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u=@; Q=Wi |]NQ}e w |]N |=QPo |xrO=at |OOa pL
u} Qo <=RH= VwQ =@ R=ilD |Div uR=Nt QO

�OWQ= |U=vWQ� |wHWv=O� |v=H}rO R=}v|@ s}y=Q@=
�Q=}Wv=O� |}=wW}B =[QOwtLt O}U

h} QW |DavY x=oWv=O 'Civ w |t}W |UOvyt |xOmWv=O

QO Civ |Oa@l} u=} QH |]NQ}e w |]N CqO=at |OOa pL 'xar=]t u}= QO
<=RH= Qwy_wv VwQ "CU= xOW |UQQ@ 1u} Qo <=RH= VwQ =@ uoty=v w uoty |=y\}Lt

|oS} w R= xO=iDU= p}rOx@ =t= 'CU= 2|RQt <=RH= u}mD p=QoDv= |x} Q_v Q@ |vD@t u} Qo
xm CU= OwOLt w xOvm =QB T} QD=t |=Q=O '3OwOLt <=RH= VwQ pL |xRwL |R=UxDUUo
p}O@D w u} Qo RQt uwO@ `@=D uOQw; CUO x@ =@ VwQ u}= QO pL "CU= QDCL=Q u; pL
xrO=at |R=U xDUUo =@ TBU w xOW R=e; |r=QoDv= xrO=at x@ Q_vOQwt p}Uv=Qi}O xrO=at
p=ta= x=Qty x@ CqO=at u}= |R=UsyQU C}=yv QO w |v=tr= CqO=at p}mWD '|r=QoDv=

|]N u=} QH R= |}=yp=Ft pL R= TB 'VwQ u}= R= xO=iDU= =@ "OQ}PB|t u=}=B |RQt \}=QW
"OW xU}=kt TQDUO QO |r}rLD |=y?=wH =@ xrY=L G}=Dv '|]NQ}e w

biniaz@che.sharif.edu
pishvaie@sharif.edu

'OwOLt <=RH= VwQ 'u} Qo <=RH= VwQ 'Civ uR=Nt |R=U x}@W %|O}rm u=oS=w
"|RQt <=RH=

xtOkt
|RQt \}=QW w sm =L |xrO=at

|UQ=O w |oDUw}B CqO=at ?}mQD j} Q] R= =Q Civ Q=Wi u=} QH |Oa@l} |xrO=at
%[9]CU=xOW x�=Q=
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(1)

'p=}U |wQu=Qo � 'Civ Q=Wi P 'p=}U �|}=w=QD� |Q}PBPwiv k u; QO xm |Qw]x@
O}rwD |@O Q w nvU |Q}PBsm =QD cr 'pNrND � 'Civ p}mWD |tHL ?} Q[ B

|rm pmWx@ �swU =} w swO 'pw= ẁv� u; ẁv x@ xHwD =@ |RQt \}=QW "CU= Civ
f(x) w C@=F Q}O=kt 
2 w 
1 u; QO xm OwW|t xDWwv 
1p + 
2 @p@x = f(x)

h} QaD p(x; t = 0) = p0(x) CQwYx@ R}v x}rw= \QW "CU= u}at |Q=Okt
"CU= |twrat Q=Okt p0(x) u; QO xm OwW|t

|]N |xrO=at
?}=Q[ xm OwW|t ZQi 'u} Qo <=RH= VwQ =@ pL |ovwoJ |UQQ@ Qw_vtx@ =OD@= QO
xO=U 2 |xrO=at j@=]t 1 |xrO=at ZQi u}= =@ "Ov=C@=F 1 |xrO=at QO OwHwt

%OwW|t
@
@x

�
@P
@x

�
� Q�B

k
= ��cr

k
@P
@t

(2)

|r}Uv=Qi}OCqO=at |=Q@ ?=wH R=|}xOwOLt x@p}v Qw_vtx@ |OOapL|=yVwQ R=
"OwW|t xO=iDU= 'CU= xO}J}B w Q=wWO u; uOQw; CUOx@ =} OvQ=Ov |r}rLD ?=wH xm
Q=OQwNQ@ swO |x@DQt CkO R= w '4u}mD p=QoDv= Q@ CU= |vD@t u} Qo <=RH= VwQ
|[=} Q ^=Lrx@ |]NQ}e Cq=L |=Q@ xS} wx@ u; swO |x@DQt CkO xJQo = "CU=
|@ wNx@ OvQ=OQwNQ@ swO |x@DQt CkO R= xm |}=yVwQ =@ u; G}=Dv 'CU= xOWv C@=F
<=RH= |=yVwQ |=y|}=v=wD T=U=Q@ u} Qo <=RH= VwQ Ck}kL QO [1]"OQ=O Ck@=]t
QO |RQt <=RH= VwQ |Q}oQ=mx@ xm =Hv; R= "CU= xDi=} xaUwD OwOLt <=RH= w |RQt
u} Qo <=RH= VwQ 'CU= xH=wt pmWt =@ xQ=wty q=@ |voty=v =@ |=y\}Lt pL
VwQ u}= "CU= xOW xO=O xaUwD OwOLt <=RH= |=y|oS} w =@ p=mW= u}= `iQ |=Q@
uwt=Q}B |D=ar=]t xm [2]OW x�=Q= |v}kkLt \UwD 1990 p=U QO Q=@ u}DUNv |=Q@

[5�3]"Ov=xO=O s=Hv= |UOvyt hrDNt |=yxv}tR QO u} Qo <=RH= VwQ OQ@ Q=m
|}=tR;x=J |=yO=O |UQQ@ Qw_vtx@ w Civ uR=Nt QO Q=@u}rw= VwQ u}= R=
=@ |Oa@ wO Cr=L QO Civ |R=ilD u=} QH x@ \w@ Qt CqO=at pL "OW xO=iDU=
?r=H Q=}U@ G}=Dv x@ QHvt |}=tR;x=J |=yxO=O =@ u; j=@]v= w u} Qo <=RH= VwQ
|}xv}y@ ,=D@Uv VwQ |Oa@ u}kkLt '2000 p=U QO u; R= TB [6]"OW |k}kO w
=@ '2006 p=U QO [7]"OvOQm x�=Q= =Q 5u=}O=Qo Q@ |vD@t *u} Qo <=RH= VwQ u=wva =@
G}=Dv xm OW xDN=OQB O=} R |voty=v =@ |}=y\}Lt |R=UpOt x@ VwQ u}= R= xO=iDU=

[8]"Ow@ ?wr]t Q=}U@ =yVwQ Q}=U =@ xU}=kt QO u; R= pY=L

"1387 3 8 VQ}PB '1386 11 21 |Qw=O '1386 7 24 Ci=} QO %M} Q=D
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pLltm =@ fp Q=Okt w u; jDWt w Q=Wi '5 |xrO=at uOQw; CUO x@ QO u}vJty
|xDUUo pmW 5 |xrO=at "Ov=xOW xOR ?} QkD pw= |x@DQt |Sv=Qo q |@=}uwQO `@=wD
pw= |x@DQt p}Uv=Qi}O |xrO=at x=oDUO l} p}mWD x@ xm CU= 2 |xrO=at
�|v=tR |R=UxDUUo � � OwOLt p[=iD ltm =@ w dpj=dt ?} QkD =@ "Ot=Hv=|t

%s} Q=O
�(Rijp2

j + Lijq2
j + Tijf 2

pj) + (1� �)(Rijp1
j + Lijq1

j + Lijq1
j+

Tijf 1
pj) + Tij

 1
�
p2
j � p1

j

�t

!
= 0 i; j = 1; 2 (7)

w t1 |=yu=tR QO Q}eDt Q=Okt Qou=Wv ?}DQDx@ 2 w 1 |=yT} wvq=@ u; QO xm
\}=QW p=ta*= w <=RH= pm |=Q@ 7 |xrO=at |R=UsyQU =@ "OvDUy t2 = t1 + �t

"O};|t CUOx@ |}=yv T} QD=t |RQt
u; |r}rLD ?=wH xm |r=Ft pL =@ u} Qo <=RH= VwQ OQmrta u=R}t %1 p=Ft
200 cm pw] =@ �|}xRet� 10|}xDUy ZQi =@ "OwW|t |UQQ@ 'CU= OwHwt
p=}U w cr = 4 � 10�5 atm '���20 'k = 200md C=}YwYN =@
p=ta= w Q = 0 ' B = 1 5 '� = 2 cp |=y|oS} w =@ |Div �`}=t�
pY=L 11 |xrO=at CQwYx@ ?=wH '10 |x]@=Q j@=]t |RQt w x}rw= \}=QW

"OwW|t
P (x = 0 cm; t > 0) = 250 atm
P (x = 200 cm; t > 0) = 180 atm
P (x; t = 0) = 200 atm (8)

P (x; t) = �0 35x+ 250 +
1X
n=1�

(�40n�cos(n�) + 140sin(n�)� 100n�)
n2�2 exp

�
�n2�2�t

40000
�

sin
�n�x

200
��

(9)

|=Q@ |r}rLD ?=wH =@ u} Qo <=RH= VwQ |=yxO=O CkO u=R}t 1 pwOH QO
|r}rLD ?=wH OwW|t xOy=Wt xm u=vJ "CU= xOW xU}=kt <=RH= hrDNt O=OaD
Qw[LQO |r}rLD ?=wH =@ u} Qo <=RH= VwQ R= pY=L G}=Dv |xU}=kt "1 pwOH

"Cw=iDt <=RH= O=OaD
x Q=Wi u} Qo =]N u} Qo =]N u} Qo =]N

�cm� |r}rLD �10� ��� �20� ��� �100� ���
20 210 3 202 4 3 77 205 2 2 40 205 9 2 10
40 200 6 200 1 0 23 200 5 0 01 200 7 0 06
60 200 0 200 0 0 00 200 1 0 03 200 1 0 04
80 200 0 200 0 0 00 200 0 0 00 200 0 0 00
100 200 0 200 0 0 00 200 0 0 00 200 0 0 00
120 200 0 200 0 0 00 200 0 0 00 200 0 0 00
140 200 0 200 0 0 00 200 0 0 01 200 0 0 01
160 199 8 200 0 0 09 199 8 0 00 199 7 0 02
180 195 9 199 1 1 62 197 9 1 03 197 7 0 90

|xrO=at |=Q@ 6u} Qo RQt uwO@ `@=D "1 %uDi=} |x}=B Q@ u} Qo <=RH= VwQ QO pL
|xOwOLt |R=UxDUUo "3 '|r=QoDv= ẁv x@ p}Uv=Qi}O |xrO=at p}O@D "2 'p}Uv=Qi}O

[1]"OQ=O Q=Qk CqO=at u}= |R=UsyQU "5 w 7|v=tr= CqO=at p}mWD "4 'pL
|r=QoDv= |xrO=at 'u} Qo swO |x}[k w u} Qo RQt uwO@ `@=D R= xO=iDU= R= TB
QO |r=QoDv= |xrO=at u}= pL |=Q@ "O};|t CUO x@ p}Uv=Qi}O |xrO=at =@ Q_=vDt
xO=iDU= |RQt <=RH= VwQ QO xm � xRwL RQt |R=UxDUUo |=Hx@ 'u} Qo <=RH= VwQ
TBU "OwW|t |R=UxDUUo OwOLt <=RH= VwQ Ovv=t 'pL |xRwL pm '�OwW|t
'|@=}uwQO `@=wD |xr}Uwx@ 8|yQo \=kv QO u; jDWt w Q=Wi |=yQ}eDt ?} QkD =@
CqO=at u}= QO "OwW|t p}mWD u} Qo <=RH= VwQ ?rk u=wvax@ |v=tr= CqO=at

"OvDUy CqwyHt R= u; jDWt w Q=Wi Q}eDt
"CU= xDU@=w <=RH= |yQo \=kv O=OaD x@ |v=tr= |xrO=at Qy QO CqO=at O=OaD
R= TB "OQ=O OwHw |�RH |xrO=at '<RH Qy QO OwHwt xQo O=OaD x@ QDj}kO CQ=@ax@
"OwW|t pY=L |}=yv T} QD=t '<=RH= |oDUw}B ltm =@ Cq=at u}= |R=UsyQU

"OwW|t pL T} QD=t '|RQt \}=QW p=ta= R= TB
u=wvax@ d2G=dx2 = �(x � xi);�1 � x � +1 |xrO=at R=
xrO=at u}= ?=wH "OwW|t xO=iDU= 2 |xrO=at pL QO �ptmt |xrO=at�
(x� xi) w xOw@ C@=F Q=Okt l u; QO xm CU= G(x; x1) = (jx� xij+ l)=2
=@ "CU= (x) Qo}O x=wNrO |x]kv Qy w (xi) wQ}v p=ta= |x]kv u}@ |xrY=i

%u} Qo swO |w=UD R= xO=iDU=
xRZ
xL

�
P d

2G
dx2 �Gd

2P
dx2

�
dx = P dG

dx

����xR
xL

�GdP
dx

����xR
xL

(3)

xm [x1; x2] |xR=@ QO 3 |xrO=at QO ptmt |xrO=at w 2 |xrO=at |Q=Po}=H w
"O};|t CUO x@ Q} R |x]@=Q 'CU= <RH l} pw]

�2�Pi + (H(x2 � xi)�H(xi � xR))P2 � (H(x1 � xi)�
H(xi � x1))P1 � (jx2 � xij+ l)q2 + (jx1 � xij+ l)q1+
x2Z
x1

(jx� xij+ l)
�
fp + ��cr

k
dp
dt

�
dx = 0 (4)

=} w x1 |RQt \=kv R= |m} QO xi xm |t=ovy � Q=Okt� q = dp=dx 'u; QO xm
`@=D H "�CU= 1 Q@=Q@ OW=@ jwi |xR=@ uwQO QO xm |t=ovy w '0 5 Q@=Q@ OW=@ x2

Q@=Q@ fp "OwW|t xO=O Q=Qk (
�
l ) <RH u} QDOvr@ pw] =@ Q@=Q@ l Q=Okt w CU= O}=U} wy

w jwi h} Q=aD =@ "OwW|t ?=UL xi QO Pi Q=Okt u}vJty "CU= Q�B=k =@
x@ 4 |xrO=at |=Q@ |v=tr= CqO=at '�|Q=QmD XN=W� |QwUv=D V}=tv R= xO=iDU=

[4]%O};|t CUO

Rijpj + Lijqj + Tij
�1
�
dpj
dt

+ fPj
�

= 0 i; j = 1; 2 (5)

|=yT} QD=t 7 |xrO=at QO "CU= k
��cr

Q@=Q@ w �9Pwiv C@=F� x@ hwQat � u; QO xm
[4]%Ov=u}vJ |v=tr=

Rij = (�1)(i+j�1); Lij =
� �

l �(
�
l+l)

(
�
l+l)

�
l

�
;

Tij = l
6
�

3�l+l 3�l+2l
3�l+2l 3�l+l

�
(6)

sy=HvB |xQ=tW �h} QW 42
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|v=H
}rO

R=}v|
@s}

y=Q@= lJwm Q=}U@ |v=tR s=o ?=NDv= p}rOx@ sy u; w CU= lJwm Q=}U@ �|r}rLD ?=wH
"CU= O=} R Q=}U@ <=RH= O=OaD w

|]NQ}e xrO=at
'B = B(p) \@=wQ xrO=at u}= QO "CU= |]NQ}e |rm Cr=L QO 1 |xrO=at
pNrNDt \}Lt OW=@ u=mt R= |a@=D k |Dkw "OvQ=QkQ@ k = k(x) w � = �(p)

'OQ=O Q=Wi x@ |i}a[ C}a@=D uwJ =t= CU= Q=Wi R= |a@=D � xJQo = "CU= uoty=v
pmW x@ O}=@ 1 |xrO=at "Ovvm|t ZQi C@=F =Q u; Q=Okt w xOQm Q_vhQY u; R=
<=RH= VwQ =@ =D OwW p}O@D �5 |xrO=at� u} Qo swO |x}[k QO xO=iDU= |=Q@ |@U=vt
10 |x]@=Q sRq |=y|}=Hx@=H w 1 |xrO=at R= |Q}ojDWt =@ "OW=@ pL p@=k u} Qo

%O};|t CUO x@
@2P
@x2 = �@ln k

@x
@P
@x

+ Q
k

+ ��
k
@P
@t

(10)

|Q=Po}=H =@ "CU=
�

cr
B(p) + d(1=B)

dP

�
=@ |w=Ut � w k(x)

�(p)B(p) Q@=Q@ k u; QO xm
pw] QO 1 |xrO=at |r=QoDv= pmW '3 |xrO=at QO ptmt |xrO=at w 10 |xrO=at

%O};|t CUO x@ '[x1; x2] <RH l}
�2�Pi + (H(x2 � xi)�H(xi � xR))P2 � (H(x1 � xi)�
H(xi � x1))P1 � (jx2 � xij+ l)q2 + (jx1 � xij+ l)q1+
x2Z
x1

(jx� xij+ l)
�
� @ln k

@x
@P
@x

+ Q
k

+ ��
k
dP
dt

�
dx = 0 (11)

|@=}uwQO `@=wD =@ =yQDt=Q=B O}=@ '11 |xrO=at QO OwHwt p=QoDv= |x@U=Lt |=Q@
jwi p=QoDv= =D OvW=@ 12 |x]@=Q C=}YwYN |=Q=O O}=@ `@=wD u}= "OvwW xOR ?} QkD

"OwW x@U=Lt |yQo Q}O=kt ?UL Q@


ei (�j) =

8<:1 i = j

0 i 6= j
;

nX
i=1


ei (�) = 1 (12)

'|Sv=Qo q pw= |xHQO |@=}uwQO `@=wD 
ei w � = (x � x1)=l jwi \@=wQ QO
OQwt <=RH= uOw@ |yQowO p}rO x@ "OvDUy '
e2(�) = � w 
e1(�) = 1 � �
u}= QO "CU= xOW xO=iDU= ?} QkD |=Q@ pw= |xHQO |@=}uwQO `@=wD R= 'xO=iDU=
xOR ?} QkD |yQo \=kv QO |@=}uwQO `@=wD =@ w h} QaD Q} R |=yQDt=Q=B 'XwYN

%OvwW|t

�e = ln(k) = 
j�j ;  e = ��
k

= 
j j ;

qe = dP
dx

= 
jqj ; �e = 1
k

= 
j�j ; j = 1; 2 (13)

|xrO=at '|QwUv=D V}=tv R= xO=iDU= w 11 |xrO=at QO =yQDt=Q=B u}= uO=O Q=Qk =@
%O};|t CUOx@ 14 |�RH

RijPj + (Lij � Vinj�n)qj + Uijn
�
 n

@Pj
@t

+ �nQj
�

= 0
i; j; n = 1; 2 (14)

xOW x@U=Lt � = 0 7 =@ u} Qo <=RH= VwQ ?=wH w t = 0 01 |x_Lr |=Q@
G}=Dv "OvDUy pL |=Q@ xO=iDU= OQwt <=RH= O=OaD Qou=Wv RDv=QB pN=O O=Oa= "CU=
CUO x@ QO "CU= sm <=RH= O=OaD |=Q@ |DL 'VwQ |q=@ CkO Qou=Wv xrY=L

"CU= xOW xO=iDU= �t = 0 01 |v=tR s=o R= 1 pwOH uOQw;
xO=iDU= <RH 20 O=OaD R= '?=wH |wQ Q@ u=tR s=o Q=Okt Q}F-=D uO=Ou=Wv |=Q@
Q}O=kt |xU}=kt |=Q@ "CU= xOW x�=Q= 2 pwOH QO xrY=L G}=Dv xm CU= xOW
"OW xO=iDU= x}v=F t = 0 01 u=tR R= '1 pwOH Q}O=kt =@ |OOa w |r}rLD Q=Wi
wO G}=Dv "Ov=x}v=F ?ULQ@ |v=tR |=ys=o Qou=}@ 2 pwOH QO RDv=QB pN=O O=Oa=
Vy=m w <=RH= O=OaD V}=Ri= =@ "OvQ=O j=@]v= Qo}Om} =@ |@ wNx@ xOWQmP pwOH
sRq "O@=}|t V}=Ri= xOt; CUO x@ |OOa |=y?=wH CkO u=R}t 'u=tR s=o Q=Okt
lJwm Q=}U@ |v=tR |xQwO l} |=Q@ 2 pwOH QO xOWx�=Q= G}=Dv xm CU= QmP x@
Q}_v� |v=}t \=kv QO Q=Wi Q}O=kt Q}}eD sOa '=Pr w Ov=xOW x}yD �x}v=F 0 01�
|=]N uDW=Ov� u} Qo VwQ ?wN CkO |vatx@ ,=twRr �x = 100; x = 120

"CU}v �|WQ@ =} uOQmOQo
|=yu=tR |=Q@ u} Qo <=RH= VwQ G}=Dv w |r}rLD Q=Wi R= |Q=Owtv 1 pmW QO
xHwD =@ pmW uOQw; CUO x@ |=Q@ "CU= xOW xO=O u=Wv x}v=F 1 w 0 01 '0 001
x}v=F 0 001 |v=tR s=o w <RH= 50 O=OaD R= 2 w 1 pw=OH R= xOt; CUOx@ G}=Dv x@
x@ C@Uv� xDW=@v= |OOa |=]N Q=Okt xm CU= K}[wD x@ sRq "CU= xOW xO=iDU=

TB 'Cw=iDt |v=tR |=ys=o =@ |r}rLD w u} Qo <=RH= VwQ G}=Dv |xU}=kt "2 pwOH
"x}v=F 0 01 CWPo R=

x Q=Wi u} Qo =]N u} Qo =]N u} Qo =]N
�cm� |r}rLD �0 01� ��� �0 001� ��� �0 0001� ���
20 210 3 205 2 2 40 209 6 0 34 210 2 0 05
40 200 6 200 5 0 01 200 2 0 19 200 2 0 20
60 200 0 200 1 0 03 200 0 0 01 200 0 0 01
80 200 0 200 0 0 00 200 0 0 00 200 0 0 00
100 200 0 200 0 0 00 200 0 0 00 200 0 0 00
120 200 0 200 0 0 00 200 0 0 00 200 0 0 00
140 200 0 200 0 0 01 200 0 0 00 200 0 0 00
160 199 8 199 8 0 00 199 9 0 08 199 9 0 08
180 195 9 197 9 1 03 196 2 0 15 195 9 0 02

"u} Qo <=RH= VwQ G}=Dv w |r}rLD Q=Wi xU}=kt "1 pmW

sy=HvB |xQ=tW �h} QW 43
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"""Q=
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N|
=QPo

|xr
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|O
Oa

pL"s}vm|t |UQQ@ xQ=@ wO Q} R p=}U w nvU X=wN x@ xHwD =@ =Q |r@k p=Ft %2 p=Ft
B = �2 2� 10�4P + 1 544; � = 5� 10�4P + 0 4;
K = exp(� 02x) (19)

|xrY=i QO |y=J CU= xOW ZQi u}vJty "CU= OwHwt 1 p=Ft QO =yxO=O Q}=U
"CU= O}rwD p=L QO 0 3 cm3=s |@O =@ AJ CtU |x@r R= |QDt|Dv=U 40
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1. green element method (GEM)
2. boundary element method
3. �nite element method
4. singular integral
5. Q-based
6. free space green function
7. element equations
8. nodal point
9. di�usivity constant
10. core
11. picard
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