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a = �gain� ��Vt

	
s (35)

CUO x@ |r=wDt |=yp}rLD j} Q] R= u; ?U=vt u=R}t w CU= C@=F gain Q=Okt
"O};|t

xOt; CUOx@ G}=Dv "4
O=R; V=aDQ= "1"4

xm CU= 20cm� 20cm O=a@=x@ VwoQ=yJ jQw l} '|UQQ@ OQwt |x}rw= jQw
Ct=N[x@ l} QDmr=wR}B |xO=t x}q l} w 4mm Ct=N[x@ FGM |xO=t R=

%u; QO xm
Bi
" = Li"NU

Bi
E = LiENV

Bi
� = Li�NU (24)

u}vJ u=tr= Qy |=Q@ sDU}U Q@ sm =L |xrO=at '24 w 23 |=yx]@=Q R= xO=iDU= =@
%Ow@ Oy=wN

Me ��
e + Ke �
e = Fe (25)

%R= CU= CQ=@a xOQDUo Cr=L QO 25 |x]@=Q"
Me

UU 0
0 0

#( ��Ue
��Ve

)
+

(
Ke
UU Ke

UV

Ke
V U Ke

V V

#(
�Ue

�Ve

)
=(

FeU
0
)

(26)

%u; QO xm

Me
UU =

Z 1

�1

Z 1

�1
(B0T

� �0B0
� + B0T

� �1B1
� + B0T

� �3B3
�

+B1T
� �1B0

� + B1T
� �2B1

� + B1T
� �4B3

� + B3T
� �3B0

�

+B3T
� �4B1

� + B3T
� �6B3

�)Jd�d�

Ke
UU =

Z 1

�1

Z 1

�1
(B0T

" c0B0
" + B0T

" c1B1
" + B0T

" c2B2
"

+B0T
" c3B3

" + B1T
" c1B0

" + B1T
" c2B1

" + B1T
" c3B2

"

+B1T
" c4B3

" + B2T
" c2B0

" + B2T
" c3B1

" + B2T
" c4B2

"

+B2T
" c5B3

" + B3T
" c3B0

" + B3T
" c4B1

" + B3T
" c5B2

"

+B3T
" c6B3

")Jd�d�

Ke
UV = �

Z 1

�1

Z 1

�1
B0T
" eT0 B0

E + B0T
" eT1 B1

E

+B1T
" eT1 B0

E + B1T
" eT2 B1

E + B2T
" eT2 B0

E

+B2T
" eT3 B1

E + B3T
" eT3 B0

E + B3T
" eT4 B1

E)Jd�d�

Ke
V U = KeT

UV

Ke
V V = �

Z 1

�1

Z 1

�1
(B0T

E b0B0
E + B0T

E b1B1
E + B1T

E b1B0
E

+B1T
E b2B1

E)Jd�d�

FeU =
Z h2

�h2

Z 1

�1
(B0

� + zB1
� + z3B3

�)
TTrJd�dz (27)

w |DNU 'sQH |=yT} QD=t ?}mQD R= xR=U |rm |wQ}v w |DNU 'sQH |=yT} QD=t
"Ov};|t CUOx@ =yu=tr= |wQ}v

Mt ��
t + Kt �
t = Ft (28)
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|}=v
}t= u

=t}=
wC

=}aQ
WO

tLt G}=Dv 'u=tr= ?U=vt O=OaD w ẁv ?=NDv= w Q=DWwv u}= QO xOWx�=Q= \@=wQ G}=Dv O}}-=D
=@ l} QDmr=wR}B |=y x}q uwO@ FGM jQw pw= |a}@] Tv=mQi GvB |=Q@ xrY=L
G}=Dv =@ w xOt; CUOx@ =yu=tr= R= |vwo =vwo O=OaD w x@DQt |=Q@ 'Q=OQ}o |x@r Q=yJ
QO jQw |=Q@ |Ov@u=tr= xvwo GvB 'xv}tR u}= QO "OvOW xU}=kt ANSYS Q=Ri=sQv

%OW xDiQo Q_v
&|Sv=Qo q pw= x@DQt u=tr= 36 "1

&|Sv=Qo q pw= x@DQt u=tr= 100 "2
&|Sv=Qo q pw= x@DQt u=tr= 400 "3
&|Sv=Qo q swO x@DQt u=tr= 16 "4
"|Sv=Qo q swO x@DQt u=tr= 36 "5

Q=Ri=sQv G}=Dv =@ 'xOW O=} *|Ov@u=tr= ẁv GvB R= xOt; CUOx@ G}=Dv 3 pwOH QO
"Ov=xOW xU}=kt 'xOt; CUOx@ swO x@DQt u=tr= 36 |x}=B Q@ xm ANSYS

u=tr= 36 |Q}oQ=mx@ <=R=x@ |vwvm G}=Dv CkO u} QDq=@ 'OwW|t x_Lqt xmu=vJ
G}=Dv =@ j@=]D u} QDW}@ 'Cr=L u}= QO "CU= xOt; CUO x@ |Sv=Qo q swO x@DQt
Q=DWwv C=@U=Lt Qo}O |=Q@ p}rO u}tyx@ "CU= xOW pY=L ANSYS Q=Ri= sQv
u} QDj}kO u=}t xOt;O}OB hqDN= "OW xO=iDU= 'xOWO=} O=OaD =@ u=tr= ẁv u}= R= R}v
Q=Ri=sQv QO "CU}v xt=vQ@ |=]N R= |W=v ANSYS Q=Ri= sQv G}=Dv w |vwvm G}=Dv
xOW xO=iDU= |}=Hx@=H u=O}t C=Q}}eD ?} QkD |=Q@ l}Uqm |x} Q_v R= ANSYS

x@DQt� q=@ x@DQt |x} Q_v R= xOW xDWwv |OOa pL |xt=vQ@ QO xm u; p=L 'CU=
hqDN= xv}W}@ "CU= xOW xO=iDU= |}=Hx@=H u=O}t C=Q}}eD h}YwD |=Q@ �swU
"CU= xOw@ OYQO10 xOWO=} p}rLD |=Q@ '3 pwOH G}=Dv T=U=Q@ 'x} Q_v u}= G}=Dv
|=yOwt pmW w |a}@] Tv=mQi Q}O=kt uDi=} 'xOW s=Hv= O=R; V=aDQ= |=yp}rLD

"OvwW|t pt=W =Q |W=aDQ=
n = 1 <=R=x@ 'hrDNt |RQt \}=QW |=Q@ RDQy ?ULQ@ |a}@] Tv=mQi Q}O=kt
FGM jQw Qou=}@ '?}DQDx@ S w A' FP 'F |=yO=tv "Ov=xOW x�=Q= 4 pwOH QO
"OvDUy QoTL w lQLt 'l} QDmr=wR}B |x}q |=Q=O jQw 'l} QDmr=wR}B |x}q uwO@
x=Dwm p=YD= l} QDmr=wR}B |x}q '3 pwOH QO lQLt l} QDmr=wR}B |x}q R= Qw_vt
l} QDmr=wR}B |x}q |=Q=O jQw |a}@] |=yTv=mQi uDi=} '|rm Cr=L QO "CU= xOW

"CU= Q}PBu=mt= � xS} w Q}O=kt xr�Ut pL xv w � |v=tR p}rLD j} Q] R= lQLt

?UL Q@ 'FGM jQw pw= |a}@] Tv=mQi GvB |=Q@ xOt; CUOx@ G}=Dv "3 pwOH
G}=Dv =@ =yu; |xU}=kt w '=yu=tr= |=Q@ Cw=iDt |x@DQt w O=OaD ?=NDv= =@ 'RDQy

"ANSYS Q=Ri=sQv
ANSYS VwoQ=yJ u=tr= pw= x@DQt VwoQ=yJ u=tr= xQ=tWu=tr= 36� swO x@DQt Owt�swO x@DQt 36 16 400 100 36

1306 1375 1457 1573 2126 3098 1
2672 2941 3319 3182 4133 5982 2
2745 2942 3399 3573 5410 8772 3
3850 4342 4971 4830 6605 9957 4
5280 5749 10900 6872 11123 18876 5

\}=QW "Ov=xOW |Ov@xDUO |RQt \}=QW T=U=Q@ G}=Dv "CU= xOW p}mWD 0 2mm
Q=OQ}o QUl} '(CCCC)Q=OQ}o QUQ=yJ %pt=W xr�Ut pL |=Q@ xOW?=NDv= |RQt
wO w pYit QU wO '(CCSS)pYit QU wO w Q=OQ}oQU wO '(CFFF)O=R; QUxU w
?NDvt |RQt \}=QW 'u}= Q@=v@ "CU= (SSSS)pYit QUQ=yJ w(SSFF) O=R; QU

%Cr=L xU R= CU= |@}mQD
&OwW|t xO=O V}=tv C O=tv =@ xm Q=OQ}o |x@r "1

&OwW|t xO=O V}=tv S O=tv =@ xm |rYit x=o x}mD |wQ |x@r "2
"OwW|t xO=O V}=tv F O=tv =@ xm O=R; |x@r "3

|O=R; xHQO GvB Qy Q_v OQwt |x@r QO |RQt \QW p=ta= |=Q@ pw= Cr=L QO
\QW p=ta= |=Q@ swO Cr=L QO "OvwW|t ZQi QiY Q@=Q@ u0; v0; w0;  x;  y
Qo = u}vJty &OvwW|t ZQi QiY Q@=Q@ u0; v0; w0 Q_v OQwt |x@r QO |RQt
Qo = w OQ}o|t Q=Qk QiY Q@=Q@  y w O=R;  x OW=@ X QwLt |R=wt Q_v OQwt |x@r
"OwW|t xO=O Q=Qk QiY =@ Q@=Q@  x w O=R;  y OW=@ Y QwLt |R=wt Q_v OQwt |x@r
u0; v0; w0;  x;  y |O=R; xHQO GvB Qy Q_v OQwt |x@r QO 'swU Cr=L QO

"OvO=R;
|=y|oS} w xm CU= =v}twr; � s}v}twr; ẁv R= xO=iDU= OQwt FGM |xO=t
R= R}v xO=iDU= OQwt l} QDmr=wR}B |xO=t &Ov=xOW xO=O 1 pwOH QO u; |m}v=mt
|=Q@ "Ov=xOW xOQw; 2 pwOH QO u; |m}v=mt |=y|oS} w xm CU= PZT-5A ẁv

"FGM |xO=t |m}v=mt |=y|oS} w "1 pwOH
FGM |xO=t |m}v=mt |oS}w Q=Okt

Et 380(GPa)

Eb 70(GPa)

�t 3900(Kgm3 )

�b 2700(Kgm3 )

� 0 3

"l} QDmr=wR}B |xO=t |m}v=mt |=y|oS} w "2 pwOH
C}tm Q=Okt
c11 86 856(GPa)

c12 50 788(GPa)

c21 50 788(GPa)

c22 99 201(GPa)

c33 22 6(GPa)

c44 21 1(GPa)

c55 21 1(GPa)

e11 15 115( Cm2 )

e12 �7 209( Cm2 )

e25 12 322( Cm2 )

e34 12 322( Cm2 )

b11 15(nFm )

b22 15 3(nFm )

b33 15 3(nFm )

� 7750(Kgm3 )
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"""Q@
l}

QDmr
=wR}B

|=y
x}q

|Q}
oQ=mx

@QF=
|U

QQ@u} QDq=@ |=Q=O jQw CU= n = 0=5 xm |Dr=L QO OwW|t x_Lqt xm u=vJ
u} QDW}@ |=Q=O n = 2 =@ Q_=vDt *Cr=L 'u; R= TB "CU= |a}@] Tv=mQi Q}O=kt
Tv=mQi Q=Okt u} QDsm =@ Q_=vDt *Cr=L 'C}=yv QO w CU= |a}@] Tv=mQi Q}O=kt

"OQ=O =Q |a}@]

sDU}U |Q=@H= C=W=aDQ= "2"4
%OQ}o|t Q=Qk |UQQ@ OQwt |v=tR |OwQw ẁv wO <=R=x@ sDU}U MU=B 'VN@ u}= QO

%|}xrB |OwQw �hr=
F (t) = 1000[N ]; t > 0 (36)

%RDQy 100 l} QLD Tv=mQi =@ l}vwtQ=y |OwQw �?
F (t) = 1000:sin(100t)[N ]; t > 0 (37)

xOW xOQw; xOWO=} |=yjQw *O=R; V=aDQ= pw= Owt GvB '6 =D 2 |=ypmW QO
w 'OvDUy |W=aDQ= Owt pmW Q@ QF-wt pt=wa R= |RQt \}=QW w jQw O=a@= C@Uv "CU=
l} QDmr=wR}B |x}q u}=Q@=v@ "OQ=Ov |Q}F-=D |W=aDQ= |=yOwt pmW QO jQw |xO=t ẁv

"OQ=Ov |W=aDQ= |=yOwt pmW Q@ |Q}F-=D
|x}q uwO@ C} RwBt=m jQw |=Q@ 'pw= |a}@] Tv=mQi GvB Q=Okt |xU}=kt
p=YD=l} QDmr=wR}B |x}q =@ w �R=@ Q=Ot� QoTLl} QDmr=wR}B |x}q =@ 'l} QDmr=wR}B
\}=QW =@ Q_=vDt ?}DQDx@ |a}@] |=yTv=mQi Q=Okt xm OyO|t u=Wv 'xOW x=Dwm
pYit QU wO 'pYit QU Q=yJ 'pYit QU wO w Q=OQ}o QU wO 'Q=OQ}o QU Q=yJ |RQt

"Ov@=}|t Vy=m O=R; QU xU w Q=OQ}o QU l} C}=yv QO w O=R; QU wO w
Tv=mQiVy=m Q@ �jQwCt=N[ Q=Okt uDW=O xovC@=F =@� jQw O=a@=V}=Ri= QF=
u=wD QF= u}vJty "CU= xOW |UQQ@ 5 pwOH QO 'Q=OQ}o x@r Q=yJ jQw pw= |a}@]
u=wD OvJ |=Q@ 'pw= |a}@] Tv=mQi Q@ �12 |x]@=Q� O=wt Q=DiQ Q@ sm =L |xrO=at

"CU= xOW |UQQ@ 6 pwOH QO hrDNt

"�CCCC� Cr=L |W=aDQ= |=yOwt pmW "2 pmW

"�CFFF� Cr=L |W=aDQ= |=yOwt pmW "3 pmW
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|}=v
}t= u

=t}=
wC

=}aQ
WO

tLt

"�CCSS� Cr=L |W=aDQ= |=yOwt pmW "4 pmW

"�SSFF� Cr=L |W=aDQ= |=yOwt pmW "5 pmW

"�SSSS� Cr=L |W=aDQ= |=yOwt pmW "6 pmW
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"""Q@
l}

QDmr
=wR}B

|=y
x}q

|Q}
oQ=mx

@QF=
|U

QQ@|m} QDmr= u=O}t O=H}= 'Qo}O |wU R= "OQw; O}OB C=W=aDQ= |xvt=O QO |}x_Lqt
xOy=Wt xm u=vJ "Ot=Hv}@ C=W=aDQ= |xvt=O V}=Ri= x@ CU= umtt '?wr]t=v
|m} QDmr= lwW 'CU= xOW xDiQo xO}O=v jQw |}xR=U |}=Q}t xm =Hv; R= OwW|t
|=QPo C=W=aDQ= '|m} QDmr= u=} QH |Q=QkQ@ QF= QO l} QDmr=wR}B |x}q Q@ xOQ=w x}rw=
Qw]u=ty "CU= Q=wU jQw |=Q}t=v |=QPo C=W=aDQ= Q@ xm xOQm O=H}= u; QO |}=Q}t=v
Tv=mQi =@ Q@=Q@ ,=@} QkD |Uv=mQi =@ jQw |rm V=aDQ= 'OwW|t xOy=Wt 7 pmW QO xm
|Oa@ |=yOwt ?}mQD QF= 'u}vJty "OQ}PB |t s=Hv= 3 pwOH R=CCCC Cr=L pw=

"CU= Q=mW; MU=B QO R}v
l}vwtQ=y |OwQw "2"2"4

l}vwtQ=y RmQtDt |wQ}v =@ w |m} QDmr= l} QLD uwO@ FGM jQw MU=B 8 pmW QO
l} QDmr=wR}B l} QLD wO <=R=x@ u; MU=B x=Qtyx@ 'RDQy 100 l} QLD Tv=mQi =@

"|a}@] |=yTv=mQi Vy=m Q@ jQw O=a@= V}=Ri= QF= "5 pwOH
Cm*Cm jQw O=a@= F FP�S� FP �A�

20 � 20 1375 1331 1328
40 � 40 347 336 335
60 � 60 154 150 149

"jQw |a}@] |=yTv=mQi Q@ 'FGMO=wt Q=DiQ Q@ sm =L |xrO=at u=wD QF= "6 pwOH
n F FP�S� FP�A�
1 1375 1331 1328

0 5 1521 1475 1472
2 1252 1210 1208

"|}xrB |OwQw <=R= x@ jQw MU=B "7 pmW

"|}xrB |OwQw |=R= QO jQw MU=B "8 pmW

"hrDNt |RQt \}=QW =@ Q_=vDt |a}@] Tv=mQi Q}O=kt "4 pwOH
Owt xQ=tW F FP�S� FP�A�

�CCCC� Cr=L
1 1375 1331 1328
2 2941 2845 2839
3 2942 2848 2844
4 4342 4201 4193
5 5749 5558 5548

�CFFF� Cr=L
1 127 124 123
2 313 302 300
3 799 773 769
4 1006 973 971
5 1156 1117 1112

�CCSS� Cr=L
1 1105 1067 1064
2 2081 2011 2008
3 2786 2695 2686
4 3711 3586 3577
5 4040 3899 3896

�SSFF� Cr=L
1 380 361 359
2 606 582 578
3 1356 1309 1304
4 1477 1430 1424
5 1771 1708 1701

�SSSS� Cr=L
1 767 731 729
2 1871 1803 1798
3 1872 1804 1802
4 2984 2875 2868
5 3885 3753 3744

Q=@ |xvt=O "CU= CCCC =} Q=OQ}o x@r Q=yJ Cr=L u}= QO jQw |RQt \}=QW
*K]U Q@ Owta |=DU=Q QO w jQw |v=}t |x]kv Q@ Q=@ u}= w CU= uDw}vwr}m 1 pO=at

"OwW|t p=ta= u;
|}xrB |OwQw "1"2"4

=@ "OQ}o|t Q=Qk p}rLD w |UQQ@ OQwt |}xrB |OwQw R= pY=L G}=Dv CtUk u}= QO
'uwo =vwo |=yS=Drw p=ta= u}vJty w l} QDmr=wR}B |x}q OwHw 'xDWPo G}=Dv x@ xHwD
QF= u}= 'QDnQR@ *|r=ta= |=yS=Drw QO "OQ=O jQw |a}@] Tv=mQi Q}O=kt Q@ |mOv= Q}F-=D
jQw C=W=aDQ= |xvt=O Q@ l} QDmr=wR}B |x}qlD QF= '7 pmW QO "CU= QDOwyWt
?U=vt S=Drw p=ta= 'CU=O}B 7 pmW R= xm u=vJ "CU= xOW xO=O u=Wv FGM

p@=k Vy=m w OyO V}=Ri= =Q jQw |DNU CU= umtt l} QDmr=wR}B |x}qlD x@
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tLt =@ Tr=B l} 'jQw x@ xOQ=w Q=@ "CU= xOW xDiQo Q_v QO �50 'lQLt |x}q x@
p=ai pQDvm QF= "CU= xOW xDiQo Q_v QO jQw |v=}t |x]kv QO w uDw}vwr}m 1 COW
'OwW|t x_Lqt xm u=vJ "CU= xOW xO=O u=Wv 9 pmW QO jQw C=W=aDQ= Q@
|=y x}q |Q}oQ=mx@ j} Q] R= jQw C=W=aDQ= '|}xR=U |}=Q}t uDiQoxO}O=v OwHw =@

"CU= xOW =Q}t l} QDmr=wR}B

|Q}oxH}Dv "5
|}=Hx@=H u=O}t |=Q@ swU x@DQt |WQ@ pmW Q}}eD |x} Q_v R= '|vwvm Q=DWwv QO
xDiQo xQy@ xQo x]kv 9 =@ wO x@DQt |=yu=tr= R= jQw |Ov@ u=tr= |=Q@ w xOW xO=iDU=
Q=DWwv u}= QO "OvQ=OQwNQ@ |}q=@ CkO R= xOt; CUOx@ G}=Dv u}=Q@=v@ "CU= xOW
l} QDmr=wR}B O=wt R= x}q wO =} l} \UwD xm FGM O=wt TvH R= |a@ Qt jQw
xm OW pY=L xH}Dv u}= C}=yv QO w CiQo Q=Qk p}rLD OQwt 'Ow@ xOW xOv=WwB
O=wt \qDN= u=wD "OQ=O jQw |a}@] Tv=mQi Q}O=kt Q@ |mOv= Q}F-=D l} QDmr=wR}B |x}q
|=yTv=mQi Q@ QF-wt pt=wa xrtHR= 'Ct=N[ x@ |}xLiYuwQO O=a@= C@Uv w �n�
|xvt=O Ov=wD |t lQLt l} QDmr=wR}B |=y x}q QO C@=F S=Drw R= xO=iDU= "Ov=|a}@]
x@ MU=B QO =Q |D=W=WDe= w OR=U|tv =Q}t =Q C=W=aDQ= |rw OyO Vy=m =Q C=W=aDQ=
w QoTL l} QDmr=wR}B |x}q l} R= u=tRsy |xO=iDU= =@ \ki "CW=O Oy=wN x=Qty
CN=OQB C=W=aDQ= p=ai pQDvm x@ u=wD |t lQLt l} QDmr=wR}B |x}q l} smCUO

"CN=U =Q}t =Q xOt;O}OB C=W=aDQ= w

"FGM jQw C=W=aDQ= pQDvm "9 pmW

V=aDQ= xm u; OwHw =@ 'OwW|t xOy=Wt xm u=vJ "CU= xOW xO=O u=Wv hrDNt
'OQ}o|t s=Hv= |m}v=mt l} QLD Tv=mQi =@ '|m} QDmr= l} QLD uwO@ jQw *|rm
OvQ=wU jQw |rY= u=Uwv Q@ R}v jQw pw= |a}@] Tv=mQi =@ =Q}t=v |=QPo C=v=Uwv
'C@Ft |m} QDmr= S=Drw "CU}v xO=U l}vwtQ=y sQi x@ jQw MU=B 'p}rO u}tyx@ w
|D=v=Uwv ?Hwt '|ivt |m} QDmr= S=Drw w C@Ft h=QLv= =@ ,=twta |D=W=WDe= Ea=@

"Ov=xOW |rY= p=vo}U x@ C@Uv |ivt ,=twta h=QLv= =@
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1. Functionally graded material
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