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R=iTB � R=iV}B |k}@]D pQDvm |=yxv=t=U |L=Q] |=Q@ O}OH |WwQ |xaUwD
�Q=}O=DU=� OvQyQ}Yv Q}t=

|DWy@ O}yW x=oWv=O '|}=[i |UOvyt xwQo 'u}wv |=y|Qw;ui w |SQv= |UOvyt |xOmWv=O
�Q=}O=DU=� |t} Qm uUL

|Uw] u}Or=Q}Yv xH=wN |DavY x=oWv=O '=[i=wy |xOmWv=O

l} QO VwQ u}= OQ@ Q=m "CU= xDi=} VQDUo 1|t}_vDOwN R=iTB � R=iV}B |k}@]D pQDvm |=yxv=t=U |L=Q] |=Q@ O}OH |WwQ VywSB u}= QO
\UwD R=iTB � R=iV}B |xOvvmpQDvm |=yQDt=Q=B "CU= xOW |UQQ@ R}v OvOw@v jiwt u; QO |]N pQDvm pw=ODt |=yVwQ xm |]NQ}e C=@ Q
w xOW x�=Q= xv=t=U |]NQ}e CqO=at uDiQo Q_v QO =@ pQDvm VwQ u}= "OwW|t u}}aD |]N |Q@H CqO=at |QU l} pL =@ |t}_vDOwN lwr@

"OwW|t q=@ |}=Q=m w CkO =@ Q=mOwN pQDvm |=yxv=t=U CN=U |xv} Ry Vy=m Ea=@ u; OQ@ Q=m

Qo}O ẁv [2]"CU= xDiQo CQwY |D=t=Ok= CU= xOvvml} QLD p=vo}U
[4w3] "CU= |R=i |x} Q_v Q@ |vD@t =yxOvvmpQDvm ẁv u}= |L=Q]
|]NQ}e |=yxOvvmpQDvm |L=Q] |=DU=Q QO R}v |Qo}O |=yj}kLD
xO}UQ s=Hv= x@ R}v |]NQ}e |=yOv}=Qi |=Q@ R=iTB �� R=iV}B
�� R=iV}B |k}@]D |=yxOvvmpQDvm |L=Q] |xv}tR QO [7�5]"CU=
|]N |=yOv}=Qi x@ OwOLt xm xOW s=Hv= |}=yj}kLD R}v R=iTB
R=iV}B |k}@]D |=yxOvvmpQDvm |L=Q] j}kLD u}= hOy [9w8]"OvDUy
ẁv QO xm CU= |]NQ}e |=yOv}=Qi QO xO=iDU= Qw_vtx@ R=iTB ��

"CU= O}OH ,qt=m OwN
O}OH VwQ l} `=O@= "1 %R= Ov=CQ=@a VywSB u}= |=y|Qw;wv
VwQ OQ@ Q=m "2 &pQDvm |=yxv=t=U |L=Q] |=Q@ s}_vD OwN |k}@]D
ẁv R= Q=mOwN pQDvm X=N |xv=t=U l} QO xOW `=O@= |L=Q]

"|]NQ}e |DavY |=yC=@ Q

|L=Q] VwQ "2
%R= Ov=CQ=@a =ys=o u}= "CU= s=o 7 pt=W w 'Ovts=_v |L=Q] VwQ
x=wNrO Q=DiQ =@ p=xO}= p}O@D `@=D u}}aD =v=ty xm `HQt pOt u}}aD "1
QO x=oDUO |xOvvmh}YwD `@=wD O}rwD "2 &CU= Ov=QwNUB |xv=t=U
=@ |Q=m |xt=vQ@ |xS=w xm s} wW Qw;O=} O}=@� Q_v OQwt |Q=m |=yxt=vQ@
xv=t=U p}O@D `@=D Q=DN=U u}}aD "3 &�CU= Cw=iDt |Q=m |x]kv |xS=w
|Q=m |=yxt=vQ@ QO Q=mOwN pQDvm |xv=t=U Q=DiQ uDN=U R}=tDt Qw_vtx@
OQwtTv=mQi |xR=@ u}}aD "5 &3xU=vWlwr@l}t=v}O u}}aD "4 &Cw=iDt
R=iTB �� R=iV}B |xOvvmpQDvm |=yQDt=Q=B |R=Uxv}y@ Qw_vtx@ Q_v

xtOkt "1
'pQDvm |xv=t=U j]vt |L=Q] |=Q@ ?U=vt |=yVwQ x@ |@=}CUO
syt h=Oy= R= |m} Q=mOwN pQDvm |=yx=oDUO QO OQ@ Q=m Qw_vtx@
QO =yVwQ u}= x@ |@=}CUO C}ty= "CU= xv}tR u}= QO =yVywSB
|}=Q=m w CkO w CaQU O}=@ xm |RwQt= Q=mOwN pQDvm |=yxv=t=U
w OvW=@ xDW=O |m}v=mtwQDmr= |DvU |=yxv=t=U x@ C@Uv |QDq=@
`=O@= u}vJty "CU= RQLt OvW=@ Q=OQwNQ@ |QDsm |xv} Ry R= R}v
pQDvm |xv=t=U l} QO xO=iDU= |=Q@ ?U=vt |k}@]D pQDvm |=yVwQ
'xv=}=Q QO �=yQw}DwJm =� 2Q=mOwN |v=wN=Qi |=yOL=w '=yxU=UL pt=W�
|}xS} w OQ@ Q=m �|k}kL u=tR QO pQDvm x@ \w@ Qt |=yQ=R@= w =yR=OQB R} Q

"CU= xOQm =O}B
xrtH R= |}=wy |x}rkv p}=Uw w =ysR}v=mtwQU '|DavY |=yC=@ Q
Q=mOwN pQDvm |Qw;ui CiQW}B "Ov=j}kLD u}= =@ \@DQt |=yxv=t=U
xv} Ry uOQw; u}}=B 'O=a@= uOQmlJwm 'CaQU wCkO uOQ@ q=@ Qw_vtx@
|=yVwQ VQDUo =@ ,=t}kDUt CqwYLt ẁv u}= uDN=U OvtWwy w
Q_v QO =@� =yx=oDUO pQDvm |=yxv=t=U |L=Q] |=Q@ xO=U w Ovts=_v
u}= OQ@ Q=m 'p=Ft |=Q@ "�CU= \=@DQ= QO =yu; |]NQ}e CqO=at uDiQo
|=yOL=w x@ R=}v xm OwW|tEa=@ Q=mOwN pQDvm |=yxv=t=U QO =yVwQ
u}@ R= OW=@ xv}tm|]NQ}eC=QF= =yu; QO xmCt}ku=Qo Q=mOwN u=wN=Qi
"O@=}|t Vy=m ?D=Qtx@ QDq=@ |}=Q=m =@ xv=t=U |xv} Ry 'xH}Dv QO "OwQ@
R=iV}B |]N |=yxOvvmpQDvm |L=Q] |=Q@ |OOaDt |=yVwQ
|L=Q] |xv}tR QO [1]"OvQ=O OwHw |]N |=yOv}=Qi |=Q@ R=iTB ��
|]N |=yOv}=Qi |=Q@ R=iTB �� R=iV}B |]NQ}e |=yxOvvmpQDvm
|xvt=O x@ xDU@=w u; Q=DiQ xm |}xDU@ Q=Ot |xv=t=U x@ uO}UQ Qw_vtx@
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""" pQDvm |=yxv=t=U |L=Q] |=Q@ O}OH |WwQ |xaUwD

=Q Q} R 6CiQTB pOt Q=m u}= s=Hv= |=Q@ "OwW|t xO=iDU= [15]=y`@ Qt
%O} Q}o@ Q_v QO

y(t) = '1(t)�1 + '2(t)�2 + � � �+ 'n(t)�n = 'T (t)�

(1)
|=yQDt=Q=B �1; �2; : : : ; �n 'xOW xOy=Wt Q}eDt y(t) u; QO xm
CU= umtt xm OvDUy |twrat |=y`@=D '1; '2; : : : ; 'n w pwyHt
T=U=Q@ |vRu}tND VwQ "OvW=@ xDU@=w |Qo}O swrat |=yQ}eDt x@
|=yQDt=Q=B |=Q@ =y`@ Qt pk=OL u}tND "CU= =y`@ Qt pk=OL VwQ

%OwW|t x@U=Lt 4 =D 2 CqO=at R= |DWoR=@ CQwYx@ '�̂ 'Ov}=Qi
�̂(t) = �̂(t� 1) +K(t)

h
y(t)� 'T (t)�̂(t� 1)

i
(2)

K(t) = P (t� 1)'(t)
h
I + 'T (t)P (t� 1)'(t)

i�1
(3)

P (t) = P (t� 1)� P (t� 1)'(t)h
I + 'T (t)P (t� 1)'(t)

i�1
'T (t)P (t� 1)

(4)
pOt |=yQDt=Q=B u=wD|t xvwoJ xm OwW|t KQ]t p=w�U u}= p=L
CiQUB pOt O}=@ pw= #OQm u}}aD =Q |]N Ov}=Qi l} |HwQN�|OwQw
=yQDt=Q=B 4 =D 2 |=yxrO=at R= xO=iDU= =@TBU w OQw;CUOx@ =Q xr�Ut
Q_v QO =Q 5 |m}t=v}O pOt ?r]t u}= uOWuWwQ |=Q@ "OR u}tND =Q

"O} Q}o@
d2y
dt2 + a1

d1y
dt1 + a2y = b1

d1u
dt1 + b2u (5)

%CWwv u}vJ =Q 5 |xrO=at u=wD|t p pt=a R= xO=iDU= =@
y = �a1

p
y � a2

p2 y +
b1
p
u+

b2
p2u (6)

x=wNrOCiQUB pOt 8 w 7\@=wQ CQwYx@ '(t) w �h} QaD =@ u}=Q@=v@
"O};|t CUOx@

� = [a1 a2 b1 b2] (7)

'(t) =
�
� 1

p
y � 1

p2 y
1
p
u

1
p2u

�
(8)

pOt |=yQDt=Q=B 4 =D 2 |=yxrO=at R= xO=iDU= =@ 'OW xQ=W= xm u=vJ
sD} Qwor= ẁQW |=Q@ xmCU= QmP x@ sRq "OvwW|t xOR u}tNDCiQUB

Q=Qk xO=iDU= OQwt s}_vDOwN lwr@ |xDi=}VQDUo sD} Qwor= \UwD xm
|R=Unvy=ty w u=Q@H |=Q@ 4?U=vDt lwr@ |xQy@ u}}aD "6 &OQ}o|t
O}}-=D "7 &3 s=o QO xOW XNWt Q=DN=U =@ |]NQ}e sDU}U ?} QkD
ltmx@ sDU}U |Uv=mQi MU=B x@W u}}aD =@ |L=Q] |}=Q=m w |Q=O}=B
"u=tR |xRwL QO |r=D}H}O |R=Ux}@W w 5CU} wm}=v |Q=O}=B |x} Q_v
|xv=t=U p=xO}= Q=DiQ xm |r}O@D `@=D pw= s=o QO %`HQt pOt u}}aD "1
C=R=}Dt= R= |m} "OwW|t u}}aD Ovm|t R}=tDt =Q Q_v OQwt Ov=QwNUB
OQwt|viC=YNWt uOw@?U=vt R= xOvvmxO=iDU=uDi=} u=v}t]= Q=mu}=
xm CU= 2 |xDUQ R= x=wNrO p}O@D `@=D 'p�=Ut QDW}@ |=Q@ "CU= Q_v
=[Q= =Q|m}D=DU=\}=QW QO =]N|=yxYNWt w OQ=O x=wNrO |=y?]k
CqO=at ltmx@ 'u=tR =} Tv=mQi |xRwL QO |vi C=YNWt "Ovm|t
x=wNrO |}=Q}t ?} Q[ w |a}@] Tv=mQi x@ p}O@D p@=k [10]x]w@ Qt
p}O@D `@=D QiY '|m}D=DU= \}=QW QO =]N C=YNWt 'TBU"OvDUy
|xOvvmh} QaD \@=wQ \UwD x=wNrO *p}O@D `@=D QiY "Ovm|t u}}aD =Q
u}}aD |=Q@ R}v |Qo}O VwQ "OwW|t u}}aD |m}D=DU= \}=QW QO =]N
w Tv=mQi |=yxRwL QO \wrNt |vi C=YNWt =@ x=wNrO p}O@D `@=D

[11]"CU= xOW x�=Q= u=tR
QO xv=t=U|xOvvmh}YwD`@=D swOs=o QO %xOvvmh}YwD`@=wDO}rwD "2
`@=wD u}= O}rwD |=Q@|rY= p}qO "OwW|t u}}aD Cw=iDt |Q=m |=yxt=vQ@
CqO=at pt=W xm =Q |}=yxv=t=U u=wD|tv "1 %OQtWQ@ u}vJ u=wD|t =Q
|xR=U 'Cw=iDt |Q=m |=yxt=vQ@ QO "2 &OQm|]N Ov=xDUw}B=v|]NQ}e
xOvvmh}YwD `@=wD "3 &Ovm|t Q}}eD �uOw@ |]NQ}e Crax@� xv=t=U
u; Q=DiQ |oDU@=w �� |]NQ}e |xv=t=U |rY= C}YwYN ^i=L
xO=iDU= Qo}O C=R=}Dt= "CU= �� xOvvml} QLD p=vo}U|xvt=O x@ xv=t=U
xO=iDU= Qw_vtx@ xOvvmpQDvm Ovts=_v |L=Q] |=Q@ xOvvmh}YwD `@=D R=
O}rwD |=yxt=vQ@CUQyi [12]"CU= xOW x�=Q= |]NQ}e |=ysDU}U QO
R}v w [13]|]NQ}e w xQ}eDtOvJ |=ysDU}U |=Q@ xOvvmh}YwD `@=wD
|]NQ}e |=ysDU}U |=Q@ xOvvmh}YwD `@=wD O}rwD |x} Q_v KQW

[14]"CU= xOW K} QWD
|=ypOt xm Ov}=Qi|]N|=ypOt swUs=o QO %|]NpOt|}=U=vW "3
"OvwW|t|}=U=vW Ovvm|t R}=tDt =Q p@k |xrLQt |xOvvmh}YwD `@=wD
'Ov=|]NQ}e sDU}U l} Qou=}=tv xOvvmh}YwD `@=wD |=ypOt uwJ
QO|Uv=mQi pOt |R=Ht w|k}kLCtUku}@ OwHwt OQ=Ov=DU= |x]@=Q
[14]"CU}v Q=QkQ@ xOvvmh}YwD `@=wD |=ypOt QO '|]N |=ysDU}U
Q=Ri=sQv invfreqs QwDUO R= u=wD|t 'xrLQt u}= QO hOy u}t-=D |=Q@
ut[ QO O}=@ xm =Q |D=mv 'QwDUO u}= "OQm xO=iDU=MATLAB

"Ovm|t ^=Lr CiQo Q_v QO |]N pOt |}=U=vW
xU=vW lwr@ l}t=v}O O}=@ sQ=yJ s=o QO %xU=vW lwr@ |L=Q] 4
pk=OL VwQ \UwD |}=U=vW sD} Qwor= R= VywSB u}= QO "OwW u}}aD

sryJ |xQ=tW � h} QW ! 138
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|t} Qm uUL w OvQyQ}Yv Q}t=

%u; QO xm
A = h3g1 � h4g2 � h1g1 + h2g2 (16)

B = �h3g2 � h4g1 + h1g2 + h2g1 (17)

D = h1g4 + h2g3 (18)

E = h1g3 � h2g4 (19)
'xOvvmu=Q@H |=yQDt=Q=B x@ C@Uv hOy `@=D R= |Q}ojDWt =@ 'xt=O= QO
|]N |Q@H CqO=at R= |}xawtHt 'QiY =@ Q@=Q@ xH}Dv uO=OQ=Qk =@ w

%OwW|t pY=L 20 |x]@=Q CQwYx@2666666664
T0 0 �T2 R1 S2
0 T2 0 �S2 R3
�T2 0 T4 �R3 �S4
R1 �S2 �R3 Q2 0
S2 R3 �S4 0 Q4

3777777775 :
2666666664
a0
a1
a2
b1
b2

3777777775 =

2666666664
S0
R1
�S2
0
Q2

3777777775 (20)

%u; QO xm

Tk =
!2Z

!1

�
A2 +B2�!kd! (21)

Rk =
!2Z

!1

�
AD +BE

�
!kd! (22)

Sk =
!2Z

!1

�
AE �BD

�
!kd! (23)

Qk =
!2Z

!1

�
D2 +E2�!kd! (24)

p}O@D `@=D '�sQ=yJ s=o |HwQN� |]N pOt l} uDW=O =@ 'u}=Q@=v@
'Q_v OQwt Tv=mQi |xR=@ w �1 s=o |HwQN� x=wNrO Ov=QwNUB sDU}U

xDW=O =Q �̂ Q=OQ@ w P T} QD=t |=Q@ x}rw= Q}O=kt O}=@ uORu}tND
"s}W=@

OQwt Tv=mQi |xR=@ sHvB s=o QO %x=wNrO Tv=mQi xR=@ u}}aD "5
l}t=v}O =@ |}=vW; '?r]t u}= uOWuWwQ |=Q@ "OwW|t u}}aD Q_v
p}O@D `@=D "CU= |QwQ[ 'xDi=} VQDUo VywSB u}= QO xm s}_vDOwN
"OwW|t xO=OV}=tv 9 |x]@=Q CQwYx@ sQ=yJ s=o QO xOW |}=U=vW
Gp(j!) =

g1 + g2j
g3 + g4j

(9)
Q_v QO =Q �10 |x]@=Q� R=iTB �� R=iV}B |xOvvmpQDvm pOt 'TBU

"O} Q}o@
Gc(s) =

a0 + a1s+ a2s2
1+ b1s+ b2s2

; s = j! (10)
11 |x]@=Q j@] 'OW |}=U=vW CUNv s=o QO xm 'x=wNrO p}O@D `@=D

"OwW|t xO=O V}=tv
F (j!) =

h1 + h2j
h3 + h4j

=
Y1
Y2

(11)
|Q=PoCtqa 12 |x]@=Q CQwYx@ xOW |L=Q] Ov=QwNUB sDU}U

"OwW|t
Gcl =

GcGp

1+GcGp
=
Z1
Z2

(12)
"OwW|t p}mWD 7|v}a R=UOvv=ty hOy `@=D 'TBU

J 0 =
!2Z

!1

�����Z1
Z2
� Y1
Y2

����2d! (13)

l} x@ xOvvmpQDvm |=yQDt=Q=B x@ C@Uv uOQm xv}tm s=ovyx@ jwi `@=D
|OOa CQwYx@ O}=@ xm OwW|t p}O@D |]NQ}e |Q@H CqO=at |QU
xHwD "O@=} VQDUo 8xDU@ sQi R=|@=wH xmCU= u}= hOy =t= "OvwWpL
"Z1
Z2 =

Y1
Y2 ) Z1Y2�Z2Y1 = 0 xv}y@\}=QW QO xm O}W=@ xDW=O

hOy `@=D 'OW=@ xDW=O OwHw ?=wH l} xm u}= ZQi =@ 'u}=Q@=v@
"Ow@ Oy=wN 14 |x]@=Q CQwYx@

J =
!2Z

!1

���Z1Y2 � Z2Y1
���2d! (14)

pY=L 15 |x]@=Q '14 |xrO=at QO 12 =D 9 CqO=at |Q=Po}=H =@
"OwW|t

J =
!2Z

!1

24 �
a0A+ a1B! � a2A!2 + b1D!+��a0B + a1A! + a2B!2 � b1E!+

b2E!2 �E
�2
+

b2D!2 �D
�2

375 d! (15)

139 ! sryJ |xQ=tW � h} QW
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""" pQDvm |=yxv=t=U |L=Q] |=Q@ O}OH |WwQ |xaUwD

"s}_vDOwN |k}@]D pQDvm Ov=QwNUB |xv=t=U "1 pmW

QO "CU= |]NQ}e COWx@ Ov}=Qi u}=Q@=v@ [17]"CU= xHQO 60 OwOL
Q=DiQ |UQQ@ |=Q@ |Uv=mQi MU=B Q=Owtv l} \ki |]N Ov}=Qi l}
|xv=t=U xm CU= u}= hOy "CU= |i=m |Q=m \}=QW |t=tD QO Ov}=Qi
=Q |vi C=YNWt |QU l} Ov=QwNUB xm OwW |L=Q] u=vJ pQDvm
xm CU= ?wr]t 'Qo}O CQ=@ax@ "Ovm =[Q= |Q=m \}=QW |t=tD QO
|xvt=O VRQ= x@ =D OwW p}mWD |]NQ}e Ov=QwNUB |xv=t=U l}

"OW=@v T=UL xOvvml} QLD
R=iV}B �� R=iTB |xOvvmpQDvm l} |}=Q=m 'VywSB u}= QO
OQwt 'OwW|t |L=Q] V}B VN@ QO xOW u=}@ VwQx@ xm s}_vDOwN
xO=O u=Wv 1 pmW QO Ov=QwNUB pQDvm sDU}U "CU= xDiQo Q=Qk |UQQ@
OYQO =@ x}v=F 0 3 CUWv u=tR l} xv=t=U u}= |L=Q] "CU= xOW

[17]"O=O u=Wv =Q 40 VyH=Qi
"OQm u}}aD =Q Q_v OQwt |]N pOt |xR=U O}=@ xU=vW lwr@ |=Q@
u}}aD Q} R pOt MATLAB Q=Ri=sQv invfreqs QwDUO R= xO=iDU= =@

%CU= xOW
Gp =

x1s+ x2
s2 + x3

(25)
R= xU=vW lwr@ QO (x1; x2; x3) q=@ pOt |=yQDt=Q=B u}tND |=Q@
's}_vDOwN lwr@ |=Q@ "OwW|t xO=iDU= �110 w 1 '14� |x}rw= Q}O=kt
'xOW x�=Q= xDWPo VN@ QO xm xJv; j@=]t Q_v OQwt Tv=mQi |xR=@

%R= CU= CQ=@a x=wNrO p}O@D `@=D "OW xO=O Q=Qk 10 =D 1 Q@=Q@

F =
!2
n

S2 + 2�!ns+ !2
n

(26)

|a}@]Tv=mQi |=Q@ =yVRQ=u}= "� = 0 3 w!n = 43 25 u; QO xm
'xm =Hv; R= "OvQ=O Ck@=]t x=wNrO |vi C=YNWt =@ |}=Q}t ?} Q[ w
s}_vDOwN lwr@ w CU= |]NQ}e COWx@ Ov}=Qi l} |=Q@ |L=Q] u}=
x=wNrO p}O@D `@=D |=yQDt=Q=B Q}}eDCU= umtt 'CU= |]N |xRwL QO
w 'xO=O Q=Qk 1 =@ Q@=Q@ =Q ?U=vDt lwr@ |xQy@ '=OD@= QO "OW=@ |QwQ[
"OwW|t l} QLD ��25� xOvvml} QLD |xvt=O VRQ= =@ sDU}U TBU
|xRwL QO |}=Q}t ?} Q[ xm OW Q=mW; sDU}U |HwQN |UQQ@ =@

=Q xOvvmu=Q@H |=yQDt=Q=B ,=t}kDUt 20 |xrO=at R= xO=iDU= =@ u=wD|t
|xR=@ u}}aD 'VywSB u}= QO xOW ?Um |x@ QHD T=U=Q@ "OQm u}}aD
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