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|}xv=wDU= |=yxDUwBVv=tm Q=@ Q@ |m} QDmr=wR}BC}Y=N QF= 'u}vJty
uJ \UwD [9] |a=aW |m} QDmr= u=O}t w Q=WiCLD OwOLt=v pw] =@
Vv=tmTB w |W=aDQ= Q=DiQ u=QoWywSB "CU= xOW s=Hv= VQ=mty w
|DQ=QL |=y|}=Hx@=H uDiQo Q_v QO =@ =Ql} QDmr=wR}B?mQt |=yjQw
OwOLt u=tr= VwQ R= xO=iDU= =@ w [10]"OvO=O Q=Qk |UQQ@ OQwt nQR@
p}rLD x@ 'uwUi=Q � uDw}v VwQ R= uDUH xQy@ R}v w |]NQ}e
ayerwise |x} Q_v |x}=B Q@l} QDmr=wR}B jQwl} QDmr=wR}B wtQD Q=DiQ
Vv=tmTB Q=DiQ [11]"OvDN=OQB utQ=m�uw |}=Hx@=H�VvQm \@=wQ w
x@ |QwLt Q=@ CLD 'x}rw= Xkv |=Q=O |}x}q |}xv=wDU= |=yxDUwB
pv=O |}=Hx@=H�VvQm \@=wQ T=U=Q@ l} QDmr=wR}B |=ylQLt x=Qty
uwt=Q}B |D=ar=]t u=kkLt 'Qo}O |wU R= [12]"CiQo Q=Qk xar=]t OQwt
VwQ R= xO=iDU= =@l} QDmr=wR}B|}xv=wDU= |=yxDUwB|m}t=v}O |Q=O}=B
xO=iDU= =@l}DUq=wtQDwR}B |}xv=wDU= |=yxDUwB R}v w [13]OwOLt <=RH=

[14]"Ov=xO=O s=Hv= OwOLt <=RH= VwQ R=
l} QDmr=wR}B|}xv=wDU=|=yxDUwBVv=tm 'xOWs=Hv=C=ar=]tj@]
QO "CU= xDiQo Q=Qk u=QoWywSB xHwD OQwt QDsm |QwLt |=yQ=@ CLD
u}= QO "OwW|t |UQQ@ l} QDmr=wR}B |}xv=wDU= |=yxDUwB Q=DWwv u}=
l}Uqm |=yx} Q_v R= xm u}W}B |=yQ=m R= |Q=}U@ hqN Q@ 'Q}Ut
Q_v QO Qw_vtx@ 'CU= xOW xO=iDU= pw= x@DQt |x} Q_v =} xDUwB w jQw

xtOkt "1
|O}OH Q=}U@ |=yxv}tR R= |m} =yxR=U QO OvtWwy O=wt R= xO=iDU=
"CU= xOQm =O}B jvwQ Q}N= |=yp=U QO O=wt w xR=U|UOvyt QO xmCU=
O=wt Twmat w s}kDUt C=QF= R= |Q}oxQy@ =@ l} QDmr=wR}B |=yxR=U
`}=vY '=[i=wy Q}_v� `}=vY QO |v=w=Qi |xaUwD w OWQ l} QDmr=wR}B
C}Y=N s}kDUt QF= |Q}oQ=mx@ "Ov=xDi=} �xQ}e w |R=U=t}B=wy '|}=} QO
u}= '=ylQLt QO =yv; Twmat QF= =@ u=tRty =yQoTL QO |m} QDmr=wR}B
pO@t OvtWwy |=yxR=U|xv}tR QO O=wt u} QD|OQ@ Q=m R=|m} x@ =Q O=wt
O=wt R= xO=iDU= =@ =yxR=UVv=tm w pmW pQDvm u=}t u}= R= "CU= xDN=U
Q=Qk u=kkLt w u=QoVywSB xHwD OQwt Q}N= |=yp=U QO l} QDmr=wR}B
l} QDmr=wR}B O=wtTwmat ws}kDUtX=wNV}=O}B u=tR R= "CU= xDiQo

"CU= xDiQo CQwY O=wt u}= |wQ Q@ |v=w=Qi C=k}kLD uwvm =D
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"""|x}=B Q@ l} QDmr=wR}B |}xv=wDU= |=yxDUwB |m}D=DU= Vv=tm

2 |x]@=Q '[17]OvwW|t Qy=_ =yxv=wDU= QO |a=aW |=y|}=Hx@=H
%OwW|t pY=L

� = �(0) + zk(1) + z2k(2) + z3k(3) (2)
w k(2) 'k(1) '�(0) w CU= � = f�x �� �z xz x�gT u; QO xm

"Ov=xOW xOQw; 6 =D 3 \@=wQ QO k(3)

�(0) =8>>>>>>>>>>><>>>>>>>>>>>:

u0;x + 12w20;x + �w;xw0;x

(v0;� +w0)=R+ 12(w0;�=R)2 + �w;�w0;�=R2

�� +w0;�=R

�x +w0;x

u0;�=R+ v0;x+ (w0;xw0;�+ �w;xw0;�+ �w;�w0;x)=R

(3)

k(1) =

8>>>>>>>>>>><>>>>>>>>>>>:

�x;x

��;�=R� �0;�=R2

0
0
�x;�=R+ ��x � �0;x=R

(4)

k(2) =

8>>>>>>>>>>><>>>>>>>>>>>:

0
0
3k(�� +w0;�=R)

3k(�x +wo;x)

0
(5)

k(3) =

8>>>>>>>>>>><>>>>>>>>>>>:

k(w0;xx + �x;x)

k(w0;��=R+ ��;�)=R

0
0
k(2w0;x�=R+ �x;�=R+ ��;x)

(6)
"CU= xDUwB |x}rw= h=QLv= �w Q}N= \@=wQ QO

'K}LYD ?�=Q[ x@ R=}v sOa w |[Qa |WQ@ |=yVvD C=QF= uDiQo
C=Q}}eD u}v�Jty "OwW|t xDiQo xQy@ xDUwB |q=@ x@DQt |=yx} Q_v R=
xOQw; Ct=N�[ |q=@ x@DQt |=yxir-wt T=�U=Q@ |m} QDmr= p}Uv=DB

"C�U= xO�W
VvQm |]N Q}e \@=wQ R= '\UwDt |=yVvQm uDiQo Q_v QO =@
<=RH= VwQ R= xO=iDU= =@ "CU= xOW xDiQo xQy@ pv=O |}=Hx@=H �
Q@ sm =L CqO=at 'sDU}U pm p}Uv=DB `@=D uOQm xv}tm =@ w OwOLt
Q=@ u=wD|tv '\@=wQ uOw@ |]NQ}e p}rOx@ "CU= xOW G=QNDU= xr�Ut
|mUv=}Ow@ VwQ R= =Pr 'OQw;CUOx@ xS} w Q}O=kt pLVwQ R= =Q|v=QL@
� Q=@ |vLvt ?}W QO |v=yo =v Q}}eD VwQ u}= QO "CU= xOW xO=iDU=
CQwYx@ ,=twta xm x}rw= h=QLv= QF= "CU= Vv=tm Q=@ hQat |}=Hx@=H

"CU= xOW Qw_vt R}v OQ=O OwHw xv=wDU= QO |a=aW |}=Hx@=H

VvQm w |}=Hx@=H u=O}t "2
|WQ@ |x} Q_v R= xDUwB QO|[Qa|WQ@ |=yVvD C=QF= uOQm OQ=w |=Q@
VvD `} RwD x} Q_v u}= QO u}vJty "CU= xOW xDiQo xQy@ swU x@DQt
|}=Hx@=H u=O}t "CU= |wtyU CQwYx@ Ct=N[ |=DU=Q QO |WQ@

[15]"CU= 1 |x]@=Q CQwYx@ swU x@DQt |x} Q_v8>>>><>>>>:
u(x; �; z) = u0 + z�x + z3k(�x +w0;x)

�(x; �; z) = �0(1+ z=R) + z�� + z3k(�� +w0;�=R)

w(x; �; z) = w0(x; �)

(1)
�� w �x '|v=}t |xLiY |=y|}=Hx@=H w0 w v0 'u0 u; QO xm
"OvDUy � w x |=yQwLt pwL |v=}t |xLiY Q@ Owta |=yu=QwO
Ct=N[ h w k = �43h2 xv=wDU= u}ov=}t `=aW R u}vJty
CyH QO z w |a=aW � '|rw] |=DU=Q QO x |xYDNt "Ov=xDUwB
|v=}t |x}q x@ C@Uv w xv=wDU= GQ=N CtU x@ xDUwB Ct=N[

"�1 pmW� CU=
|]NQ}e |}=Hx@=H�VvQm\@=wQ QO 1 |}=Hx@=H u=O}t p=ta= =@
CQwYx@ ,=twta xm x}rw= h=QLv= QF= uOQm Qw_vt =@ w [16]pv=O
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sryJ |xQ=tW � h} QW ! 94

www.SID.ir



Arc
hi

ve
 o

f S
ID

u=}Dwk=} u}t= w C=}aQW OtLt

R=}v OQwt 3 x@DQt pmW `@=D R= xO=iDU= 'Ov=xOW Q=mW; 2 |x@DQt =D w0
x@DQt C=kDWt |oDUw}B =@ '[16]|D}tQy pmW `@=D R= 'x}=B u}= Q@ "CU=
jDWt |x@DQt "CU= xOW xDiQo xQy@ w0 |@v=H |}=Hx@=H |=Q@ pw=
QwmPt |=yxir-wt |=Q@ =Pr wCU= 1 |}=Hx@=H |=yxir-wt Qo}O =@\@DQt
[16]"CU= xOW xO=iDU= C0 |oDUw}B =@ |Sv=Qo q |]N pmW `@=D R=8>>>>>>>><>>>>>>>>:
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w0
�x
��

9>>>>>>>>=>>>>>>>>;
=
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3777777775ae
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"CU= |D}tQy pmW `@=D H w |Sv=Qo q pmW `@=D N u; QO xm
|yQo Q}O=kt Q=OQ@ ae "CU= u=tr= s=k |xQo x@ \w@ Qt k T} wvQ} R

"CU= xOW |iQat 12 |x]@=Q QO w xOw@ u=tr=
aTe = [:::u0; �0; w;wx; w�; �x; ��:::]e (12)

|m}v=mt |=y|}=Hx@=H =@ x@=Wt |m} QDmr= p}Uv=DB |=Q@ u}vJty
"CU= Q=QkQ@ 13 |x]@=Q8>><>>:

'(B)

'(0)

'(T )

9>>=>>; =

2664 Nk 0 0
::: 0 Nk 0 :::

0 0 Nk

3775'e
(13)

|=yC}tm w CU= 'e = f::: �(B) �(0) �(T ) :::gT u; QO xm
"OvQ_=vDt xQo \=kv QO Q=Okt =@ �

sm =L CqO=at "6
|Ov@pwtQi uOQw; CUO x@ Qw_vtx@ w 'sm =L CqO=at G=QNDU= |=Q@
"OwW|t xO=iDU= sDU}U p}Uv=DB |SQv= `@=D R= 'xr�Ut OwOLt <=RH=

� =
1
2
Z
V
("T� �ETD)dV �

Z
A
uTTdA (14)

|m} QDmr= u=O}t w |m} QDmr= p}Uv=DB "3
|a@=D CU= xOW xDiQo Q_v QO xr�Ut u}= QO xm |m} QDmr= p}Uv=DB `@=D

[18]%7 |x]@=Q CQwYx@ CU=
'(x; �; z) = '(0) + z'(1) + z2'(2) (7)
|m} QDmr= p}Uv=DB %R= Ov=CQ=@a?}DQDx@ '(2) w '(1) ''(0) u; QO xm
x@ C@Uv |m} QDmr= p}Uv=DB swO jDWt w pw= jDWt '|v=}t K]U
'7 |x]@=Q R= xO=iDU= p}rO "xDUwB |v=}t K]U QO Ct=N[ |=DU=Q
QO �1 |x]@=Q� |}=Hx@=H |=yxir-wt |x]@=Q =@ u; QD?U=vt |Q=oR=U
x�=Q= R}v |D=FrFt |=ysQi XwYN u}= QO "CU= |v=wD sQi R= xO=iDU=
|}q=@ Kw]U |wQ |m} QDmr= p}Uv=DB Q=Okt |Q=Po|=H =@ [19]"Ov=xOW
'�'(x; �;�h=2) = '(B)�|v}}=B w �'(x; �;+h=2) = '(T )�
|}q=@ K]U |m} QDmr= p}Uv=DB ?ULQ@ 8 |xrO=at '7 |x]@=Q QO
"O};|tCUO x@ �'(B)�|v}}=B K]U w '�'(0)�|v=}t K]U '�'(T )�
'(x; �; z) = '(0) + (z=h)(�'(B) + '(T ))

+ (2z2=h2)('(B) � 2'(0) + '(T )) (8)
|x]@=Q QO |m} QDmr= p}Uv=DB ?ULQ@ |m} QDmr= u=O}t |x]@=Q

[15]"CU= xOW u=}@ 9
E = �r' (9)
C=YDNt QO u=}O=Qo Q=OQ@ r w E = fExE�EzgT u; QO xm

"CU= |}xv=wDU=

|v=}v@ CqO=at "4
CQ=@a l} QDmr=wR}B \}Lt Q@ sm =L |m}v=mtwQDmr= GwORt \@=wQ

[15]%R= CU=8><>:� = C�� eTE
D = e�+ bE

(10)

w 'VvD Q=OQ@ |xOv}=tv � = f�x �� ��z �xz�x�gT u; QO xm
OvDUy |m} QDmr= |}=Hx@=H Q=OQ@ |xOv}=tv D = fDxD�DzgT
|DiU T} QD=t C "OyO|t u=Wv =Q T} QD=t |xO=yv=QD T T} wvq=@ w
|Q}PBPwiv T} QD=t b w xD}U} QDmr=wR}B |DiU T} QD=t e '|v=UWm

"CU= xO=t l} QDmr=|O

OwOLt <=RH= pOt "5
C=YDNt QO|yQoQ=yJu=tr= R= 'OwOLt <=RH= pOt uOQw;CUOx@ |=Q@
C=kDWt 'sm =L CqO=at QO xm =Hv; R= "CU= xOW xO=iDU= |}xv=wDU=
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"""|x}=B Q@ l} QDmr=wR}B |}xv=wDU= |=yxDUwB |m}D=DU= Vv=tm

Ke
u' =Z 1

�1

Z 1

�1
(BT

u0(eT0 B'0 + eT1 B'1 + eT1 B'1)

+BT
u1(eT1 B'0 + eT2 B'1 + eT3 B'1)

+BT
u2(eT2 B'0 + eT3 B'1 + eT4 B'1)

+BT
u3(eT3 B'0 + eT4 B'1 + eT5 B'1)

det(J)Rd�d� (20)
Ke
'u =Z 1

�1

Z 1

�1
(BT

'0(e0Bu0 + e1Bu1 + e2Bu2 + e3Bu3)

+BT
'1(e1Bu0 + e2Bu1 + e3Bu2 + e4Bu3)

+BT
'2(e2Bu0 + e3Bu1 + e4Bu2 + e5Bu3))

det(J)Rd�d� (21)
Ke
'' =Z 1

�1

Z 1

�1
(BT

'0(b0B'0 + b1B'1 + b2B'1)

+BT
'1(b1B'0 + b2B'1 + b3B'1)

+BT
'2(b2B'0 + b3B'1 + b4B'1))

det(J)Rd�d� (22)
QO |rLt C=YDNt � w � 'u}@ wm =S T} QD=t J jwi \@=wQ QO
xDiQ Q=mx@ |=yQDt=Q=B Qo}O "OvDUy u=tr= |]}Lt w |rw] |=y=DU=Q

%OvQ} R Q=Qk x@
[C0; C1; C2; C3; C4; C5; C6] =Z
z
C [1; z; z2; z3; z4; z5; z6]dz (23)

[e0; e1; e2; e3; e4; e5] =
Z
z
e [1; z; z2; z3; z4; z5]dz (24)

[b0; b1; b2; b3; b4] =
Z
z
b [1; z; z2; z3; z4]dz (25)

pY=L xr�Ut OwOLt <=RH= |}=yv pOt '=yu=tr= pm?}mQD =@C}=yv QO
%�26 |x]@=Q� OwW|t24Kuu Ku'

K'u K''

358<:a

'

9=; =

8<:F0
9=; (26)

|OOa pL VwQ "7
xS} w Q=Okt pL j} Q] R= u=wD|tv 26 |x]@=Q uOw@ |]NQ}e p}rOx@
|mUv=}Ow@ |Q=O}=B Q=}at R= =Pr "OQw; CUO x@ =Q Vv=tm |v=QL@ Q=@

|tHL |=ywQ}v w |L]U |m} QDmr= SQ=W R= jwi |x]@=Q QO
|}=Hx@=H Q=OQ@ u w |L]U VvD Q=OQ@ T "CU= xOW Q_vhQY

"CU= |m}v=mt
xH}Dv 15 |x]@=Q ��� = 0� sDU}U p}Uv=DB `@=D uOQm xv}tm =@

"OwW|tZ
V
(�"T� � �ETD)dV =

Z
A
�uTTdA (15)

16 |x]@=Q QO |yQo Q}O=kt ?ULQ@ �� '11 w 2 \@=wQ p=ta= R=
"CU= xOW xOQw;

�" = (Bu0 + zBu1 + z2Bu2 + z3Bu3)�ae (16)

|=Q@ =Q 17 |x]@=Q u=wD|t 13 w 9 \@=wQ R= xO=iDU= =@ u}vJty
"OQw; CUO x@ |m} QDmr= u=O}t

�E = (B'0 + zB'1 + z2B'2)�'e (17)

CUw}B QO B'2; : : : ; B'0 w Bu3; : : : ; Bu0 |=yT} QD=t
"Ov=xOW xOQw;

|x]@=Q x@ u=wD|t 15 |x]@=Q QO 17 w 16 '10 \@=wQ p=ta*= =@
%Ci=} CUO 1824Ke

uu Ke
u'

Ke
'u Ke

''

358<:ae
'e

9=; =

8<:F e

0

9=; (18)

Ke
'u w Ke

u' 'u=tr= |m}v=mt |DiU T} QD=t Ke
uu u; QO xm

|DiU T} QD=t Ke
'' w u=tr= |m}v=mtwQDmr= |DiU |=yT} QD=t

u=tr= |m}v=mt |wQ}v Q=OQ@ F e u}vJty "OvDUy u=tr= |m} QDmr=
%R= Ov=CQ=@a |DiU |=yT} QD=t x@ xHDvt \@=wQ "CU=

Ke
uu =Z 1

�1

Z 1

�1
(BT

u0(C0Bu0 +C1Bu1 +C2Bu2 +C3Bu3)

+BT
u1(C1Bu0 +C2Bu1 +C3Bu2 +C4Bu3)

+BT
u2(C2Bu0 +C3Bu1 +C4Bu2 +C5Bu3)

+BT
u3(C3Bu0 +C4Bu1 +C5Bu2 +C6Bu3))

det(J)Rd�d� (19)
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u=}Dwk=} u}t= w C=}aQW OtLt

G}=Dv "8
wO 1PVDF |xv=wDU= Q@ |HQ=N CN=wvm} Q=Wi p=ta= "8"1

pYit QU
=RH= pL R= xOt; CUO x@ |=yMU=B CLY |UQQ@ |=Q@ p=Ft u}= QO
p}Uv=DB w |QwLt w |a=aW |}=Hx@=H |xOW Oa@|@ G}=Dv 'OwOLt
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