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Bci = [I3�3 03�3]T (5)

%CU= xOW pOt xQ}eDtwO `@=D l} =@ CWov= lwv w sUH K]U

c : U � <2 ! <3 � = (u; �)! c(�) (6)
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x=oDUO x@ C=YDNt x=oDUO l} R= CU}�wD p=kDv= |=Q@ "OwW|t xDN=vW A x@

%CU= sm =L Q} R \@=wQ Qo}O C=YDNtbV bac = Adg�1
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bV bab + bV bbc (2)

R= CU}�wD p=kDv= |=Q@ 6 � 6 T} QD=t l} Adg =
�R bpR

0 R
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|xrY=i T} QD=t bp w u=QwO T} QD=tR u; QO xm CU= Qo}O C=YDNt x@ |D=YDNt
|xQ}HvR s}kDUt l}D=tv}U p}mWD QO "CU= `HQt C=YDNt R= u=QwO *QwLt
pYit Qy |Q=PoO=tv |=Q@ VwQ u}= QO [7]"OwW|t xO=iDU= |}=tv sQi R= |m}v=mt
w C}akwt Qou=}@ xm OwW|t h} QaD CU}�wD Q=OQ@ l} '|m}D=@ Q |xQ}HvR l} R=
|Q=PoO=tv VwQ u}= R= xO=iDU= =@ "CU= x}=B s} Qi x@ C@Uv u=QwO QwLt CyH
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b�1�1e
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b�3�3e
b�4�4gst(0) (3)
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Vpo = Ad�1
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Vlfi loi = Ad�1
gfiloi
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xO=iDU= l}D=tv}U |R=Ux}@W CtUk QO xOWx�=Q= sD} Qwor= QO 11 |x]@=Q R=
"OwW|t

T=tD |=ywQ}v |R=Uxv}y@
h} QaD =ywQ}v |R=Uxv}y@ |xr�Ut 'p@k CtUk QO xOWx�=Q= T=tD pOt R= xO=iDU= =@
=@ sUH x@ |r=ta= IvQ 'OW=@ T=tD |x]kv QO |r=ta= |wQ}v fc Qo = "OwW|t
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T} QD=t u; QO xm
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|=Q@ uDiQo CW=ov w "CU= hwQat s=i CWov= |=Q@ uDiQo CW=ov x@ T} QD=t u}=
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G =
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G1 G2 G3

i) Fo = Gfc (14)

%s} Q=O sUH QO pO=aD O=H}= |=Q@ 'OW=@ sUH x@ |r=ta= IvQ fext Qo =
Gx = Fo = �fext (15)

QO xOWx�=Q= *O}k wO CLD hOy `@=D u=wvax@ T=tD |=ywQ}v sQ)v '|R=Uxv}y@ |=Q@
|]NQ}e p}rOx@ xr�Ut |oO}J}B uOQ@ u}@ R= |=Q@ "OwW|t xv}y@ 15 w 5 \@=wQ
O}k^iL =@ xm OwW|t|iQat u}atC@FtT} QD=tl} l =m]Y= \wQNt O}k uOw@
|R=Uxv}y@ |xr�Ut w OwW|t <=[Q= l =m]Y= \wQNt O}k 'u; uOw@u}at C@Ft
R= xO=iDU= =@ Q_v OQwt |R=Uxv}y@ [9]"OwW|t p}O@D 2u}atxt}v |R} Qxt=vQ@ l} x@

"OwW|t s=Hv= |R=Uxv}y@ u}= pL |=Q@ MATLAB Q=Ri=sQv QO OwHwt `@=wD
min 1

2f
T
c fc

subject to

G fc = �fext
p � 0 p 2 S+

n (16)

��f � CWov= lwv w ��o� sUH |=Q@ |rLt C=YDNt � = (u; �) u; QO xm
OwW|t |iQat T w K w M T} QD=t xU =vLv= K]U Qy |=Q@ "�4 pmW� CU=
Q}O=kt "CU= K]U |oO}tN w VJ}B R= sa= '=vLv= K]U C=}YwYN Qou=}@ xm
[2]"CU= xOt; CUO x@ �8 |x]@=Q� xv=wDU= w �7 |x]@=Q� xQm |=Q@ jwi |=yT} QD=t

K =

" 1=� 0
0 1=�

#
M =

"
� 0
0 � cos(u)

#
T =

h
0 �tg u=�

i
(7)

K =

" 0 0
0 �1=�

#
M =

" 1 0
0 �

#
T =

h
0 0

i
(8)

QO 'OvwW|t xDN=vW =vLv= K]U l} |=yxYNWt u=wvax@ xm =yT} QD=t u}= R=
|rLt C=YDNt C=Q}}eD MQv uOQw; CUO x@ |=Q@ w �9 CqO=at� =v=Dvwt CqO=at
|wQ *|U=tD C=YDNt ?}DQDx@ xm 'F wO CmQL h}YwD |=Q@ "CU= xOW xO=iDU=
"�5 pmW� OwW|t xO=iDU= Lf w Lo C=YDNt R= 'OvDUy CWov=lwv w sUH
!lolf = (!x; !y; !z) w |r=kDv= CaQU |=yxir-wt �lolf = (�x; �y; �z)

?=v |WDre CmQL QO CaQU l}D=tv}U O}k "Ov=|v=QwO |=yCaQU
Q}eDt wO x@ T=tD *l}D=tv}U CqO=at u}=Q@=v@ "CU= �x = �y = !z = 0

[2]%CU= xDU@=w !x; !y l}D=tv}U

_�f = M�1
f (Kf +

�
Ko)�1

" �!y
!x

#
_�o = M�1

o R (Kf +
�
Ko)�1

" �!y
!x

#
_ = TfMf _�f + ToMo _�o (9)

"u=DWov= lwv |=Q@ |rLt C=YDNt "4 pmW

"|U=U= |=y?wJQ=yJ =@ x=Qty 'CU= xDiQo =Q sUH xm |DWov=OvJ C=@ Q "5 pmW
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sUH C}akwt lJwm |v=tR pY=wi x@ |R=Ux}@W u=tR s}UkD w 18 |x]@=Q QO
%O};|t CUOx@ 19 |x]@=Q j@=]t |}=yv w x}rw= C}akwt u}@ CmQL u}L ?rY
gk+1 = e

bV
n T gk k 2 (0; :::; n =

�
t
T

�
) (19)

u} QDl}ORv � tT � w 'CU= sUH CmQL u=tR pm t 'xrLQt wO u}@ u=tR T u; QO xm
|=Q@ 19 |x]@=Q R= xOt; CUOx@ C}akwt R= xO=iDU= =@ "CU= t

T x@ K}LY OOa
"O};|t CUO x@ sUH CaQU |}=yv w x}rw= C}akwt wO u}@ |v=tR pY=wibVk+1log((gak)�1gk+1)=T (20)

lwv CaQU w |U=tD CaQU pwyHt wO 'O};|t CUO x@ sUH CaQU |Dkw
sD} Qwor= xm|WwQ R= xO=iDU= =@ j}kLD u}= QO "Ov=t|t|k=@ 11 |xrO=at QO u=DWov=
CaQU TBU 'pw= CWov= lwv CaQU =OD@= 'xOW x�=Q= u; |=v@t Q@ R}v 6 pmW
*\QW x@ xHwD =@ Qo}O u=DWov= lwv |U=tD CaQU u; R= Oa@ w 'pw= CWov= |U=tD
Qo = "O};|t CUO x@ Qo}O u=DWov= lwv CaQU C}=yv QO w 'T=tD |Q=O}=B ^iL
hPL xrO=at R= T=tD |x]kv CaQU 'OwW ?Q[ =v@t IvQ T} QD=t QO 11 |x]@=Q
=Q pw= CWov= lwv CaQU u=wD|t sUH CaQU uDW=O =@ Cr=L u}= QO "OwW|t
|x]kv QO sUH x@ |r=ta= IvQ h} QaD QO 5 |xrO=at QO R}v =v@t IvQ "OQw; CUOx@

"CU= xOt; T=tD
BTi Vlfi loi = 0
�
JfiVpfi = GTi Vpo
�
Jfi = BTi Ad

�1
gfiloi (21)

|U=tD CaQU 'pw= CWov= lwv w sUH CaQU uDW=O w 11 |xrO=at R= xO=iDU= =@
Q}=U QO |U=tD |=yCaQU uOQw; CUOx@ |=Q@ "O};|t CUO x@ pw= CWov= QO
C=YDNt C=Q}}eD MQv 'u; QO xm OwW|t |iQat |Q=O}=B Q=}at l} =OD@= u=DWov=
QO |Q=O}=B Q=}at T=U= "O};|t CUO x@ Q=O}=B T=tD ^iL |=Q@ xv=wDU= |rLt
|[Qi \w]N =@ T=tD |x]kv xU Qo = xm CU= CQwY u}= x@ xOWx�=Q= sD} Qwor=
|[=} Q u=}@ "Ov=t|t xv}W}@ xQ=wty pY=L ErFt CL=Ut 'OvwW pYDt sy x@

%CU= xOW x�=Q= 22 |x]@=Q QO E Q=Okt uOWxv}W}@ ?r]t u}=
E(~�o) = 1

4 (jjX(�o3)�X(�o1)jj2jjX(�o2)�X(�o1)jj2
�((X(�o3)�X(�o1)) � (X(�o2)�X(�o1)))2) (22)

"|DWov=xU C=@ Q CmQL |m}D=tv}U |R=Ux}@W sD} Qwor= "6 pmW

|}x]kv T=tD |=Q@ xm CU= u}at C@Ft T} QD=t u=ty p CQ=@a 16 |x]@=Q QO
%OwW|t u=}@ 17 |x]@=Q j@=]t l =m]Y= =@ x=Qty

pi =

2664 �ifzi 0 fxi
0 �ifzi fyi
fxi fyi �ifzi

3775
�1 = �ifzi �2;3 = �ifzi �

q
f 2
xi + f 2

yi (17)

Q}O=kt w |rY= Q]k O}=@ p T} QD=t uOw@ u}at C@Ft |=Q@ xm OwW|t x_Lqt
|UQQ@ |=Q@ "CU= 5 |xrO=at <=[Q= pO=at u}= xm OvW=@ C@Ft T} QD=t |xS} w
QO 1kg sQH =@ xv=wDU= x@ |r=ta= |=ywQ}v '|} wQ}v |R=Uxv}y@ R= pY=L G}=Dv
xR=Ov= w O=a@= "CU= xOt; CUO x@ T=tD pLt x@ pYDt C=YDNt QO u=QwO u}L

"CU= xOW xO=O u=Wv 1 pwOH QO xv=wDU= w u=DWov= |=ylv}r
uRw |wQ}v Q}F-=D CLD \ki sUH CmQL Qwv=t QO xm =Hv; R= '|R=Ux}@W u}= QO
QiY Q@=Q@ T=tD |x]kv QO |ki= QwLt |=Q@ xOt; CUO x@ |=ywQ}v 'OQ=O Q=Qk OwN
uRw Q@ x@re |=Q@ sRq |wQ}v xm CU= uDw}v 3 27 Q@=Q@ s�=k O=ODt= QO wQ}v w CU=
5 45 Q@=Q@ T=tD K]U Q@ Owta CyH QO xv=wDU= x@ |r=ta= |=ywQ}v "CU= xv=wDU=
Qw=DWo p=ta= =@ |Oa@ p}rLD QO "Ovm|t =[Q= =Q VRer sOa \QW xm CU= uDw}v
OwW|t x_Lqt uRw |wQ}v Q@ xwqa 'xv=wDU= QwLt CyH QO QDtuDw}v 0 3 |HQ=N
QO wQ}v u}= "OQ=O =Q QDtuDw}v 0 1 Q=Okt T=tD |x]kv |ki= QwLt O=ODt= QO wQ}v xm
pYDt C=YDNt |=yQwLt� Ot; CUOx@ QiY Q@=Q@ |r@k p}rLD |=Q@ |ki= CyH

"�CU= xOW |iQat 3 pmW QO u=DWov= lwv x@

|m}D=tv}U |R=Ux}@W
xU u=tRsy |@=} RQ= VDre u}L |DWov=xU C=@ Q \UwD xv=Qy=t CmQL s=Hv= |=Q@
|QwQ[ u=DWov= lwv CaQU w '|rLt C=YDNt Q}}eD MQv 'sUH CaQU *QDt=Q=B
6 pmW QO xOW xO=Ou=Wv sD} Qwor= |R=Ux}@W u}= s=Hv= |=Q@ "�11 |xrO=at� CU=
|=Q@ sUH CaQU 'sUH CmQL C} Qwt-=t h} QaD =@ sD} Qwor= u}= QO "OwW|t x�=Q=
CmQL CaQU [6]"O};|t CUOx@ |}=tv *VwQ R= xO=iDU= =@ =[i QO Q}Ut u}= |]
|x]@=Q R= xO=iDU= =@ �gf � |}=yv w �go� x}rw= C}akwt uDW=O =@ =[i QO xv=wDU=

%O};|t CUOx@ 18
bV = log(g�1

o gf) (18)

"u=DWov= w sUH C=YNWt "1 pwOH
lv}r lv}r lv}r lv}r Q]k pw]1 2 3 4

O=a@= � � � � 26 50
xv=wDU= QDt|r}t QDt|r}t
uRw 10 20 20 10

=ylv}r sQo sQo sQo sQo
pw] 10 50 55 20 � �=ylv}r QDt|r}t QDt|r}t QDt|r}t QDt|r}t
x}=B CU= QDt|r}t 50 pO=at x}=B ErFt T-=Q =D x}=B RmQt R=

sm} w x=HvB |xQ=tW �h} QW 72
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"l}D=tv}U |R=Ux}@W QO u=QwO Qwv=t u}L u=DWov= lwv CmQL Q}Ut "8 pmW

"xv=wDU= |v=QwO CmQL u}L |U=tD |=yCaQU "9 pmW

CmQL |m}t=v}O |R=Ux}@W
|iQat 'Ovvm|t pta =RHt ,qt=m xm CWov= OvJ R= |@}mQD CQwYx@ |m}D=@ Q CUO
|x]@=Q j@=]t CWov= Qy |=Q@ CmQL |xrO=at 'Sv=Qo q VwQ R= xO=iDU= =@ "OwW|t

%O};|t CUO x@ 25
Mfi(�i)��i +Nfi(�i; _�i) = �i (25)

x@P=HT} QD=tNfi w|UQv}=T} QD=tMfi 'CWov= Qy|rYit |=}=wR �iu; QO xm
|xrO=at |DWov=xU CUO pOt |=Q@ "CU= RmQt R= R} Qo w T}rw} Qwm |=ywQ}v w

%OwW|t xDWwv u}vJ CmQL2664 Mf1 0 0
0 Mf2 0
0 0 Mf3

3775| {z }
Mh

�� +

2664 Nf1
Nf2
Nf3

3775| {z }
Nh

2664 �1
�2
�3

3775| {z }
�

(26)

Qr} w= � uDw}v \@=wQ R= xO=iDU= =@ O}kt Q}e CQwYx@ =[i QO ?rY sUH CmQL
%OwW|t u=}@ |U} QD=t sQi QO 27 |x]@=Q j@]"

mI 0
0 I

#"
_�b

_!b

#
+

"
!b �m�b
!b � I!b

#
= F b (27)

C=YDNt QO sUH Q@ OQ=w *|twta |=ywQ}v F b '|UQv}= I 'sUH sQHm u; QO xm
pYDt C=YDNt QO sUH |}x} w=R w |]N |=yCaQU !b w �b 'sUH x@ pYDt
|rLt C=YDNt R= 26 x@ x}@W sQi x@ 27 |xrO=at R= xO=iDU= |=Q@ "Ov=sUH x@
w ?rY sUH C}akwt Qou=}@ pw= |xir-wt xU xm CU= xOW xO=iDU= x 2 R6

uDW=O w 9 |x]@=Q R= xO=iDU= =@ "Ov=T=tD \=kv C=YDNt =y X(�oi)u; QO xm
"O};|t CUOx@ Qo}O u=DWov= |=Q@ |U=tD CaQU '|rLt C=YDNt C=Q}}eD MQv
"CU= |U=tD |=yCaQU w |rLt C=YDNt C=Q}}eD MQv |x]@=Q Qou=}@ 23 |x]@=Q
xrO=at R= sQi u}= "Ot=Hv=|t 24 |xrO=at x@ 11 |x]@=Q QO 23 |x]@=Q |Q=Po}=H
|rLt C=YDNt C=Q}}eD MQv uDW=O =@ u=DWov= lwv CaQU uOQw; CUOx@ |=Q@

"CU= ?U=vt" �!iy
!ix

#
= (kfi +

�
koi)R

�1
 iMoi _�oi

�
V pfi = Ad�1

goloiVpo � Ti(�i)R�1
 iMoi _�oi (23)

Ti(�i) = AdgloilfiB
c
iRo(kfi +

�
koi)

Bch =

" 0 0 0 1 0 0
0 0 0 0 1 0

#T
; Ro =

" 0 1
�1 0

#
(24)

Q=@Da= O} -wt 'xv=wDU= QO |v=QwO CmQL l} |=Q@ CmQL |R=Ux}@W R= pY=L G}=Dv
"CU= xOt; CUOx@ sD} Qwor= |}=Q=m w

l}D=tv}U |R=Ux}@W G}=Dv
QO OwHwt C=YNWt =@ |DWov=xU C=@ Q |wQ Q@ l}D=tv}U CmQL |R=Ux}@W
^iL =@ xv=wDU= |R=Ux}@W u}= QO "CU= xOW s=Hv= xv=wDU= CmQL |=Q@ 1 pwOH
"�7pmW� OvR|t xv=wDU= Z QwLt pwL xHQO 22 5 pO=at |v=QwO '|WDre T=tD
lwv u}@ |[Qi ErFt w CmQL u}L u=DWov= lwv CmQL Q}Ut 8 pmW QO
u}L |U=tD |=yCaQU 9 pmW QO Qw]u}ty "CU= xOW xO=O u=Wv u=DWov=
|=yCaQU xm OwW|t x_Lqt pmW u}= QO "CU= xOW xO=Ou=Wv xOWQmP CmQL
w u=DWov= u}@ VDre \ki CmQL Qwv=t u}L |va} "OvQiY Q@=Q@ �x; �y; �z w !z

"OQ=O OwHw xv=wDU=

"sy x@ C@Uv x}=B w xv=wDU= C=YDNt C}akwt "7 pmW
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"""w
uDi

Qo|
=Q@|

DWo
v=OvJ

CU
Ol

}|
L=Q]CUO x@ u=DWov= w sUH |=Q@ �K;M; T � K]U |xYNWt |=yT} QD=t "3

&�8 w 7 CqO=at� O};|t
&|R=Ux}@W ẁQW |=Q@ |rYit Qw=DWo p=ta= "4

�Mf ; Nf � u=DWov= |x@P=H 'T}rw} Qwm w RmQt R= R} Qo ?=DW 'sQH |=yT} QD=t "5
&OwW|t x@U=Lt �Mo; No� sUH w

�J � sUH CmQL u}@ wm =S '�G� uDiQo CW=ov '�Jh� CUO u}@ wm =S T} QD=t "6
&OwW|t x@U=Lt A(q)30 |xrO=at R= xO=iDU= =@ w xOW RwQx@

&OwW|t x@U=Lt 33 |x]@=Q R= xO=iDU= =@ � |O}k |=ywQ}v Q=Okt "7
j=iD= VRer Qo = "OwW|t |UQQ@ VRer sOa \QW 7 CtUk G}=Dv R= xO=iDU= =@ "8
u; T=U= Q@ l}t=v}O CqO=at xm VDre \QW =Q} R� "wQ@ 17 CtUk x@ 'xO=Di=

&�OwQ|t CUO R= xOW xDWwv
&O};|t CUOx@ 32 |x]@=Q R= xO=iDU= =@ ��q� sDU}U ?=DW "9

CUOx@ �q; _q� Cr=L |=yQDt=Q=B O}OH Q}O=kt Qr} w= |Q}op=QoDv= R= xO=iDU= =@ "10
&O};|t

&OwW|t RwQx@ �Jb� u=DWov= u}@ wm =S "11
&OwW|t x@U=Lt V b = Jb _� R= xO=iDU= =@ u=DWov= lwv CaQU "12

&O};|t CUOx@ |rLt T=tD |=yQ}eDt C=Q}}eD MQv "13
&OwW|t x@U=Lt O}OH |rLt |=yQ}eDt Qr} w= p=QoDv= R= xO=iDU= =@ "14

*Q=Ri=sQv \}Lt QO pOt CmQL w OwW|t RwQx@ xOW x@U=Lt |=yQ}eDt |t=tD "15
&OwW|t xO=O u=Wv ?r]t

&wQ@ 2 CtUk x@ w O@=} V}=Ri= |v=tR xrB "16
"u=}=B "17

xOW x�=Q= �|m}t=v}O |R=Ux}@W G}=Dv� |Oa@ CtUk QO sD} Qwor= u}= |}=Q=m |@=} RQ=
"CU=

|m}t=v}O |R=Ux}@W G}=Dv
|wQ CmQL |R=Ux}@W CWov= Qy pY=it x@ |r=ta= Qw=DWo Q=yJ R= xO=iDU= =@
"OQ}o|t CQwY QDt|r}t 50 `=iDQ= w QDt|r}t 13 `=aW 'sQo 100 uRw x@|}xv=wDU=
%R= Ov=CQ=@a 'Ov=C@=F u=tR x@C@Uv =yQw=DWo Q}O=kt =yu; QO xm |r=ta= |=yQw=DWo
1st link torque : 0 01 N:m
2nd link torque : (0 963 � t� 0 565)N:m

3rd link torque : (0 583 � t� 0 870)N:m

4th link torque : (0 0438 � t� 0 1)N:m

u=DWov= lwvCmQL Q}Ut "CU= xOt; 1 pwOH QOCWov= Qy |=ylv}r uRw w O=a@=
|}=H Q}Ut |=yDv= "CU= xOW xO=O u=Wv 10 pmW QO|r=ta= |=yQw=DWo x@ xHwD =@
11 pmW QO \QW u}= <=[Q= sOa "OwW|tv <=[Q= VRer sOa \QW u; QO xmCU=
T=tD pLt |U=tt |wQ}v V}=Ri= w |Owta |wQ}v Vy=m =@'x}v=F 0 013 u=tR QO
l =m]Y= \wQNt R= uwQ}@ |U=tD |wQ}v Ov};Q@ u=tR u}= QO "CU= xOW xO=O u=Wv

QO "OyO|t u=Wv Qr} w= |=}=wR CQwYx@ =Q ?rY sUH CyH Qo}O |xir-wt xU
C=Q}}eD MQv "CU= xOW xO=iDU= Rxyz(q1; q2; q3) Qr} w= |=}=wR sQi R= Q=DWwv u}=
pYDt C=YDNt QO CaQUx@ 28 |x]@=Q *u}@ wm =S R= xO=iDU= =@ |rLt C=YDNt

"OwW|t p}O@D ?rY sUH x@
�(x) = g

V b = [��1(x)@�
@x

_x]_

= (��1 @�
@x1

)_ _x1 + :::+ (��1 @�
@x6

)_ _x6

= [(��1 @�
@x1

)_(��1 @�
@x2

)_:::(��1 @�
@x6

)_] _x

V b = J _x (28)

%CU= u}vJ ?rY sUH CmQL |xrO=at u}=Q@=v@
Mo(x)�x+No(x; _x) = F b (29)

Q}e |=yO}k 'OQ=O OwHw |UQQ@ OQwt |DWov=xU C=@ Q QO xm O}kt sDU}U |=Q@
'V b = Jb _� xmu}= w 21 |x]@=Q x@ xHwD =@ "OwW|t CqO=at OQ=w l}twvwrwy

%CWwv 30 |x]@=Q CQwYx@ =Q sDU}U O}k u=wD|t 'CU= CWov= u}@ wm =S Jb

Jh _� = GTVPo ) [Jh GTJ ]

"
_�

_x

#
= 0) A(q) _q = 0 (30)

|x]@=Q R= xO=iDU= =@ OvwW|t p=ta= O}kt Kw]U Q@ Owta CQwYx@ xm |O}k |=ywQ}v
%OvwW|t u=}@ 31

� = AT (q)� (31)

R= xO=iDU= =@ "OyO|t u=Wv =Q T=tD pLt QO |O}k |=ywQ}v u=R}t �u; QO xm
R}v w 'u=DWov= w sUH CmQL CqO=at w 30 |xrO=at O}k R= pY=L |O}k |=ywQ}v
u=}@ u}vJ u=DWov= w sUH CmQL |xrO=at Q@tq=O Sv=Qo q CqO=at R= xO=iDU= =@

%OwW|t"
Mf 0
0 Mo

#
| {z }

M

"
��

�x

#
+

"
Nf
No

#
| {z }

N

+

" �JTh
JTG

#
� =

"
�

0
#

| {z }
�

(32)

xOW xDiQo Q_v QO QiY pO=at sUH x@ |r=ta= |HQ=N |=ywQ}v xrO=at u}= QO
w 32 |xrO=at R= xO=iDU= =@ "�OQm xrO=at OQ=w =Q |Qo}O Q=Okt Qy u=wD|t� CU=

[11w10]"O};|t CUO x@ |O}k |=ywQ}v Q=Okt u=tR x@ C@Uv 30 |xrO=at jDWt
A(q) _q = 0) _A _q +A�q = 0) �q = �A�1 _A _q

� = (AM�1AT )�1(AM�1(� �N) + _A _q) (33)

CQwYx@ u; OvwQ xmCU= xOW x�=Q= |tD} Qwor= R}v |m}t=v}OCmQL |R=Ux}@W |=Q@
%CU= Q} R

&"""w |rYit |=}=wR Ovv=t "OwW|t s}_vD x}rw= |=yC}akwt "1
&Q=QmD |xkrL ẁQW "2
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|v@|
�=@=@=

k;|
Oyt

w|
O=}Y

uU
L "CU= xOt; CUOx@ |}=tv VwQ R= xO=iDU= =@ R6 |=[i QO u=DWov= CmQL

xOW |L=Q] sUH |}=[i CmQL Q}Ut sUH *|}=yv w x}rw= C}akwt x@ xHwD =@
xO=U VwQ l} u; QO xm xOW x�=Q= |tD} Qwor= sUH CmQL |R=Ux}@W |=Q@ "CU=
sUH CmQL xm u}= x@ xHwD =@ "CU= xOW x�=Q= sUH |Q=O}=B ^iL |=Q@ Ot;Q=m w
=@ xv}y@ |=ywQ}v uOQw; CUOx@ w =ywQ}v |R=Uxv}y@ |xr�Ut 'CU= l}D=DU=x@W
l}D=tv}U |R=Ux}@W G}=Dv "CU= xOW s=Hv= ?OLt |R=Uxv}y@ VwQ R= xO=iDU=
pt=m |Q=oR=U C=@ Q |=Q@ xOWh} QaDC} Qwt-=t =@ �MATLAB�?r]t Q=Ri=sQv QO

"OQ=O
CUO x@ |WDre T=tD O}k uDiQo Q_v QO =@ l}t=v}O |xr�Ut R}v xtD=N QO
O}}-=D =Q pOt CLY xOt; CUOx@ |m}t=v}O pOt |wQ |R=Ux}@W G}=Dv "CU= xOt;
s=Hv= MATLAB \}Lt QO,=t=tD xOWx�=Q= |=y|R=Ux}@W w |R=Uxv}y@ "Ovm|t
w Q=@Da= O} -wt xOWxO=O u=Wv G}=Dv "CU= V}=tv p@=k |Oa@xU CQwYx@ w xOW

"OvDUy =ypOt CLY

s�qa CUQyi
=v@t IvQ T} QD=t %Bc

\wQNt %FC
T=tD \=kv QO |r=ta= IvQ %Fc

u=DWov= \UwD sUH x@ |r=ta= IvQ %Fo
sUH Q@ OQ=w |HQ=N IvQ %fext
T=tD x]kv QO |r=ta= |wQ}v %fc

a x@ C@Uv b C=YDNt |Ov@ Qm}B T} QD=t %gab
|DWov=xU CUO u}@ wm =S %Jh
|m}v=mt |wR=@ u}@ wm =S %Jst

sUH |wQ T=tD |rLt C=YDNt QwLt %Lo
CWov= |wQ T=tD |rLt C=YDNt QwLt %Lf

sUH sQH T} QD=t %Mo

u=DWov= sQH T} QD=t %Mf

sUH |=Q@ RmQt R= R} Qo w T}rw} Qwm w Vv=Qo |=ywQ}v Q=OQ@ %No
u=DWov= |=Q@ RmQt R= R} Qo w T}rw} Qwm w Vv=Qo |=ywQ}v Q=OQ@ %Nf

sDU}U |=Q@ Cr=L |=yQ}eDt QDt=Q=B %q
|UO}rk= X=N |=[i %SE

b C=YDNt QO a x@ C@Uv b CU}�wD Q=OQ@ %V aab
a x@ C@Uv b |]N CaQU Q=OQ@ %�ab

x}=B x@ C@Uv sUH |Ov@ Qm}B u=}@ |=Q@ |rLt C=YDNt %x

|v=vw} s�qa CUQyi
T=tD |rLt C=YDNt %�

x}=B x@ C@Uv sUH |Ov@ Qm}B T} QD=t %�
|O}k |=ywQ}v %�

xQm =} xv=wDU= `=aW %�
pY=it x@ |r=ta= Qw=DWo %�

a x@ C@Uv b |v=QwO CaQU Q=OQ@ %!ab
|v=QwO |=yQwLt CU}�wD C=YDNt Q=OQ@ %�

"u=DWov= \UwD xv=wDU= CmQL |m}t=v}O |R=Ux}@W "10 pmW

"|m}t=v}O |R=Ux}@W QO |O}k |=ywQ}v "11 pmW

"|m}t=v}O |R=Ux}@W QO |U=tD CaQU "12 pmW

u=Wv |DmQL Qwv=t u}= |=Q@ |U=tt |=yCaQU 12 pmW QO u}vJty "OQ}o|t Q=Qk
Y QwLt pwL|v=QwOCaQU QiY Q}e Q=Okt =yvD xm OwW|t x_Lqt "CU= xOW xO=O
"OQ=O OwHw xv=wDU=CmQL u}L|WDre T=tD\ki u}=Q@=v@ "CU=|U=tD C=YDNt

|Q}oxH}Dv
|=Q@ T=tD |=ywQ}v |R=Uxv}y@ w l}t=v}O w l}D=tv}U CqO=at Q=DWwv u}= QO
"CU= xOW x�=Q= |WDre T=tD R= xO=iDU= =@ CUO u=DWov= u}@ xv=wDU= l} CmQL
Q=Qk |UQQ@ OQwt |DWov=xU CUO \UwD xv=wDU= l} |}=Hx@=H j}kLD u}= QO
Q_v QO |WDre pmWx@ xv=wDU= |wQ u=DWov= CmQL xm u}= x@ xHwD =@ "CU= xDiQo
l}D=tv}U Qw]u}ty "CU= xOt; CUO x@ |WDre T=tD l}D=tv}U 'xOW xDiQo
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1. twist
2. semi-de�nite programming
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