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|@}mQD OwOLt <=RH= VwQ R= xO=iDU= =@ pNrNDt \}Lt QO |R=iwO u=} QH Q=DWwv u}= QO
CqO=at '|rm CaQU w Q=Wi h} QaD R= xO=iDU= =@ "CU= xOW pL w |R=UxO=}B O} Q@}y
u}= QO "CU= xOW p}O@D |OOa ^=Lr R= |QDxO=U sQi x@ pNrNDt \}Lt QO u=} QH

CaQU |rw OvQ=O |tm |oDU@=w sy x@ C@Uv `=@W= |xHQO w Q=Wi |xrO=at 'CqO=at
x@ uO}UQ |=Q@ p}rO u}tyx@ "OwW|t Qy=_ ,=t}kDUt `=@W= |xHQO |xrO=at QO

CqO=at O} Q@}y VwQ "OwW x@U=Lt |@ wN CkO =@ CaQU O}=@ pw@k p@=k |=y?=wH
|Q}ojDWt R= |W=v |=y=]N R= w Ovm|t pL u=tRsy Qw]x@ w sy =@ =Q Q=Wi w CaQU
u=O}t ?}DQDu}O@ "Ovm|t ?=vDH= CaQU u=O}t x@ uO}UQ |=Q@ Q=Wi u=O}t R= |OOa
|O} Q@}y VwQ l} R= R}v `=@W= |xHQO |xrO=at "OvQ=O |v=Um} CkO Q=Wi w CaQU

QwmPt VwQ R= xO=iDU= =@ |Oa@ wO w |Oa@l} |=yu=O}t Q=DWwv u}= QO "OwW|t xDUUo
,=YwYN 'VwQ u}= R= xOt; CUO x@ |=y?=wH xm CU= xO=O u=Wv G}=Dv "CU= xOW pL

<=RH= w OwOLt hqDN= |=yVwQ xrtHR= Qo}O |=yVwQ x@ C@Uv 'CWQO |xm@W QO
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QO w xOw@ O=} R |OOa hqD= R}v =yVwQ u}= QO xJQo = 'Ov=xOW x�=Q= 2|DUOq=@ pQDvm
Q=Wi |xrO=at =OD@= =yVwQ u}= QO "OvDU}v |@ wN |=y?=wH |=Q=O |oDUw}B=v \=kv
OvQw;|t CUO x@ =Q CaQU u=O}t Q=Wi u=O}t R= uDiQojDWt =@ TBU w 'pL =Q
Q@=v@ "OwW|t |O=} R |OOa |=y=]N uOt; OwHw x@ Ea=@ OwN |OOa jDWt ��
Oy=wNv |rw@k p@=k CkO |=Q=O O};|t CUO x@ VwQ u}= R= xm |DaQU u=O}t u}=
<=RH= VwQ QO [1]"OW x�=Q= 3|@}mQD OwOLt <=RH= VwQ 'pmWt u}= `iQ |=Q@ "Ow@
R= xm |DaQU u=O}t w OwW|t pL u=tRsy Q=Wi w CaQU u=O}t |@}mQD OwOLt
"OQ=O |@U=vt CkO uoty=v w uoty |=y|Q}PBPwiv |=Q@ O};|t CUO x@ VwQ u}=
QO R=ilD u=} QH |=Q@ =Q OwOLt sHL w |@}mQD OwOLt <=RH= VwQ |mUirQwO
R= xm |v=} QH \w]N xm O}UQ xH}Dv u}= x@ w OQm xU}=kt sy =@ uoty=v \}Lt
OwOLt sHL VwQ R= QDj}kO Q=}U@ O};|t CUO x@ |@}mQD OwOLt <=RH= VwQ
ẁv R= |y=oDUO x@ |@}mQD OwOLt <=RH= VwQx@ CqO=at |R=UxDUUo =t= [2]"CU=
Q}PBu=mt= OQ=Ov=DU= |=yVwQ R= xO=iDU= =@ u; pL xm OwW|t QHvt 4|v} R p�=Ut
`@=wD u; QO xm OvOQm x�=Q= |WwQ Rw}y w OwaUt pmWt u}= uOQ@ u}@ R= |=Q@ [1]"CU}v
h}a[ CqO=at x=oDUO 'VwQ u}= [3]"CU= u=Um} CaQU w Q=Wi |rmW w |vRw
\UwD xm CU= O} Q@}y VwQ R= xO=iDU= Qo}O VwQ "Ovm|t p}O@D Q=O}=B x=oDUO x@ =Q
xm OwW|t xH}Dv Q=DiQVwN |y=oDUO VwQ u}= |xr}Uwx@ [1]"OW x�=Q= Cvw=W
xOt; CUO x@ G}=Dv "OQm pL OQ=Ov=DU= |=yVwQ R= xO=iDU= =@ |DL=Qx@ =Q u; u=wD|t

xrtHR= "OQ=O |O=} R C}ty= u}UOvyt |=Q@ pNrNDt \}Lt QO u=} QH CN=vW
|R=Ux}@W w |y=oW}=tR; |=yVwQ 'OwW|t O=yvW}B Q=m u}= |=Q@ xm |}=yVwQ
=yOQm} wQ |xOta 'OvDUy Q@xv} Ry |y=oW}=tR; |=yVwQ xm =Hv; R= "CU= |OOa
CqmWt pNrNDt \}Lt QO u=} QH |R=Ux}@W "CU= |OOa |=yVwQ R= xO=iDU=
xO=iDU= p=}U CmQL u=}@ |=Q@ |UQ=O |xrO=at R= \}Lt u}= QO "OQ=O |Y=N
CU= p=}U `=@W= |xHQO R= |a@=D |@Uv |Q}PBPwiv ?} Q[ xrO=at u}= QO "OwW|t
\}Lt QO CqO=at u}vJty "OwW|t CqO=at uOW |]NQ}e Ea=@ OwN u}= xm
QD|wk u; |}=Hx@=H |xrtH xm xOw@ |WNB � |}=Hx@=H CqO=at ẁv R= pNrNDt
CqO=at u}vJty &OwW|t CqO=at 1|OOa hqD= V}=Ri= Ea=@ Qt= u}= w CU=
QO Qo}O hQ] R= "CU= |oDUw}B=v =@ x=Qty =yu; ?=wH xm xOw@ |rwrPy pmWx@
C=Q}}eD Ea=@ Qt= u}= w CU= uoty=v |]}Lt pNrNDt \}Lt '|ak=w p�=Ut QDW}@
\}Lt xm |t=ovy 'l}Uqm OwOLt <=RH= ẁv R= |}=yVwQ "OwW|t |v=mt O}OW
'\}Lt QO |voty=v OwHw =@ =t= "Ovvm|t x�=Q= |@ wN ,=D@Uv |=y?=wH 'OW=@ uoty
=y|oDUw}B=v Ovv=wD|tv =yVwQ u}= '|Q}PBPwiv =} pNrND QO |voty=v p=Ft Qw]x@
Ov};|t CUO x@ =yVwQ u}= R= xm |}=y?=wH ?}DQDu}= x@ w xOQm pOt |@ wNx@ =Q
sHL pmWx@ |}=yVwQ 'pmWt u}= Q@ x@re |=Q@ "CW=O Ovy=wNv |@ wN CkO
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Ot|xS=w R= |Dkw "CU= |r=oJ � w x=J =} xtWJ q 'pNrND ?} Q[ ' u; QO xm
OwHw R=i wO u}@ |tQH p=kDv= I}y xm CU= u}= Qw_vt OwW|t xO=iDU= Q}PB=vG=RDt=
pNrNDt\}Lt QO R=i Qy |=Q@ 'sQH |=k@ uwv=k xm O=O u=Wv u=wD|t|oO=Ux@ "OQ=Ov

[6]%CU= u=}@ p@=k 2 |x]@=Q j@=]t
@('��S�)

@t
+r:(��~u�) = q� � = w; n; (2)

Qy `=@W= |xHQO S� 'xOvvmQD Q}e R=i Ctqa n 'xOvvmQD R=i Ctqa w u; QO xm
"CU= R=i u=ty CaQU u� w R=i

|UQ=O uwv=k
x�=Q= 1856 p=U QO =Q u; |xOvQw;OwHwx@ pt=a w u=} QH MQv u}@ |x]@=Q |UQ=O
uwv=k 'Vv=Qo C=QF= uDiQo Q_v QO =@ [7]"CU= QwyWt �|UQ=O uwv=k� x@ xm OQm

[8]%CU= u}vJ R=ilD p=}U |=Q@ �|Oa@xU =} 'wO 'l}� |rm Cr=L QO |UQ=O
~u = �k

�
(rP � �grD) (3)

g 'pNrNDt |xO=t |Q}PBPwiv k 'p=}U CHRr � 'Q=Wi C=Q}}eD rP u; QO xm
QO "CU= �C=YDNt sDU}U R= |y=wNrO `@=D� jta hQat D w Vv=Qo ?=DW
u=wD|t |LqY= lOv= =@ 'OW=@ xDW=O Qw[L \}Lt QO R=i l} R= V}@ xm |Dr=L

[6]%OQm xO=iDU= |UQ=O |xDi=}s}taD uwv=k R=

~u� = �kkr�
��

(rP� � ��grD) (4)

QO R=i u}= `=@W= xHQO R= |a@=D w xOw@ � R=i |=Q@ |@Uv |Q}PBPwiv kr� u; QO xm
"CU= S� Q_v OQwt |x]kv

u}= QO hOy "CU= Q=QkQ@ 4 w 3 |xrO=at pNrNDt \}Lt QO R=i Qy |=Q@
wO |=Q@ 2 |xr=at "CU= Q}PB=vsm =QD w G=RDt= p@=kQ}e |R=iwO u=} QH pL 'Q=DWwv

[6]%OwW|t |U} wvR=@ 5 |x]@=Q j@=]t n w w R=i
@('�nSn)

@t
+r:

��kkrn
�n

(rPn � �ngrD)
�

= qn (5)

@('�wSw)
@t

+r:
��kkrw

�w
(rPw � �wgrD)

�
= qw (6)

XNWt pt=m Qw]x@ pNrNDt\}Lt QO R=iwO u=} QHl} 6 w 5 |xrO=at wO pL =@
pL |=Q@ ?}DQDu}O@ "Sn; Sw; Pn; Pw %R= Ov=CQ=@a xr�Ut CqwyHt "OwW|t
u=wD|t =y`=@W= xHQO |=Q@ "OQw; CUO x@ |mtm |xrO=at wO O}=@ jwi CqO=at

%CWwv
Sw + Sn = 1 (7)

%OQm u=}@ 8 |x]@=Q j@] u=wD|t =Q Pc |ov}} wt Q=Wi |iQ] R=
Pn � Pw = Pc (8)

=@ "CU= xOW x�=Q= `=@W= xHQO ?ULQ@ |ov}} wt Q=Wi |=Q@ |]@=wQ |vi uwDt QO
x@ xHwD =@ ?}DQDu}O@ "OQm pt=m =Q CqO=at x=oDUO u=wD|t \@=wQ u}= R= xO=iDU=
x=oDUO x@ w OwW|t xDU@ �8 �� 5� CqO=at x=oDUO CQwY x@ '|mtm CqO=at

"OwW|t p}O@D pwyHt Q=yJ w xrO=atQ=yJ =@ |DqO=at

xU}=kt uoty=v ,qt=m |=yxUOvy |=Q@ l}Uqm OwOLt <=RH= VwQ =@ VwQ u}= R=
QDj}kO Q=}U@ xOt; CUO x@ O} Q@}y VwQ R= xm |v=} QH \w]N xm OW xO=O u=Wv w
\UwD Q=@u}rw= |@}mQD OwOLt <=RH= VwQ [4]"CU= l}Uqm OwOLt <=RH= VwQ R=
[5]"CiQo Q=Qk xar=]t OQwt pNrNDt \}Lt QO R=iwO u=} QH |=Q@ u=Q=mty w Cvw=W

[1]"OQm x�=Q= =Q 5O} Q@}y |@}mQD OwOLt <=RH= VwQ Cvw=W xm Ow@ u; R= TB
uwv=k Q@ CU= ptDWt pNrNDt \}Lt QO |R=iOvJ u=} QH Q@ sm =L CqO=at
Q=Wi |=Q@ R}v x]@=Q wO w '=yR=i R= l} Qy |=Q@ sQH |=k@ uwv=k 'xDi=}s}taD |UQ=O
=@ =yu; pL w Ov=xDU@=w Qo}Om} x@ ,=O}OW CqO=at u}= "|@Uv |Q}PBPwiv w |ov}�wt
|DqO=at x@ |Y=N Cq}O@D =@ =Q =yu; =Pr w 'CU= pmWt swUQt |OOa |=yVwQ
CU= QmP x@ sRq "Ovvm|t p}O@D QDpw@k p@=k |[=} Q sQi u}vJty w QDsm |oDU@=w =@
|=vat ,qai w xOw@ |v=}t w =QPo CqO=at O};|t OwHw x@ VwQ u}= x@ xm |DqO=at xm
xO=iDU= =@ CqO=at xwQo u}= R= |m} "CU= xOWv =O}B =yu; |=Q@ |m} R}i X=N
|xr}Uwx@ `=@W= xHQO |xrO=at 'sQi u}= QO "O};|t CUO x@ |rm Q=Wi h} QaD R=
xHQO |xrO=at QO ,=t}kDUt Q=Wi |rw 'Ovm|t =O}B \@ Q Q=Wi |xrO=at x@ CaQU
wCU= u=}=tv K} QY CQwYx@CaQU xrO=at u}= QO u}vJty "OwW|tv Qy=_ `=@W=
j}kO |x@U=Lt =Pr &CU= xDU@=w CaQU x@ ,=O}OW `=@W= xHQO |xrO=at ?}DQDu}O@
?}DQDu}O@ "CU= Q=OQwNQ@ |}=RUx@C}ty= R= xr�Ut ?=wH uDi=} QO CaQU u=O}t
|=k@ w 'pL u=tRsy CQwYx@ =Q Q=Wi w CaQU u=O}t xm Ow@ |WwQ p=@vOx@ O}=@
|=QPo |xrO=atl} `=@W= xHQO |xrO=at Qo}O hQ] R= "Ovm^iL =Q |rm w |a[wt
CkO "CU= ?r=e |}=Hx@=H xrtHR= p�=Ut ?re= QO xm CU= |WNB � |}=Hx@=H

"OQ=O |O=} R C}ty= |v=tR pL QO R}v xrO=at u}= pL
u=} QH CqO=at pL |=Q@ O} Q@}y |@}mQD OwOLt <=RH= VwQ R= Q=DWwv u}= QO
xHQO |=H x@ Q=Wi |xrO=at QO "CU= xOW xO=iDU= pNrNDt \}Lt QO R=i wO
CQwYx@ Q=Wi |xrO=at?}DQDu}O@ "OwW|t xO=iDU= p@k u=tR `=@W= xHQO R= `=@W=
Q}}eD QF=Q@ Q=Wi xm u}= p}rOx@ "OwW|t pL K} QY CQwYx@ `=@W= xHQO w |vt[
Q}PBx}HwD |vt[ CQwYx@ Q=Wi |xrO=at pL 'OQ=O |R}J=v C=Q}}eD `=@W= xHQO
uOQw; CUO x@ =@ TBU w OwW|t pL |UQ=O |xrO=at =OD@= ?}DQD u}=x@ "OwW|t
Q=Qk `=@W= xHQO |xrO=at QO K} QY CQwYx@ Q}O=kt u}= 'CaQU w Q=Wi Q=Okt

"OwW|t XNWt `=@W= xHQO w xDiQo

sm =L CqO=at
sm =QD p@=k Q}e w '|H=RDt= Q}e '�?; w Civ� |R=iwO CQwYx@ =Q p=}U j}kLD u}= QO
sQH |=k@ CqO=at pt=W pNrNDt\}Lt QO p=}UCmQL CqO=at "s}=xDiQo Q_v QO
u=ty =@ pNrNDt \}Lt QO pwY= u}= R= xO=iDU= xm =Hu; R= "OvDUy CmQLxR=Ov= w
|@ QHDxt}v \@=wQ R= ,qwtat pNrNDt \}Lt QO 'CU}v Q}PBu=mt= |twta pmW
O@=}|t u=} QH |tm CaQU =@ pNrNDt \}Lt QO p=}U uwJ ,qFt &OwW|t xO=iDU=
"OwW|t xO=iDU= |UQ=O |@ QHDxt}v |xrO=at R= CmQLxR=Ov= |=k@ |xrO=at |=Hx@

sQH |=k@ uwv=k
%R= CU= CQ=@a pNrNDt \}Lt QO sQH |=k@ |xrO=at

@
@t
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�
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�
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}Qm [8]%R= Ow@ Oy=wN CQ=@a `=@W= xHQO |xrO=at ?}DQDu}O@

'@Sw
@t

+ dfw
dS

~u:~rSw � d
dS

(�fwfn)
�
~K:~r~PCM

�
:~rSw�

~r:
�
�fwfn ~K:

�
PCM

dpc
dS
� ~r((�w � �n)gz)

��
=

(�fwfnpc)~r:( ~K:~r~PCM ) (19)

[8]%CWwv u=wD|t 'OW=@ u=mt R= pkDUt |ov}} wt Q=Wi Qo = p=L
~u = ��$K:(~rP � (�wfw + �nf)~rgz) (20)

%=Pr w
~r:(~uw + ~un) = 0 (21)

'@Sw
@t

+ dfw
dS

~u:~rSw � ~r:
�
�fwfn ~K:

�
dpc
dS

~rSw�
~r((�w � �n)gz

��
= 0 (22)

CU= xOt; CUO x@ |DqO=at x=oDUO jwi |[=} Q C=}rta ltm =@ ?}DQDu}O@
l} CqwyHt |r@k x=oDUO QO "OvQ=O sy x@ |QDh}a[ |oDU@=w u; CqO=at xm
xHQO w �20 |xrO=at�|rm Q=Wi CqO=at xm|r=L QO OW|t Qy=_ |Qo}O QO xrO=at
|rm Q=Wi |xrO=at "Ov=xDU@=w sy x@ ?}=Q[ j} Q] R= \ki �22 |xrO=at� `=@W=
|}=Hx@=H ẁv R= |}xrO=at `=@W= xHQO |xrO=at w CU= |[}@ CqO=at xDUO R=
,qt=m =} |WNB ,qt=m |Q=DiQ Ov=wD|t |ov}} wt Q=Wi x@ xDU@ w CU= |WNB �
p@=k |ov}} wt Q=Wi O@=}|t Vy=m `=@W= xHQO xm |t=ovy "OW=@ xDW=O |}=Hx@=H
|}=Hx@=H |xrO=at l} x@ `=@W= xHQO |xrO=at p}O@D x@ QHvt xm CU= Z=te=
?} Q[ |=Q@ |}x]@=Q u}vJty w |ov}} wt Q=Wi |=Q@ |}x]@=Q uOQ@ Q=mx@ =@ "OwW|t
'|rm Q=Wi CqwyHt ?ULQ@ =Q jwi CqO=at x=oDUO u=wD|t |@Uv |Q}PBPwiv

"OQm pL xOvvm QD R=i `=@W= xHQO w '|rm CaQU

CqO=at |R=UxDUUo
RH w Ov=xO}J}B Q=}U@ pNrNDt \}Lt QO u=} QH Q=DiQ Q@ sm =L |[=} Q CqO=at
|=Q@ p}rO u}tyx@ "OvDU}v pL p@=k |r}rLD CQwYx@ X=N Q=}U@ |=yCr=L QO
|OOa |=yVwQ xrtH R= "CU= xOW xO=iDU= |OOa |=yVwQ R= CqO=at u}= pL

"CU= |@}mQD OwOLt <=RH= VwQ OwW|t xO=iDU= CqO=at u}= pL |=Q@ xm
OwOLt <=RH= VwQx@ pNrNDt \}Lt CqO=at |R=UxDUUo VN@ u}= QO
|R=UxDUUo QO "CU= xOW xOQw; p}YiDx@ O} Q@}y |@}mQD OwOLt <=RH= w |@}mQD
|=[i |iQat x@ =OD@= =Pr [1]"OwW|t xO=iDU= CQ=} w=Q � T=twD |=[i R= CqO=at
OwOLt <=RH= |xr}Uwx@ |UQ=O |xrO=at 'xt=O= QO w xDN=OQB CQ=} w=Q � T=twD

"OwW|t QmP sQH |=k@ |xrO=at uOQmxDUUo |xwLv w xOWxDUUo |@}mQD

u=tr= l} QO CQ=} w=Q � T=twD |=[i
|=Q@ "�1 pmW� CU= xOW xDiQo Q_v QO |r}]DUt u=tr= l} |oO=U |=Q@ =OD@=
|Q=OQ@ u=O}t Q=yJ u}vJty w Ai `r[ Q=yJ w vk Owta Q=OQ@ 'u=tr= u}=

=@ xm CU= pt=m |y=oDUO CqO=at x=oDUO u}= OwW|t xOy=Wt xm u=vJ
|ov}} wt Q=Wi `@=wD 'CHRr ?} Q[ 'R=iwO |=yxtWJ Q}O=kt w pNrND Q=Okt uDW=O
uRNt nvU |Q}PBPwiv ?} Q[ Q=Okt R}v w 'R=i wO |@Uv |Q}PBPwiv ?} Q[ w
x=oDUO u}= CqO=at xm OwW|t XNWt CkO |tm =@ "CU= pL p@=k pt=m Qw]x@
'OwW|t x=oDUO u}= pL uOWCNU Ea=@ Qt= u}ty w Ov=xDU@=w sy x@ COWx@
pmWt swUQt |OOa |=yVwQ R= xO=iDU= =@ =yv; pL CU= umtt xm |Qw]x@
pmWx@ =Q CqO=at w OQ@ u}@ R= =Q |oDU@=w u}= O}=@ x=oDUO u}= pL |=Q@ "OW=@
CaQU w 6|rm Q=Wi h} QaD R= Q=m u}= |=Q@ "CWwv |[=} Q ^=Lr R= |QDpw@k p@=k

[7]"CU= xOW xO=iDU= 7|rm
h} QaD u}vJ =Q |ov}} wt Q=Wi 'pw@k p@=k sQi x@ CqO=at u}= p}O@D R= p@k

[2]%Ov=xOQm
Pc = PCM (x)pc(S) (9)

X=N |x]kv l} QO |ov}} wt Q=Wi Q=Okt u} QDW}@ PCM (x) � 0 ?} Q[
11 w 10 \@=wQ ?r=k QO u; |=y|oS} w xm CU= Oa@ uwO@ |a@=D pc(S) w 'CU=

[8]%CU= xOt;
0 � pc(S) � 1 (10)

pc(Sc) = 0 (11)

CqO=at x@ uO}UQ |=Q@ "CU= QiY u; QO pc Q=Okt xm CU= |a=@W= xHQO Sc
R=iwO uDiQo Q_v QO =@ "Ovvm|t `tH sy =@ =Q 6 w 5 |xrO=at wO =OD@= 'pw@k p@=k

%O};|t CUO x@ 12 |xrO=at 'sm =QD p@=k Q}e CQwYx@
~r:(~uw + ~un) = 0 (12)

%OwW|t h} QaD u}vJ R=i l} 8CmQL C}r@=k uwvm =
�i = kri

�i
i = n;w (13)

[8]%OvwW|t h} QaD 15 w 14 `@=wD |rmQ=Wi x@ uO}UQ |=Q@

 =
Z S

Sc

�
fw � 1

2
�
dPc
dS

ds (14)

1 =
Z S

Sc

dfw
dS

pcds (15)

`=@W=xHQO QO |ov}} wt Q=Wi w fn = �n
�w+�n

w fw = �w
�w+�n

\@=wQ u}= QO
[8]%OwW|t h} QaD 16 |x]@=Q j@=]t |rm Q=Wi ,=D}=yv "CU= QiY Q@=Q@ Sc

P = 1
2 (Pw + Pn) + PCM (16)

OwW|t xH}Dv |Q@H C=}rta s=Hv= =@ w 16 |xrO=at u}iQ] R= uDiQo u=}O=Qo =@
[8]%xm

~u = ~un + ~uw = ��$K:(~rP + 1~rPCM � 2~rgz) (17)

%OwW|t h} QaD u}vJ R}v 2 w CU= |rm CaQU ~u u; QO xm
2 = �wfw + �nfn (18)
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"""xO
=iDU

==@
pN

rNDt
\}L

tQO
u=}Q

H|
R=Up

Ot%xm CW=O Q=_Dv= u=wD|t 1 C}Y=N R=Z
K

~r:~q =
4X
j=1

QK;j (24)

j@=]t =Q Ai (i = 1; 2; 3; 4) `r[ R= ~q |Qw@a Q=W u=wD|t 2 C}Y=N R= w
%OQw; CUO x@ 25 |x]@=QZ

K
~q:~vK = QK;j (25)

&OwW|t u}atQK;j u}}aD =@ w pt=m Qw]x@ ~q 2 ~XK |Q=OQ@ u=O}t Qy ?}DQDu}O@
*|Q=OQ@ ?Q[ R= "CU= Ai (i = 1; 2; 3; 4) `r[ R= ~q |Qw@a Q=W QK;j

%OwW|t pY=L 26 |x]@=Q jwi *|Q=OQ@ |=yu=O}t
Aij =

Z
k
~wj(x)~wi(x) (26)

%R= Ow@ Oy=wN CQ=@a K u=tr= |=Q@ AK T} QD=t ?}DQDu}O@

AK = [Aij ] = 1
6

2666664
2 �1 0 0
�1 2 0 0
0 0 2 �1
0 0 �1 2

3777775
%CU= u}vJ R}v u; Twmat w

A�1
K = 2

2666664
2 1 0 0
1 2 0 0
0 0 2 1
0 0 1 2

3777775

OwOLt <=RH= |xr}Uwx@ u; u=}O=Qo w `@=D l} ?} QkD
u}vJty 'Q} R CQwYx@ � `@=D l} w x=wNrO CQwYx@ =Q 
 pL |xvt=O =OD@=

%OwW|t xDiQo Q_v QO Q} R |=yO=tv
� : 
! R+

A <=RH= `q[= xawtHt � K �h<=RH= xawtHt �=h
M<=RH= |=yxWwo xawtHt ��h

C@=F |Q=Okt CQwYx@ u=tr= l} QO �Q=Wi Ovv=t� Qr=mU= `@=wD Q=DWwv u}= QO
QO `@=D u}= ?} QkD 'O} Q}o@ Q_v QO =Q a(x) Qr=mU= `@=D p=L "OvwW|t xOR ?} QkD
u}vJ =Q ~q CaQU `@=D w P Q=Wi `@=D K u=tr= Qy |=Q@ "CU= ak Q@=Q@ K u=tr=

%s}vR|t ?} QkD
K u=tr= Qy QO Q=Wi \UwDt ?} QkD �PK
Ai `r[ QO Q=Wi \UwDt ?} QkD �TPK:i

Ku=tr= QO CaQU ?} QkD �~qK
`r[ Qy R= u; |Qw@a Q=W xm|t=ovy '~qK Q=Okt xm OW swrat 'Qo}O |wU R=
xm |t=ovy 'u=tr= l} CaQU w Q=Wi u}=Q@=v@ "CU= swrat ,qt=m 'OW=@ swrat u=tr=

"u=tr= p=tQv Q=OQ@ w u; `q[= |Q=PoxQ=tW |xk} Q] w u=tr= l} pmW "1 pmW

"|Q=OQ@ u=O}t |xvwtv "2 pmW

[1]%OwW|t h} QaD u}vJ ~wi (i = 1; 2; 3; 4)

~w1(x) =

"
x1
h2

0
#

~w2(x) =

"
(x1�h)
h2

0
#

~w3(x) =

" 0
x2
h2

#
~w4(x) =

" 0
(x2�h)
h2

#
xOy=Wt xm u=vJ "CU= xOW xO=O u=Wv 2 pmW QOw1 |Q=OQ@ u=O}t xvwtv |=Q@
Q=Okt A2 `r[ |wQ Q@ 'CU= x1 QwLt |R=wt x]kv Qy QO u=O}t u}= OwW|t
"O@=}|t X=YDN= u; x@ � 1

h ; 0
� C@=F Q=Okt A1 `r[ |wQ Q@ w 'OQ}o|t QiY

p=kDv= w VNQJ =@ xm OvDUy w1 |Q=OQ@ u=O}t Ovv=t R}v Qo}O |Q=OQ@ |=yu=O}t
"OQw; CUO x@ =Q =yu; u=wD|t

|Q=OQ@ |=yu=O}t u}= xm OQm C@=F u=wD|t "Ov=|]N pkDUt Q=OQ@ Q=yJ u}=
%OvDUy Q} R X=wN |=Q=O �j = 1; 2; 3; 4 xm � j Qy |=Q@

&Rk ~r: ~wj(x) = 1 w CU= C@=F K u=tr= |wQ Q@ ~r: ~wj "1
Ai `r[ |wQ Q@ ~wj(x):~vk CWwv u=wD|t (i = 1; 2; 3; 4) i Qy |=Q@ "2

"RAi ~wj(x):~vk = �ij w CU= C@=F
|xR=Ov=x@ |Qw@a Q=W |=Q=O ~wj |Q=OQ@ u=O}t xmCU=vat u=O@ =yC}Y=N u}=
'CQ=} w=Q � T=twD |=[i xm OwW|t xO}O "CU= `q[= Qo}O R= QiY w Aj R= 1
u=tr= |wQ Q@ ~wi (i = 1; 2; 3; 4) |xr}Uwx@ xm CU= ~XK |Oa@ Q=yJ |=[i
?}mQD l} CQwYx@ u=wD|t =Q ~q 2 ~XK Q=OQ@ Qy ?}DQDu}O@ "CU= xOW O}rwD K

%CWwv =[i u}= |=yQ=OQ@ R= |]N

~q(x) =
4X
j=1

QK;j ~wj(x) (23)
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|O
=@;Rw

Q}i
Q=y@

w|
RQO

wos
}Qm

"xOW p=ta= |RQt \}=QW w pL u=O}t xvwtv "4 pmW

|=yRQt @K w 'u=tr= CL=Ut jKj 'Rk f(x)dx |@} QkD Q=Okt FK u; QO xm
%R= CU= CQ=@a T} QD=t sQi x@ 32 |oDUw}B |xrO=at "CU= u=tr=

DIVKQk = Fk (33)

�D RQt |wQ Q@ "CU= xOW xOQw; xvwtv u=wvax@ 4 pmW |RQt \}=QW p=ta= |=Q@
%CU= C@=F Q=W w |Q=Wi ẁv R= |RQt \}=QW �N w

TPK;A = Pe;A 8A � �D

QK;A = Qe;A 8A � � (34)

PK ; TPK;A; QA u;CqwyHt xms}vm|t =O}BCUOpt=m x=oDUOl} x@?}DQDu}O@
?ULQ@ =Q PK ; QA w xDiQo Q_v QO TPK;A =Q xr�Ut CqwyHt Qo = p=L "CU=

"s}UQ|t O} Q@}y |@}mQD OwOLt <=RH= ?} QkD x@ s} Qw; CUO x@ TPK;A

O} Q@}y |@}mQD OwOLt <=RH= uw}UqwtQi
xDiQo Q_v QO `r[ Qy |wQ Q@ TPK Q=Wi 'xr�Ut |rY= CqwyHt OW xDio xm u=vJ
x=oDUO TPk;A ?ULQ@ PK ; QA u}}aD w |[=} Q C=}rta R= Oa@ "CU= xOW

[1]%OwW|t pY=L 35 CqO=at�
MMH �NMH

�
TP = FMH �GMH (35)

u; QO xm

MMH
A;A0 =

X
A;A0�K

aKA�1
K;A;A0 8A;A0 2 �MH

h (36)

NMH
A;A0 =

X
A;A0�K

aKvK;A;A0 8A;A0 2 �MH
h (37)

FMH
A =

X
A�K

�K;A
�K

FK 8A;A0 2 �MH
h (38)

GMH
A =

8<:0 if A is interior

Qe;A if A � �N
(39)

%CU= u}at pt=m Qw]x@ 'OvW=@ xOW XNWt u=tr= QO Q} R CqwyHt8>>>><>>>>:
Pk 2 R
TRK;j 2 R i = 1; 2; 3; 4
QK;j 2 R i = 1; 2; 3; 4

(27)

u=tr= QO u=} QH pL xm Cio u=wD|t 'OvwW u}}aD u=tr= l} QO pwyHt 9 u}= Qo =
|x]@=Q \UwD w OvDU}v pkDUt sy R= CqwyHt u}= |iQ] R= "CU= xOW pt=m

%OvQ=O \@ Q sy x@ |UQ=O
~q = �arP (28)

CU= xOWv xDiQo Q_v QO u}tR Vv=Qo C=QF= 28 |x]@=Q QO OwW|t xO}O xm u=vJ
%CU= u}vJ 28 |xrO=at 9|D=Q}}eD sQi "CU= |Q}PBPwiv hQat a w

AKQk = aK
�
PKDIV TK � TPK

�
(29)

Qo}O |=yT} QD=t w 'OW h} QaD p@k |=yT} QD=t |xr}Uwx@ AK T} QD=t u; QO xm
%OwW|t h} QaD u}vJ R}v xrO=at

DIV TK =

2666664
1
1
1
1

3777775 Qk =

2666664
QK;1
QK;2
QK;3
QK;4

3777775 TPK =

2666664
TPK;1
TPK;2
TPK;3
TPK;4

3777775
Q}O=kt w Q_v OQwt u=tr= QO aK ; PK Q=Okt uDW=O =@ w 29 |xrO=at x@ xHwD =@
"CU= x@U=Lt p@=k ~qK u; `@Dx@ w QK;i Q}O=kt 'u=tr= u}= `q[= |wQ Q@ TPK
"O} Q}o@ Q_v QO xOW xOQw; 3 pmW QO xm xJv; j@=]t =Q K0 w K u=tr= wO p=L
%s} Q=O ~qh w TPh `@=wD |=Q@ =Pr w 'OvQ=O l =QDW= sy =@ `r[ l} QO u=tr= wO u}=
TPK:A = TPK0;A

QK;A +QK0;A = 0 (30)

OwOLt <=RH= VwQx@ |oDUw}B |xrO=at ?} QkD
Q_v QO =Q 31 |xrO=at =OD@= OwOLt <=RH= VwQx@ |oDUw}B |xrO=at ?} QkD |=Q@

%s}=xDiQo
r:~q = f(x) on K (31)

p=QoDv= K u=tr= |wQ Q@ w xOQm ?Q[ �v 2 ~X� uwtR; `@=D l} QO =Q u; TBU
%s}UQ|t Q} R |D=Q}}eD sQi x@ ?}DQDu}O@ "s} Q}o|tX

A=@K

QK;A = FK (32)

"pL u=O}t pN=O QO u=tr= wO "3 pmW
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"""xO
=iDU

==@
pN

rNDt
\}L

tQO
u=}Q

H|
R=Up

Otx@ 44 |xrO=at QO =yu; uO=O Q=Qk w 43 |xrO=at R= QSK;A Q}O=kt u}}aD =@ p=L
?ULQ@ 45 |xrO=at R= =Q S u}vJty "O}UQ s}y=wN S w TS ?ULQ@ |}xrO=at
x=oDUO x@?}DQDu}O@ "s}vm|t |Q=Po}=H|r@k |xrO=at QO w s} Qw;|tCUO x@ TS
|wQ QO `=@W= xHQO Q=Okt x=oDUO u}= pL =@ "O}UQ s}y=wN TS ?ULQ@ |DqO=at
xO}O "O};|t CUO x@ =yu=tr= RmQt QO `=@W= xHQO Q=Okt u; `@Dx@ w =yu=tr= Kw]U
CaQU Q}O=kt |v} Ro}=H =@ w xOW pL Q=Wi w CaQU CqO=at =OD@= xm OwW|t
O}=@ "O};|t CUO x@ |Oa@ u=tR QO `=@W= xHQO Q=Okt `=@W= xHQO |xrO=at QO
VwQ "CU= xDU@=w CaQU uOw@j}kO x@ xOt; CUO x@ |=y?=wH xm CW=O xHwD
&CU= |}q=@ CkO |=Q=O w Ovm|t pL u=tRsy =Q Q=Wi w CaQU CqO=at O} Q@}y
QO "Ow@ Ovy=wN |rw@k p@=k CkO |=Q=O xOt; CUO x@ |=y`=@W= xHQO wQ u}= R=
|=yVwQ R= VwQ u}= |=y?=wH OwW|t Ea=@ |oS} w u}= xm O}O s}y=wN xt=O=

"OW=@ QDj}kO ?D=Qtx@ OQ=Ov=DU= OwOLt <=RH=
10OD pOt R= |@Uv |Q}PBPwiv Q}O=kt uOQw;CUO x@ |=Q@ CqO=at u}= QO

[1]%CU= xOW xO=iDU=

krw(Sw) = S2
w ; krn(Sw) = (1� Sw)2 (50)

|xrO=at pL |xr}Uwx@ Q[=L VwQ x@ |WN@ Q=@Da=
11CQwr � |rm =@

O} Q@}y VwQ |};Q=m 'uoty |Q}PBPwiv =@ pNrNDt \}Lt l} QO u=} QH pL =@ =OD@=
uwO@ |Oa@l} `=@W= xHQO |xrO=at CQwr � |rm =@ |xrO=at "CU= xOW xO=O u=Wv
R= w OQm pL CkOx@ =Q xrO=at u}= u=wD|t "CU= |ov}} wt Q=Wi QF= uDiQo Q_v QO
|x�=Q= R= p@k "OQm xO=iDU= sy =@ =yVwQ |}; Q=m |xU}=kt |=Q@ |Q=}at u=wvax@ u;
53 =D 51 |=yxrO=at j@=]t `=@W= xHQO w u=tR 'u=mt Oa@|@ |=yC}tm 'G}=Dv

%OvwW|t h} QaD
xD = x

L
(51)

tD = ut
(1� Sor � Swr)'Lt (52)

S = Sw � Swr
1� Sor � Swr (53)

"OvDUy Civ w ?; |xOv=t `=@W= xHQO ?}DQDx@ Sor w Swr CqO=at u}= QO
%R= CU= CQ=@a CQwr � |rm =@ |xrO=at

@Sw
@t

+ u
'
@fw(Sw)

@x
= 0 (54)

|=Q@ "CU= xOW ZQi ��w� ?; CHRr Q@=Q@ 4 ��0� Civ CHRr VN@ u}= QO
VwQ =@ G}=Dv |xU}=kt Q@ xwqa 'O} Q@}y |@}mQD OwOLt <=RH= VwQ |};Q=m |UQQ@
Tmr w 12I} QOQi Tmr 'CUOq=@ OwOLt hqDN= |=yVwQ =@ =Q u; '|r}rLD
s}y=wN s}vm xDUUoCUOq=@ VwQx@ =Q 54 |xrO=at Qo = "s}=xOQm xU}=kt 13hwQOv=w

%CW=O

Sni = Sn�1
i + u�t

'�x

�
fn�1
i � fn�1

i�1
�

(55)

vK;A;A0 = �K;A�K;A
�K

(40)

�K;A =
X
A�@K

A�1
K;A;A0

�K =
X
A�@K

�K;A (41)

u=wD|t "CU= O} Q@}y |@}mQD OwOLt <=RH= hQat MH T} wvq=@ 'q=@ CqO=at QO�
MMH �NMH�T} QD=t w CU= ?=wH l} |=Q=O jwi x=oDUO xm OQm C@=F

OwHw |rY= Q]k |wQ QiY lwr@ T} QD=t u}= QO [9]"CU= u}at C@Ft w uQ=kDt
|=yVwQ R= u=wD|t w CU}v |v} R p�=Ut ẁv R= T} QD=t p}rO u}tyx@ 'OQ=Ov
CUO x@ `r[ Qy |wQ =yTPK x=oDUO u}= pL =@ "OQm Twmat =Q u; OQ=Ov=DU=

"OwW|t pY=L PK ; QA =yu; |wQ R= w Ov};|t

`=@W= xHQO |xrO=at |R=UxDUUo
%OwW|t h} QaD 42 |xrO=at j@=]t qs

qs = rS (42)

%R= CU= CQ=@a xrO=at u}= |D=Q}}eD sQi
AKQSK =

�
SKDIV TK � TSK

�
(43)

|xrO=at x@ xHwD =@ "Ov=|r@k |xOWh} QaD |=yT} QD=t Ovv=ty =yT} QD=t u; QO xm
u}= `q[= |wQ Q@ TSK Q}O=kt w Q_v OQwt u=tr= QO SK Q=Okt uDW=O =@ w 43
wO u}= 3 pmW x@ xHwD=@ "CU= x@U=Lt p@=k qs u; `@Dx@ w QSK;i Q}O=kt 'u=tr=

%s} Q=O qs w TSh `@=wD |=Q@ "Ov=lQDWt sy =@ `r[ l} QO u=tr=
TSK:A = TSK0;A

QSK;A +QSK0;A = 0 (44)

%CWwv u}vJ =Q `=@W= xHQO |xrO=at u=wD|t
�@S
@t

+ dfw
dS

~u:rS � ~r:
�
�fwfn

$
K:
�
dpC
dS

~rS
��

= 0 (45)

K u=tr= |wQ Q@ w xOQm ?Q[ ��k� uwtR; `@=D l} QO =Q 45 |xrO=at p=L
"OwW|t |Q}op=QoDv=8<:�k = 1 in K

�k = 0 else where
(46)

%xH}Dv QO
jKj'S

n
k � Sn�1

k
�t

+ �E
X

Qs+

df
dc

" � 1
3Q1 � 1

6Q2
�
Qs1 +

�� 1
6Q1 + 1

3Q2
�
Qs2+� 1

3Q3 � 1
6Q4

�
Qs3 +

�� 1
6Q3 + 1

3Q4
�
Qs4

#
= 0 (47)

47 |xrO=at QO &CU= 1 pmW h} Q=aD j@=]t 4 =D 1 |=yT}Ov= xrO=at u}= QO
%O};|t CUOx@ u}vJ �E R}v

�(Sw) = ��fwfn ~K dpc
dS

(48)

�E
1
4

4X
j=1

�(TSAj ) (49)
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|O
=@;Rw

Q}i
Q=y@

w|
RQO

wos
}Qm

"100 |xm@W O=OaD |=Q@ xrY=L G}=Dv "7 pmW

"150 xm@W O=OaD |=Q@ O} Q@}y VwQ R= xrY=L G}=Dv "8 pmW

xOW QDj}kO |oDUw}B=v |x]kv |@=}u=mt xm |Qw]x@ 'O@=}|t Ow@y@ Q=_Dv= j@=]t
|O=} R |=y=]N R= xrY=L |=y?=wH |oDUw}B=v |x]kv x@ l}ORv \=kv QO |rw
QO VwQ u}= xm OyO|t u=Wv O} Q@}y VwQ R= pY=L G}=Dv |xU}=kt "OvQ=OQwNQ@
x@ =y=]N xm@W O=OaD uOQmxi=[= =@ w CU= |wk Q=}U@ |oDUw}B=v |x]kv X}NWD
CU= xOW xO=O u=Wv 8 pmW QO xm Qw]u=ty "Ovm|t p}t QiY CtU x@ CaQU

"O}UQ s}y=wN j}kO ,=@} QkD pL x@ '150 |xm@W O=OaD =@

uoty \}Lt w |Oa@ wO |OOa p=Ft
xOw@ QwyWt �15x]kvGvB� x@ xm CU= |Oa@ wO |v=} QH u=O}t swO |OOa p=Ft
w CU= 300m � 300m u=O}t u}= O=a@= "CU= xOW xO=O u=Wv 9 pmW QO w
"CU= ' =  2 w K = 10�7m2 Q@=Q@ \}Lt u}= pNrND w |Q}PBPwiv ?} Q[
"CU= xOW xDiQo Q_v QO uoty CQwYx@ \}Lt u}= C=}YwYN xm OwW|t Qw;O=}
w 0=001 kg=(ms) Q@=Q@ ?; CHRr w 1000 kg=m3 Q@=Q@ Civ w ?; |r=oJ
|x]kv� j} QRD RQt QO |RQt \}=QW "CU= xOW xDiQo Q_v QO u; Q@=Q@ 4 Civ CHRr

%R= CU= CQ=@a �0'0

Pn = 2 105[Pa] ; qw = 0 12[kg=s] (58)

%R= CU= CQ=@a R}v �300'300 |x]kv� O}rwD RQt QO |RQt \}=QW
Sw = 0 0 ; qn = �0 12[kg=s] (59)

[10]%s} Q=O 'OwW xDUUo I} QOQi Tmr pw= x@DQt VwQ x@ Qo = w
Sn+1
i = 1

2
�
S2
i+1 + S2

i�1
�� u�t

2'�x

�
fn�1
i+1 � fn�1

i�1
�

(56)

[11]%CW=O s}y=wN OwW xDUUo hwQOv=w Tmr swO x@DQt VwQ x@ Qo = R}v w
Sn+1
i = Sni � u�t

2'�x
(fni+1 � fni�1) + u�t2

2'�x2h
ai+ 12

(fni+1 � fni )� ai� 12
(fni � fni�1)

i
(57)

pL |=Q@ =yVwQ u}= |Q}oQ=mx@ R= pY=L G}=Dv 'xt=O= QO "a = @f
@S u; QO xm

0 3 xOW Oa@|@ u=tR |=Q@ G}=Dv u}= "Ov=xOW xU}=kt sy =@ CQwr � |rm =@ |xrO=at
"OvDUy |Oa@l} xvt=O QO 100 w 50 w 20 |xm@W xR=Ov= ẁv xU w

Tmr pw= x@DQt VwQ xm CiQo xH}Dv u=wD|t xOt; CUO x@ G}=Dv x@ xHwD =@
=y?=wH '|OOa hqD= p}rOx@ Q=wty \=kv QO w CU= Q=OQwNQ@ |tmCkO R= I} QOQi
h}a[ |oDUw}B=v |x]kv |@=}u=mt QO VwQ u}= u}vJty "OvQ=O |O=} R |=]N
uO}UQ |=Q@ xm CU= u; VwQ u}= pta |xw}W "�7 =D 5 |=ypmW� Ovm|t pta
|D=@U=Lt u=tR xm OQm s}UkD CtUk 2000 x@ =Q xvt=O O}=@ pw@k p@=k ?=wH x@
|@=}u=mt QO |@ wN CkO hwQOv=w Tmr swO x@DQt VwQ "OwW|t pt=W =Q |}q=@
|rw OvQ=OQwNQ@ |}q=@ CkO R= =y?=wH Q=wty \=kv QO u}vJty w OQ=O lwW pLt
xO}O "CU= |O=} R |=]N |=Q=O q=@ 14|OOa VNB p}rOx@ lwW pLt |m}ORv QO
VwQ QO "OwQ|tv u}@ R= |OOaVNB u}= xm@W O=OaD uOQmxi=[= =@|DL xm OwW|t
|yOQOy u}= xm@W O=OaD uOQmxi=[= =@|rwCU= O=} R |OOa|yOQOy R}vCUOq=@

"20 |xm@W O=OaD |=Q@ xrY=L G}=Dv "5 pmW

"50 |xm@W O=OaD |=Q@ xrY=L G}=Dv "6 pmW
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"""xO
=iDU

==@
pN

rNDt
\}L

tQO
u=}Q

H|
R=Up

Ot

"9 pmW u=O}t pL QO O} Q@}y VwQ R= xrY=L G}=Dv "10 pmW

"CUOq=@ VwQ R= xrY=L G}=Dv "11 pmW

[11]"Q@wy \UwD CUOq=@ u}mQro VwQ R= pY=L G}=Dv "12 pmW

w 'O} Q@}y VwQ |xr}Uwx@ =Q Q=Wi w CaQU CqO=at |Oa@ VwQ QO Q@ wy
QO u; G}=Dv xm xOQm pL xOvvmOwOLt |=yTmqi |xr}Uwx@ =Q `=@W= xHQO |xrO=at
x@ uO}UQ |=Q@'OwW|t xOy=Wt pmW u}= QO xm u=vJ "CU= xOW x�=Q= 13 pmW
|xm@W R= O}=@ OwW|t xO=iDU= xOvvmOwOLt Tmqi VwQ R= xm |t=ovy 'j}kO pL
x@ 50*50 |xm@W O=OaD =@ O} Q@}y VwQ QO xm |DQwY QO 'OQm xO=iDU= 64*64
|xm@W O=OaD =@ '13 w 10 |=ypmW |xU}=kt =@ u}vJty "O}UQ s}y=wN j}kO pL
xOvvmOwOLt Tmqi VwQ x@ C@Uv O} Q@}y VwQ R= pY=L |=y?=wH 30*30

"CU= l}ORv Q=}U@ j}kO ?=wH x@
"CU= xOW xOQw; `=@W= xHQO R=QD \w]N 19 |r= 14 |=ypmW QO xt=O= QO
Vvm =w xm@W Q}}eD x@ C@Uv O} Q@}y VwQ xm s}@=}|tQO \w]N u}= x@ xHwD =@
j}kO ?=wH x@ CaQUx@ =y?=wH xm@W O=OaD uOWO=} R =@ xm |Qw]x@ 'OQ=O |QDy@
C=t}UkD O=OaD =@ xOt; CUO x@ R=QD \w]N CUOq=@ VwQ QO "OwW|t l}ORv

"|HwQN l} w |OwQw l} =@ |Oa@wO |OOa p=Ft "9 pmW

�xOvvmQD R=i� ?; R=i hQat w T}Ov= w �xOvvmQD Q}e R=i� Civ R=i hQat nT}Ov=
xOW xDiQo Q_v QO RwQ l} |v=tR s=o w Sw = 0 01 CQwYx@ x}rw= \}=QW "CU=
x@ G}=Dv 'xt=O= QO "CU= xOW s=Hv= RwQ 400 u=tR COt |=Q@ C=@U=Lt u}= &CU=
pL "CU= xOt; RwQ 400 u=tRCOt u=ty |=Q@ xvt=O u}= |R=UpOt R= xOt; CUO
|xrO=at pL j} Q] R= u=wD|t =Q |rY= Q]k |wQ Q@ `=@W= xHQO |xrO=at j}kO

[11]%OQw; CUO x@ ?}DQD u}= x@ w 'CQwr � |rm =@
@Sw
@t

+ u
r'

@(rfw)
@r

= 0 (60)

u}= Q@ ZQi Q=DWwv u}= QO uwJ "CU= j} QRD |x]kv R= |a=aW |xrY=i r u; QO xm
f(Sw; r) = fw(Sw)=r sQi x@ =Q f u=wD|t Ov=sm =QD p@=k Q}e =yR=i xm CU=

[11]%xH}Dv QO w 'CiQo Q_v QO
@Sw
@t

+ u
r'

@fw(Sw)
@r

= 0 (61)

%s} Q=O C}=yv QO
@Sw
@t

= � u
r'

@fw
@Sw

@Sw
@r

(62)

VwQ u=wvax@ w xOW pL O=} R \=kv O=OaD =@ OwOLt hqDN= VwQx@ xrO=at u}=
O} Q@}y |OOa VwQ xm u}= R= QDy@ lQO |=Q@ =OD@= "CU= xOW |iQat j}kO pL
O=OaD |=Q@ |rY= Q]k |wQ `=@W= xHQO Q=Okt 'OwW|t =Qoty j}kO pL x@ xvwoJ
xO=O u=Wv 10 pmW QO w xOW xU}=kt xrO=at u}= j}kO pL =@ Cw=iDt C=t}UkD
pL x@ ,qt=m 50 |xm@W O=OaD =@ O} Q@}y VwQ OwW|t xO}O xm u=vJ "CU= xOW

"OwW|t l}ORv j}kO
=@ CUOq=@ w O} Q@}y VwQ wO '9 pmW u=O}t QO u=} QH pL |=Q@ ,=OOHt
VwQ xm OwW|t xO}O 11 w 10 |=ypmW x@ xHwD =@ "Ov=xOW xU}=kt Qo}Om}
=@ O} Q@}y VwQ 'Qo}O hQ] R= "OUQ|t |QDy@ ?=wH x@ QDsm \=kv O=OaD =@ O} Q@}y
VwQ |rw OwW|t l}ORv j}kO ?=wH x@ |QDW}@ CaQU =@ C=t}UkD O=OaD V}=Ri=
|@ wN ptar=Tma C=t}UkD O=OaD V}=Ri= x@ C@Uv |oDUw}B=v \=kv QO CUOq=@
u}= \UwD |oDUw}B=v |x]kv |@=}u=mt 'C=t}UkD O=OaD V}=Ri= =@ OvJQy "OQ=Ov
|oDUw}B=v |x]kv QO u=vJty 50*50 |xm@W O=OaD =@ |rw O@=}|t Ow@y@ VwQ

"CU= |O=} R |=]N |=Q=O
CUOq=@ u}mQro OwOLt <=RH= VwQx@ `=@W= xHQO w Q=Wi w CaQU CqO=at
xOt; 12 pmW QO u; G}=Dv xm [11]xOW pL Q@ wy \UwD u=} QH u=O}t u}= |=Q@
OQ=Ov=DU= OwOLt <=RH= VwQ G}=Dv 'OwW|t xOy=Wt pmW u}= QO xm u=vJ "CU=
=@ �10 pmW� O} Q@}y VwQ QO |rw Ovm|tv Q}}eD u=OvJ 'xm@W O=} R Q}}eD QF= Q@

"OwW|t l}ORv j}kO pL x@ CaQU x@ G}=Dv 'xm@W Q}}eD
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|O
=@;Rw

Q}i
Q=y@

w|
RQO

wos
}Qm

"CUOq=@ VwQ 30*30 xm@W =@ `=@W= xHQO R=QD \w]N "16 pmW

"O} Q@}y VwQ 30*30 xm@W =@ `=@W= xHQO R=QD \w]N "17 pmW

"CUOq=@ VwQ 50*50 xm@W =@ `=@W= xHQO R=QD \w]N "18 pmW

"O} Q@}y VwQ 50*50 xm@W =@ `=@W= xHQO R=QD \w]N "19 pmW

"Cw=iDt |Q}PBPwiv u=O}t wO =@ x]kvGvB pL u=O}t "20 pmW

[11]"Q@wy \UwD xOvvmOwOLt Tmqi VwQ R= pY=L G}=Dv "13 pmW

"CUOq=@ VwQ 15*15 xm@W =@ `=@W= xHQO R=QD \w]N "14 pmW

"O} Q@}y VwQ 15*15 |xm@W =@ `=@W= xHQO R=QD \w]N "15 pmW

u=OvJ xm@W Q}}eD x@ VwQ u}= OwQ|t Q=_Dv= xm u=vJ w CU= u=Um} ,=@} QkD Cw=iDt
jQi sy =@ O=} R xm@W |=y?=wH =@ QDsm xm@W |=y?=wH u}vJty &CU}v T=UL
|@=}u=mt QDW}@ xm@W QO xm CU= u}= =yv; u}@ OwHwt Cw=iD =yvD "OvQ=Ov |v=OvJ

"CU= xOW QDj}kO |tm |oDUw}B=v |x]kv

uoty=v \}Lt w |Oa@wO |OOa p=Ft
u=O}t Ovv=ty u=O}t u}= "CU= xOW xDiQo Q_v QO 20 pmW CQwYx@ |v=} QH u=O}t
pmW Ovv=ty 'QDsm |Q}PBPwiv =@ CtUk l} xm Cw=iD u}= =@ CU= |r@k |xOWpL
%Ov=xOW ?=NDv= xvwou}= u=O}t u}= |Q}PBPwiv ?}=Q[ "OQ=O OwHw u; pN=O QO '20

K1 = 10�10m2

K2 = 10�7m2
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"""xO
=iDU

==@
pN

rNDt
\}L

tQO
u=}Q

H|
R=Up

OtQ@ sm =L CqO=at pL s=ovy QO xm OwW|t Ea=@ Ca}@] u}= "CU= QDW}@ Pwiv
s=ovy QO wQ u}= R= "OW=@ T=UL CaQU uOw@j}kO x@ =y?=wH 'pNrNDt \}Lt
QO =t= "OQm xO=iDU= q=@ CkO =@ |=yVwQ R= O}=@ Q=Wi w CaQU CqO=at pL
|Q}ojDWt w xOW xDiQo jDWt Q=Wi u=O}t R= xmu}= p}rOx@ l}Uqm |=yVwQ
x@ |=Q@ p}rO u}tyx@ "OvQ=Ov |rw@k p@=k CkO 'CU= |O=} R |=]N |=Q=O |OOa
\UwD Q=Wi w CaQU CqO=at Q=DWwv u}= QO 'pw@k p@=k |=y?=wH uOQw; CUO
|Q}ojDWt C=}rta =Pr w xOW pL u=tRsy CQwYx@ O} Q@}y |@}mQD OwOLt <=RH=
CUO x@ CaQU u=O}t xm OwW|t Ea=@ Qt= u}= "CU= xOW hPL Q=Wi u=O}t R=
|=y?=wH xm CU= xO=O u=Wv G}=Dv "OW=@ Q=OQwNQ@ |}q=@ CkO R= VwQ u}= R= xOt;
hqDN= |=yVwQ xrtHR= 'Qo}O |=yVwQ x@ C@Uv VwQ u}= R= xOt; CUO x@
u}mQro VwQ R= xrY=L |=y?=wH xm |t=ovy "OvW=@ QDl}ORv j}kO pL x@ 'OwOLt
"OwW|t u=}=tv O} Q@}y VwQ CQOk 'OvwW|t xU}=kt O} Q@}y VwQ |=y?=wH =@
QO |QD?U=vt CkO QDCWQO |xm@W QO VwQ u}= xm xOW xO=O u=Wv u}vJty

"OQ=O OwOLt hqDN= |=yVwQ =@ xU}=kt
CU= Q=OQwNQ@ OwOLt u=tr= C}Y=N u} QDsyt R= O} Q@}y VwQ u}= Q@ xwqa
pNrNDt |=y\}Lt |=Q@ =Pr "OQm xO=iDU= |r}]DUt Q}e |=yxm@W R= u=wD|t xm

"CU= OQ@ Q=m p@=k R}v uoty=v COWx@

"20 pmW u=O}t QO ?; `=@W= xHQO R=QD \w]N "21 pmW

u=Wv =Q O} Q@}y |OOa VwQ R= xOt; CUO x@ `=@W= xHQO R=QD \w]N 21 pmW
"Ovm|t pOt |@ wNx@ sy =Q uoty=v |xvt=O VwQ u}= CU=O}B xm u=vJ "OyO|t

|Q}oxH}Dv
xrtHR= CqO=at|}=Hx@=H |xrtH Q}F-=D xmCU=|}xvwox@ pNrNDt\}Lt QO u=} QH

CWwv=B
1. numerical dissipation
2. upwind
3. mixed-�nite element
4. saddle point problem
5. mixed-hybrid �nite element
6. global pressure
7. global velocity
8. mobility
9. variational
10. todd
11. Buckley-Leverett
12. Lax-Friedrich
13. Lax-Wendro�
14. numerical dispersion
15. �ve-spot
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