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"""xv=Wi= C=Q]k CUWv w \=U@v= |=Q@ |r}rLD |rOt

"`}=t Q=OQ=@C=Q]k|w=L �ZwQit|xUOvy� O=} R pw] =@|}xv=wDU= "2pmW
%CWwv u}vJ OwW|t |Q}op=QoDv= xv=wDU= |rN=O K]U |wQ

I = n qd �dER
Z +L

�L
2�Rdz (9)

pw] |wQ Q@ =Q C=Q]k CUWv R= |W=v |m} QDmr= u=} QH 9 |x]@=Q
u=wD|t |oO=U |=Q@ "OyO|t x�=Q= �+L =D �L R=� xv=wDU= R= |v}at
u}at pw] u}= |=R=x@ =Q �9 |x]@=Q QO p=QoDv= CQ=@a� xv=wDU= K]U

%OQm |U} wvR=@ u}vJ =Q 9 |x]@=Q w OQm ZQi 1 Q@=Q@
I = n qd �dER (10)
Two uwv=k R= u=wD|t xv=wDU= K]U QO |m} QDmr= u=O}t u}}aD |=Q@
xv=wDU=|]}Lt K]U QO|m} QDmr= u=O}t 'uwv=k u}= j@] "OQm xO=iDU=
xv=wDU= pN=O QO |m} QDmr= Q=@ |tHL `} RwD x@ 11 |x]@=Q \UwD

[16]%OwW|t \w@ QtZ
A
"ERdA =

Z
v
�sdv (11)

?} Q[ " 'v sHL QO |m} QDmr= Q=@ |tHL |r=oJ �s u; QO xm
�[16]=wy \}Lt |=Q@ 8 85 � 10�12Fm�1� \}Lt 13|yOQPo
u=wD|t z C}akwt Q}eDt x@ �s w ER |oDU@=w sOa x@ xHwD =@ "CU=
R= v1 sHL xm (A = 1) CUWv K]U OL=w |=Q@ =Q 11 |x]@=Q

%CWwv u}vJ 'OQ}o|t Q@ QO =Q xv=wDU=
ER =

�sv1
"

(12)
sHL QO xv=Wi= C=Q]k pm |m} QDmr= Q=@ t |x_Lr QO Qo}O |wU R=

%=@ CU= Q@=Q@ v1
q(t) = n qd v1 = �s v1 (13)
s}y=wN 10 |x]@=Q QO =yv; |Q=Po}=H w 13 w 12 \@=wQ R= xO=iDU= =@

%CW=O
I =

�d
"v1

q2 (14)
%s} Q=O �|m} QDmr= Q=@ Q}}eD MQv =@ Q@=Q@� |m} QDmr= u=} QH h} QaD x@ =v@
I = �dq

dt
=

�d
"v1

q2 (15)

Cr=L QO "OwW|t Qy=_ |m} QDmr= u=} QH CQwYx@ xm OwW|t sUH
'�1 pmW� x}rw= Q=}at K]U Q@ sUH K]U j=@]v= x@ xHwD =@ w |rm
|r}Uv=Qi}O <RH l} |wQ Q@ C=Q]k CUWv R= |W=v |m} QDmr= u=} QH
'|m} QDmr= Q=@ |tHL |r=oJ ?Q[pY=L =@ CU= Q@=Q@ K]U u}= R=

%|va} &C=Q]k |tHL |@O QO (nqd)

dI = nqd
�
~ud � d ~A

�
(6)

Q=OQ@ w Q=OQ=@ C=Q]k CaQU Q=OQ@ R= Ov=CQ=@a ?}DQDx@ d ~A w ~ud
|xQ]kCaQU Qo}O |wU R= "sUH K]U Q@ `k=w |r}Uv=Qi}OCL=Ut

[15]%=@ CU= Q@=Q@ |m} QDmr= u=O}t l} QO Q=OQ=@
~ud = �d ~E (7)

COW w xQ]k |vw} |Q}PBlQLD u=R}t ?}DQDx@ ~E w �d u; QO xm
x@ xDU@ �d Q=Okt "Ovvm|t XNWt =Q u; Q@ OQ=w |m} QDmr= u=O}t
pO=at =wy \}Lt |=Q@ w CU= Cw=iDt |R=UQ=OQ=@ �\}Lt� QDU@
QO 7 |x]@=Q |Q=Po}=H =@ [15]"CU= 1 � 10�4m2V �1s�1

%s} Q=O |Q}op=QoDv= =@ TBU w 6 |x]@=Q

I =
Z
8
n qd�d

�
~E � d ~A� (8)

p=L QO C=Q]k |m} QDmr= u=} QH |=Q@ |twta |x]@=Ql} 8 |xrO=at
8 |x]@=Q QO xm u=vJ "OyO|t x�=Q= =Q sUH K]U |wQ Q@ CUWv
sUH |xUOvy uOw@ swrat sRrDUt xrO=at u}= pL 'CU= OwyWt
OQ@ Q=m |=Q@ =Pr "CU= u; K]U |wQ Q@ OwHwt |m} QDmr= u=O}t w
x@ w CiQo Q_v QO =Q |irDNt |UOvy |=y?}mQD u=wD|t 8 |x]@=Q

"CN=OQB p=QoDv= pL
|xv=Wi= u; |] xm OwW|t xDiQo Q_v QO |Dr=L |UQQ@ u}= QO
QwYLt O=} R pw] =@ w R `=aW x@ |}xv=wDU= pN=O QO Q=OQ=@ C=Q]k
Kw]U Q}F-=D R= uOQm Q_vhQY 'xv=wDU= uOw@ p} w] "�2 pmW� CU=
xv=wDU= pmW "OR=U|t QwOkt =Q xv=Wi= Q@ xv=wDU= |}=yDv= w |}=OD@=
u}= QO "OR=U|t QU}t =Q |QwLt uQ=kD \}=QW *p=ta*= u=mt= u}vJty
xDiQo CQwY |a=aW |=DU=Q QO \ki C=Q]k |xv=Wi= \=U@v= Cr=L
|v=tR Q}eDt R}v w (r) |a=aW Q}eDt R= |a@=D \ki |m} QDmr= u=O}t w
|r}rLD|NU=B x@|@=}CUO u=mt= ZwQit |xUOvy u}= =@ "CU= (t)

"OwW|t sy=Qi |m} QDmr= u=O}t |=Q@
V}=tv ER =@ xv=wDU= |]}Lt K]U |wQ Q@ |m} QDmr= u=O}t Qo =
|t=tD |wQ Q@ t x=wNrO |x_Lr Qy QO u=O}t u}= Q=Okt 'OwW xO=O
\ki w xOw@ u=Um} �|w=Ut `=aW |=Q=O� xv=wDU= |rN=O K]U \=kv
Q@ xm =Q 8 |x]@=Q u=wD|t ẁ[wt u}= x@ xHwD =@ "Ovm|t Q}}eD u=tR =@
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[17]%Ovm|t |wQ}B 21 |x]@=Q R= OwW|t xDN=vW
qR = 8�

�
" �d r3

d

�0 5
(21)

"xQ]k |L]U VWm w `=aW R= Ov=CQ=@a ?}DQDx@ �d w rd u; QO xm
|m} QDmr= Q=@ R= |QUm =@CU= Q@=Q@ xQ]k Qy Q=@ '|R=UQ=OQ=@ Ov}=Qi |]

%s}yO u=Wv � =@ =Q QUm u}= Qo = [18]"�21 |x]@=Q� xv}W}@
qd = �qR ;0 < � < 1 (22)
|irDNt |=yOYQO |=R=x@ xQ]k `=aW ?ULQ@ |m} QDmr= Q=@ C=Q}}eD
u=Wv 3 pmW QO (�d = 0 73Nm�1)?; `}=t |=Q@ w|r} Q OL R=
|=y`=aW QO xQ]k |m} QDmr= Q=@ 'pmW u}= j@=]t "CU= xOW xO=O
V}=Ri= =@ C=Q}}eD u}= u=R}t xm 'CU= Q=OQwNQ@ |QDW}@ Q}}eD R= QDlJwm
x@ C@Uv qR |rwRv ?}W Qou=}@ ẁ[wt u}= "O@=}|t Vy=m `=aW
|W=v �21 |x]@=Q x@ xHwD =@� r0 5

d =@ dqR
dr ?U=vD R= xm CU= rd

w '21 |x]@=Q R= xQ]k |m} QDmr= Q=@ u}}aD =@ ?}DQDu}O@ "OwW|t
C_re |H} QOD Q}}eD u=wD|t (n1) xv=Wi= |x}rw= C_re uOw@ swrat

"OQm u}}aD =Q �19 |x]@=Q� |@Uv CUWv w �18 |x]@=Q�

pOt |@=} RQ= XN=W
pY=L G}=Dv =@ =Q u; R= pY=L G}=Dv O}=@ xOW x�=Q= pOt |@=} RQ= |=Q@
|xrO=at R= xO=iDU= =@ u=wD|t Qw_vt u}O@ "OQm xU}=kt Qo}O |WwQ R=
u=O}t |x@U=Lt x@ |m} QDmr= u=O}t s}kDUt u}}aD j} Q] R= w uwU=wB
"CN=OQB �2 pmW� ZwQit |xv=wDU= QO C=Q]k CUWv w C_re
'O=} R pw] =@ |xv=wDU= l} |=Q@ �OW xQ=W= xm u=vJ� pOt |Ov@pwtQi
Q=OQ=@ C=Q]k CUWv Q@ |}=yDv= K]U wO Q}F-=D uDiQo Q_v QO uwO@ w
Cr=L QO w 'xv=wDU= |=Q@ OwOLt pw] ZQi =@ =Hv}= QO "CiQo CQwY
w |}xv=wDU= C=YDNt QO =Q uwU=wB |xrO=at u=wD|t |QwLt uQ=kD

[19]%CWwv 23 |xrO=at CQwYx@
1
r
@
@r

�
r
@V
@r

�
+
@2V
@V 2 = �~r � ~E = ��s

"0
(23)

|=yOYQO |=R=x@ �?;� xQ]k `=aW ?ULQ@ |m} QDmr= Q=@ Q}}eD "3 pmW
"|r} Q OL R= |irDNt

pL "CU= v1 sHL QO |m} QDmr= Q=@ p}Uv=Qi}O |xrO=at 15 |x]@=Q
sHL x@ xHwD =@� CU= Q} R |x}rw= \QW p=ta= sRrDUt xrO=at u}=

%�1 pmW QO x}rw=
q(0) = q1 = n1qdv1 (16)

xO=iDU= TBU w '15 |xrO=at R= |Q}op=QoDv= w =yQ}eDt uOQm =OH =@
%s} Q=O 16 |x]@=Q R=

q =
1

1
n1qdv1 +

�d
"v1 t

(17)

XNWt =Q xv=Wi= C=Q]k pm |m} QDmr= Q=@ |H} QOD Q}}eD 17 |x]@=Q
17|x]@=Q QOv1?ULQ@ q|Q=Po}=Hw12|x]@=Q R= xO=iDU= "Ovm|t

%OwW|t QHvt 18 |x]@=Q x@
n =

n1
1+ n1�dqd

" t
(18)

QF= QO =Q xv=Wi= C=Q]k |tHL C_re |H} QOD `} RwD 18 |x]@=Q
R= xO=iDU= =@ "OyO|t CUOx@ xv=wDU= K]U R= |OL=w |wQ CUWv
C=Q]k|@UvCUWv u=wD|t 5 |x]@=Q QO u; |Q=Po}=H w 18 |x]@=Q

%CWwv 19 |xrO=at CQwYx@ =Q Q=OQ=@
mr

m1
= 1� 1

1+ n1kdqd
" t

(19)

|x}rw= C_re x@ xDU@=w CU= |DQ=@a 19 |x]@=Q QO t Q}eDt ?} Q[
CQwYx@ ?} Q[ u}= Twmat Qo = xm 'xQ]k Qy |m} QDmr= Q=@ w xv=Wi=

%OwW xO=O V}=tv 20 |x]@=Q

tc =
"

n1�dqd
(20)

Qou=}@ xmO};|tCUOx@mr = 0 5m1 '19|x]@=Q QO t = tc|=R=x@
QDt=Q=B wQu}= R= "CU= xv=wDU= K]U |wQ Q=OQ=@ C=Q]k R= |t}v CUWv
u}=|v=tR?}W QO =Q OwN Q}F-=D xmCU= C=Q]kCUWv R=|YN=W tc
Qou=}@ '�|v=tR C@=F� u=wvax@ tc 'Qo}O CQ=@ax@ "OyO|t u=Wv Ov}=Qi
xv=wDU=K]U|wQ Q@C=Q]kCUWv R= �50u;|] xmCU=|v=tRCOt
Q@ xwqa pOt |r@k K} QWD x@ xHwD =@ |v=tRC@=F u}= "OW=@ xOW EO=L
'OwW|t?wULt R}v xv=Wi=\=U@v=|=Q@|Q=}at 'CUWv|=Q@|YN=W
GQ=N x}rw= Q=}at sHL R=C=Q]k R= �50pO=at tc u=tR|] xm |Qw] x@
"OvwW|t `k=w xDi=}\=U@v= sHL w x}rw= sHL u=}t |=[i QO w xOW
|Q=Okt x@ OwOLt `}=t |xQ]k l} |=Q@ |m} QDmr= Q=@ |xv}W}@
QDlJwm |=yxQ]k p}mWD w xQ]k CUmW x@ u; R= V}@ xm CU=
14|r} Q OL u=wva CLD xm xv}W}@ |m} QDmr= Q=@ u}= "OwW|t QHvt
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"""xv=Wi= C=Q]k CUWv w \=U@v= |=Q@ |r}rLD |rOt

C3 =
4��d
"v21

X
C1

sinh (�nL)
�2n cosh (�nL)

J1 (�nR) (32)

�15|x]@=Q�|m} QDmr= u=} QHh} QaD QO 30|x]@=Q R= xO=iDU= =@ p=L
%|va} 'OQw; CUO x@ =Q pm |m} QDmr= Q=@ |H} QOD Q}}eD u=wD|t

q =
1

1
n1qdv1 + (C2 +C3) t

(33)

'33 |x]@=Q j@=]t xv=wDU= QO OwHwt pm |m} QDmr= Q=@ |v=tR C=Q}}eD
j} Q] R= =Q xv=wDU= Kw]U x@ xDi=} p=kDv= |m} QDmr= Q=@ Q=Okt |x@U=Lt
Q=@ Vy=m u}}aD =@ ?}DQD u}O@ "OR=U|t umtt |v=tR s=o ?=NDv=
C=Q]k O=OaD u=wD|t 'u}at|v=tR s=ol}|] xv=wDU= QOpm|m} QDmr=
O=H}= "OQm x@U=Lt CU= xDUWv xv=wDU= Kw]U |wQ Q@ xm =Q Q=OQ=@
u=wvax@� xv=Wi= |x}rw= C_re =@ C=Q]k O=OaD Vy=m u=}t \=@DQ=
xv=Wi= C_re Vy=m MQv |x@U=Lt Q@ xwqa '�swrat |x}rw= \QW

"OwW|t QU}t C=Q]k CUWv MQv u}}aD u=mt=
|t�=OCr=L QO uwU=wB |xrO=at j} Q] R=|m} QDmr= u=O}t xJ Qo =
C=Q}}eD u}}aD =@ xm CU= |QwQ[ 'OwW|t u}}aD �u=tR R= pkDUt�
u; QO |rY= CQ=@a O}OH |v=tR s=o ?=NDv= w |m} QDmr= Q=@ |H} QOD
C@Uv xv=Wi=C_re Q}}eD 'Qo}O CQ=@ax@ "OwW x@U=Lt ,=OOHt xrO=at
u=O}t w p}Uv=DB `} RwD |}x_Lr Q}}eD ?Hwt ��s QO QDDUt� u=tR x@
u=tR?ULQ@ pm |m} QDmr= Q=@ w u=} QH Q}}eD x@ xm OwW|t |m} QDmr=
u}}aD |=Q@ |v=tR s=o Qy QO uwU=wB |xrO=at OOHt pL =Pr "Ot=Hv=|t

"CU= Q}PB=v?=vDH= s=o u; QO |m} QDmr= u=O}t w S=Drw `} RwD

EL@ w G}=Dv
'|tm G}=Dv x@ |@=}CUO w xOW x�=Q= |[=} Q pOt |m} R}i |UQQ@ |=Q@
|=yQDt=Q=B R= |}xawtHt Q}F-=DCLD xv=Wi= |m}t=v}OwQO}ywQDmr= Q=DiQ
Q=@ 'xrY=L|[=} Q\@=wQ R= xO=iDU= =@ "OQ}o|t Q=Qk xar=]t OQwt Q}eDt
C_re '�21 |x]@=Q� |r} Q OL R= |OYQO ?ULQ@ xQ]k |m} QDmr=
u=wvax@ (rd) xQ]k �`=aW� |xR=Ov= w (n1) Q=OQ=@ C=Q]k |x}rw=
C@=F ?r=k QO R}v xv=Wi= Q=DiQ "OvwW|t ?=NDv= Q}eDt |=yQDt=Q=B
�18 |x]@=Q� C_re |H} QOD C=Q}}eD w �20 |x]@=Q� CUWv |v=tR
u}= Q@ "OQ}o|t Q=Qk |UQQ@ OQwt �19 |x]@=Q� xv=Wi= |@Uv CUWv w
Q=OQ=@ C=Q]k VW=B |=Q@ |r}rLD |R=UpOt R= pY=L G}=Dv 'T=U=

"Ov=xOW x�=Q= 12 |r= 4 |=ypmW QO
6 =D 4 |=ypmW QO xv=Wi= Q=DiQ Q@ xQ]k |m} QDmr= Q=@ Q}F-=D
QDDUt� xQ]k |m} QDmr= Q=@ V}=Ri= '4 pmW j@=]t "OwW|t xOy=Wt
u}= "OwW|t CUWv |v=tR C@=F Vy=m ?Hwt �|r} Q OL OYQO QO
|oDU@=w Q@ |v@t urwm uwv=k x@ O=vDU= =@ u=wD|t =Q |m} R}i |xO}OB

%OwWpL Q} R|RQt\}=QWCLD 2pmW|xv=wDU=|wQ Q@ O}=@ xrO=atu}=8><>:@V (0;z)
@r = 0 ; V (R; z) = 0

V (r;�L) = 0 ; V (r;+L) = 0
(24)

\U@ R= |Q}oxQy@ ut[ w =yQ}eDt uOQm =OH VwQ R= xO=iDU= =@
23|xrO=atMU=B '24|x]@=Q|RQt\}=QWp=ta*=TBUw 'pU@�x} Qwi

%O};|t CUOx@ u}vJ
V (r; z) =

�s
4"R

2
�
1� � r

R

�2��!
(25)

! �s
"

1X
n=1

C1
cosh(�nz)

�2n cosh(�nL)
Jo(�nr)

|=yxW} Q |x@U=Lt R= xm CU= 15|}xYNWt Q=Okt �n u; QO xm
%=@ CU= Q@=Q@ C1 w O};|t CUOx@ Jo(�nR) = 0 |xrO=at

C1 =
J2 (�nR)��

J�1(�nR)�J1(�nR)
2

�2
+ J2

o (�nR)
� (26)

|}=Qo =w =@ S=Drwu=}O=Qo|Q@=Q@�V w ~E u=}t\=@DQ= w23|xrO=at x@ xHwD =@
|Q}ojDWt =@ =Q |m} QDmr= u=O}t |=yxir-wt u=wD|t �|m} QDmr= u=O}t
%OQw; CUOx@ 28 w 27 |=yx]@=Q j@=]t �25 |x]@=Q� S=Drw `} RwD R=

Er =
�s
2"

0B@ r � 1P
n=1

C1 cosh(�nz)
�n cosh(�nL) � !

! h
J�1(�nr)� J1(�nr)

i 1CA (27)

Ez =
�s
"

1X
n=1

C1
sinh (�nz)

�n sinh (�nL)
Jo (�nr) (28)

|m} QDmr= u=} QH u=wD|t |m} QDmr= u=O}t |=yxir-wt uOw@ swrat =@
(AR) |@v=H Kw]U |wQ Q@ 8 |x]@=Q x@ xHwD =@ =Q u=O}t u}= R= |W=v

%|va} 'OQm x@U=Lt xv=wDU= (AL) |}=yDv= w
I = nqd�d

�Z
AR

ERdAR + 2
Z
AL

ELdAL

�
(29)

w 27 |=yx]@=Q R= xO=iDU= =@ xv=wDU= pm K]U QO |m} QDmr= u=} QH
%OwW|t pY=L u}vJ Q}N= |x]@=Q QO 28

I = (C2 +C3) q2 (30)
'u; QO xm

C2 =
2R�d
"v21

0BBB@
L2�!
! �

1P
n=1

C1 sinh(�nL)
�n cosh(�nL) � !

! [J�1 (�nR)� J1 (�nR)]

1CCCA (31)
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|xH}Dv "OwW|t �xv=wDU= K]U� pQDvm sHL RQt R= |Qw@a C=Q]k
Q@ j@]vt� sUH K]U |wQ Q@ C=Q]k CUWv MQv V}=Ri= QO Qt= u}=
CUWv '6 pmW |=yQ=Owtv T=U=Q@ xm OwW|t Qy=_ �pQDvm K]U

"Ovm|t QD`} QU =Q |m} QDmr= Q=OQ=@ C=Q]k
9 =D 7 |=ypmW QO xv=Wi= Q=OQ=@ C=Q]k |x}rw= C_re Vkv
C_re V}=Ri= xm OwW|t xOy=Wt 7 pmW QO "CU= xOW xO=O u=Wv
C@=F Vy=m x@ 'C=Q]k u=Um} `=aW w |m} QDmr= Q=@ CLD '|tHL
Q=@ O=}OR= QO u=wD|t =Q Vy=m u}= p}rO OwW|t QHvt CUWv |v=tR
OwHwt C=Q]k O=OaD V}=Ri= |xH}Dv OwN xm Ci=} xv=Wi= |m} QDmr=

"CU= sHL OL=w QO
|m} QDmr= Vv=Q C} wkD =@ QDW}@ |m} QDmr= Q=@ 'Cr=L u}= QO
Q=}at sHL R= C=Q]k QD`} QU GwQN w |Q}o?=DW O}OWDEa=@ C=Q]k
xR=@Vy=m |=vatx@ R}v C=Q]k GwQN wCmQL QO `} QUD "OwW|t x}rw=
|v=tR C@=F |rwRv OvwQ QO R}v w 7 pmW QO xm CU= CUWv |v=tR
GwQN QO C=Q]k QD`} QUCmQL "CU= xDi=} T=mav= C_re x@ C@Uv
|=Q@ =Q |QDq=@ MQv R}v w 'CU= CUWv QDx=Dwm xR=@ =@ s-=wD xv=Wi= R=
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1. charged droplets
2. deposition
3. atomization
4. Poisson's equation
5. continuum phase
6. discrete phase
7. Gauss law
8. time constant
9. ionic mobility
10. atomizer
11. drop coalescence
12. monodisperse
13. permittivity
14. Rayleigh charge limit
15. characteristic value
16. drift `@=vt
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