t � Tp CQwYx@ 'OW=@ Tx R= xOWp=UQ=
w m0(t) |Di=} QO |=yp=vo}U CQwY u}= QO 'OW=@ Tr=B ?w=vD |xQwO Tp w

%OvwW|t x@U=Lt 16 |x]@=Q CQwYx@ m1(t)

m0(t) = cos[(wc + �wc)(t� �0)]

m1(t) = cos[(wc + �wc)(t� �1)] (16)

=@ "CU= R1 w R0 |=yxOvQ}o x@ Tx R= p=UQ= Q}N-=D ?}DQD x@ �1 w �0 'u; QO xm
17 |x]@=Q 'QPou}}=B QDr}i R= Qw@a w Fc�Fi Ot=U@ QO m1(t) w m0(t) ?Q[

%CW=O s}y=wN =Q

s0(t) = 1
2 cos[(�wc + wi)t� (wc + �wc)�0]

s1(t) = 1
2 cos[(�wc + wi)t� (wc ��wc)�1] (17)

'v0c(t) x}=B Ov=@ |=yp=vo}U w p=UQ= QwDqwOtO I-Q l} x@ 'QwmPt |v=}t Ot=U@ wO
%OvwW|t pY=L 18 |x]@=Q CQwYx@ v1s(t) 'v1c(t) 'v0s(t)

v0c(t) = 1
4 cos[�wct� (wc + �wc)�0]

v0s(t) = �1
4 sin[�wct� (wc + �wc)�0]

v1c(t) = 1
4 cos[�wct� (wc + �wc)�1]

v1s(t) = �1
4 sin[�wct� (wc + �wc)�1] (18)
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R=x
O=iD

U=
=@u

}tR
Vv

=QV
}=B

u; CkO w G}=Dv w |R=Ux}@W R= |OQwt |xvwtv l} |UQQ@ "1"3
|R=Ux}@W C=}�RH w CkO u=R}t |UQQ@ x@ C=}[Qi u}= u=}@ =@ 'Q[=L VN@ QO
|=yxO=O u=wvax@ C=aq]= u}= w xOW xDN=OQB Q[=L Q=DWwv QO xOW KQ]t VwQ

%CU= ZwQit R=Ux}@W |xt=vQ@ |OwQw
&4 GHZ %(Fc) Q} Qm Ot=U@ ��

&(0; 0; 0) %(R0) pw= |xOvQ}o xQo C=YDNt ��
&(1; 0; 0) %(R1) swO |xOvQ}o xQo C=YDNt ��

%(T1) pw= |xOvDUQi xQo C=YDNt ��
T1(10; 10; 10)! T 01(10 5; 10; 10)

%(T2) swO |xOvDUQi xQo C=YDNt ��
T2(10; 11; 10)! T 02(10; 11; 10 001)

%(T3) swU |xOvDUQi xQo C=YDNt ��
T3(11; 10; 10)! T 03(11; 10; 10 001)

%(T4) sQ=yJ |xOvDUQi xQo C=YDNt ��
T4(11; 11; 10)! T 04(11; 11; 10 5)

%(T5) sHvB |xOvDUQi xQo C=YDNt ��
T5(12; 10; 10)! T 05(12; 10 1; 10)

%(T6) sWW |xOvDUQi xQo C=YDNt ��
T6(12; 11; 10)! T 06(12; 11 5; 10)

w Q[=L Q=DWwv swO VN@ QO xOW KQ]t C=aq]= '|R=Ux}@W |=QH= R= TB
Ovy=wN 3 |r= 1 |=ypwOH j@=]t =yxOvDUQi R= s=Om Qy |=Q@ |D=@U=Lt |=yC}tm

"Ow@
xm 'CU= xOW x�=Q= jwi |=y|OwQw =@ \@DQt GUI |xQHvB '11 pmW QO
w �T6 =@ x]@=Q QO p=Ft |=Q@� xOW x@U=Lt |=yQDt=Q=B w =y|OwQw C=aq]= u; QO
|Oa@ 3 V}=tv u}vJty w �Voc(t) w Vos(t) p=Ft |=Q@� |Di=} QO |=yp=vo}U
xQ=W= u}W}B |=yVN@ QO xm Qw]u=ty "CU= xOW xO}Wm Q} wYD x@ G}=Dv �3D�
C=LiY x@ u; CW=ov w |Oa@ 3 uO}WmQ} wYD x@ C}r@=k |R=Ux}@W 'CU= xOW
w p@=kt CyH xU QO xm |Q_=v |=Q@ =tv xU R}v '12 pmW QO w OQ=O =Q |Oa@ wO
Vv=Q |xO}OB QDy@ Q}UiD |=Q@ 'OQov|t u}tR Vv=Q O=ONQ x@ K]U |q=@ w Q=vm

"CU= xOW sUQ

"GUI QO |R=Ux}@W G}=Dv V}=tv "11 pmW

|R=Ux}@W |=yxO=O Q}UiD w |Q}oxH}Dv "3
?r]t Q=Ri=sQv ltm =@ VwQ u}= CkO w |}=Q=m X}NWD |=Q@ |}xv=}=Q |R=Ux}@W
'xv=oVW |=yxOvDUQiC}a[w Q}}eD|ovwoJ |UQQ@CyH|awvDt |=yp=Ft |=Q@
QO xm 'CU= xOW s=Hv= u}tR Vv=Q R= |awvDt w hrDNt Cq=L ẁkw R= |W=v
x�=Q= xvwtv u=wvax@ C=@U=Lt w s=kQ= QmP =@ p=Ft xvwtv l} CtUk u}= |}=yDv= VN@
w |L=Q] GUI QO =y|v}@V}B R= s=Om Qy CkO w G}=Dv 'Qo}O hQ] R= "CU= xOW
x@U=Lt =RHt Qw] x@ T6 =D T1 |=yxOvDUQi R= s=Om Qy |=Q@ xt=vQ@ |=QH= Q=@ Qy QO
\}=QW uOQmu=U; w |}=Q=m CyH |OOaDt |=yC}r@=k GUI QO "CU= xOW sqa= w

%�10 pmW =@ j@=]t� R= Ov=CQ=@a xm 'CU= xOW xDiQo Q_v QO Q@ Q=m |=Q@
&R1 w R0 s}U|@ |xOvQ}o |=yxQo u=mt w sDU}UQ} Qm Ot=U@ u}}aD %pw= VN@

&Vv=Q ẁkw R= Oa@ w p@k pw= xQo u=mt u}}aD %swO VN@
&Vv=Q ẁkw R= Oa@ w p@k swO xQo u=mt u}}aD %swU VN@

&Vv=Q ẁkw R= Oa@ w p@k swU xQo u=mt u}}aD %sQ=yJ VN@
&Vv=Q ẁkw R= Oa@ w p@k sQ=yJ xQo u=mt u}aD %sHvB VN@
&Vv=Q ẁkw R= Oa@ w p@k sHvB xQo u=mt u}}aD %sWW VN@
&Vv=Q ẁkw R= Oa@ w p@k sWW xQo u=mt u}}aD %sDiy VN@

&=RHt Qw] x@ xOvDUQi xQoQy uOQmVwt=N =} w p=aiQ}e w p=aiC}r@=k %sDWy VN@
&u; C=aq]= V}=tv CyH Q_vOQwt |xOvDUQi ?=NDv= %syv VN@

&� |x@U=Lt QO =]N u=R}t w hrDNt |D=@U=Lt Q}O=kt V}=tv %syO VN@
&nvQOq@ CQwYx@ hrDNt |=yxOvDUQi C}a[w V}=tv %syOR=} VN@

w xOvDUQi QO hrDNt pL=Qt QO hrDNt |=yp=vo}U V}=tv %syOR=wO VN@
&xOvQ}o

x@ MU=B QO =yxOvDUQi Q@ sm =L \}=QW |Oa@ 2 w |Oa@ 3 V}=tv %syOR}U VN@
&u}tR Vv=Q |xO}OB

OvwQ w u}tR Vv=Q |xO}OB QDy@ p}rLD w Q}UiD |=Q@ =tv 3 sUQ %syOQ=yJ VN@
"u; ẁkw

QO T 0x |=yu=mt C=YDNt xm OwW xQ=W= O}=@ |r}tmD C=L}[wD u=wvax@
VwQ C=@U=Lt |=Q@ |HvU=]N |=v@t u=wvax@ 'OwW|t OQ=w Q@ Q=m \UwD xm GUI

OvwQ|t Q=m x@ =[i QO x]kv wO |}=[i |xrY=i pwtQi =@ xU}=kt j} Q] R= |O=yvW}B
"(�real)

"xOW |L=Q] GUI hrDNt |=yVN@ |iQat "10 pmW
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�h

}QW
u=Qt

a|
UOv

yt "�G}=Dv pw= VN@� |O=yvW}B sDU}U |=Q@ |R=Ux}@W G}=Dv "1 pwOH
'0D 'D �1 �0 r01 r00 r1 r0 Tx

250 6501 155 9104 5 5877 e�08 5 7735 e�08 17 0367 17 6139 16 7631 17 3205 T1

64 0094 64 0924 5 7927 e�08 5 9722 e�08 17 3787 17 917 17 3781 17 9165 T2

340 6818 340 774 5 7735 e�08 5 9722 e�08 17 3211 17 917 17 3205 17 9165 T3

260 7747 248 6303 5 9722 e�08 6 1644 e�08 18 2003 18 7683 17 9165 18 4932 T4

138 7033 147 8192 5 9722 e�08 6 1824 e�08 17 9725 18 6013 17 9165 18 5472 T5

10 7939 56 4564 6 1644 e�08 6 3683 e�08 18 7949 19 3972 18 4932 19 105 T6

"�G}=Dv swO VN@� |O=yvW}B sDU}U |=Q@ |R=Ux}@W G}=Dv "2 pwOH
D0 �D D �1 �0 M mt ma Tx

0 57722 0 032481 0 55745 88 2915 88 3465 0 5x+ 0y + 0z -Inf 1 4524 T1

0 53834 0 013353 0 53833 89 9967 89 9986 0x+ 0y + 0 001z NaN 1 5305 T2

0 59598 0 070995 0 59596 89 9967 89 9968 0x+ 0y + 0 001z NaN 1 3813 T3

0 56808 0 051798 0 57677 88 4014 88 4513 0x+ 0y + 0 5z NaN 1 4487 T4

0 6289 0 030796 0 63076 89 6802 89 6911 0x+ 0 01y + 0z 0 1 3255 T5

0 60225 0 011762 0 61173 88 4513 88 5008 0x+ 0 05y + 0z 0 1 3841 T6

"u}tR Vv=Q Q@ sm =L \}=QW |R=Ux}@W R= pY=L |=tv xU sUQ "12 pmW
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Vv

=QV
}=B

|Q}oxH}Dv "4
R= xO=iDU= |x}=B Q@ u}tR Vv=Q x@ swUwt |xO}OB V}=B |=Q@ O}OH VwQ l}
Ci=} QO w Vv=Q ẁkw x@ uwv_t |xk]vt QO s}U|@ |=yxOvDUQi R= |}x}=Q; uO=OQ=Qk
?r=k QO 'xOW uwQmvU s}U|@ |xOvQ}o xQo wO ltm =@ xOW p=UQ= |=yp=vo}U
p=vo}U VR=OQB w |UOvy |v=@t w |L=Q] 'xJQ=Bm} s}U|@ QoTL |xm@W l}
hqDN= 'xOW KQ]t |O=yvW}B VwQ QO '`k=w QO "CU= xOW x�=Q= w |UQQ@ ,qt=m u;
u}tR Vv=Q u=R}t w ẁkw |R=UQ=mW; w X}NWD |=Q@ uwQmvU |xOvQ}o wO u}@ R=i
|=Q@ |Oa@xU |=y|R=Ux}@W R= |awvDt |xawtHt "CU= xOW |@=} RQ= w Q}UiD
xOW s=Hv= xOvDUQi 6 R= xO=iDU= =@ u}tR Vv=Q V} wB |=Q@ |O=yvW}B VwQ |@=} RQ=
xOvDUQi Qy |=Q@ X}NWD p@=k |}=Hx@=H u=R}t X}NWD QO \UwDt CkO "CU=
QwmPt |O=yvW}B VwQ |}=Q=m |xOvyOu=Wv xm 'CU= xOw@ QDt|r}t 0 1 GvQ QO

"CU= xOw@ u}tR Vv=Q V}=B h=Oy= |=Q@

"�G}=Dv swU VN@� |O=yvW}B sDU}U |=Q@ |R=Ux}@W G}=Dv "3 pwOH
Estimation

�estimated �real D �D0 �D0 Tx
error ���
0 14122 0 50071 0 5 0 019756 0 052219 T1

4 3305 0 00055669 0 001 9 6256 e�06 0 013335 T2

4 8468 0 00055153 0 001 1 0593 e�05 0 070975 T3

0 33072 0 49835 0 5 0 0086911 0 043078 T4

1 6607 0 098339 0 1 0 0018676 0 028897 T5

0 32152 0 49839 0 5 0 0094824 0 0022487 T6

=yCWwv=B
1. rock fall
2. earth
ow
3. complex landslide
4. slide-earth
ow
5. regolith
6. beam
7. wireless sensor networks
8. synthetic aperture radar
9. pore pressure transducer
10. Geophone
11. soil moisture sensor
12. deep earth probe
13. Hybrid
14. remote sensing
15. Matlab
16. landslide real-time monitoring
17. correlation
18. area of interest
19. training phase
20. pulse per minute
21. low-pass 
ter
22. graphical user interface
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