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QO q=@ |wQu=Qo =@ p=}U CQwYx@ Ot=H sUH 'j}kLD u}= QO xOW x�=Q= VwQ QO
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xO=iDU= CaQU |=yu=}O=Qo R= 'Ot=H sUH QO \=kv u}@ |@Uv |}=Hx@=H |=Hx@
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CU= |}=yxt=vQ@ |t=tD |=Q@ u; uOw@ xO=iDU= p@=k 'xOW x�=Q= VwQ C} Rt u} QDsyt
?wJQ=J 'OQ=wt R= |Q=}U@ QO uwvm =sy VwQ u}= "OvQ=O =Q p=}U u=} QH pL u=wD xm
\}Lt QO Q}PBpmW Q}}eD Ot=H sUH CmQL |R=UpOt |xv}tR QO C=ar=]t |rY=
[11�8]"CU= xO}UQ C=@F= x@ =yQ=@ xOW x�=Q= VwQ |}=Q=m w OyO|t p}mWD =Q p=}U
\}Lt QO Ot=H sUH |v}@V}B p@=kQ}e CmQL |x@U=Lt |}=v=wD [9]QwmPt VwQ
u=mt= VwQ u}= 'CU= swrat Ot=H |tHL QUm Q=Okt xm |v=tR "OQ=O =Q p=}U
|v=tR s=o Qy QO OOHt |Ov@xm@W uwO@ =Q p=}U QO Ot=H sUH CmQL |R=Ux}@W
� |Sv=Qo q |=yVwQ =@ =Q VwQ u}= R= xrY=L G}=Dv u=QoVywSB "OQw;|t sy=Qi
pYi QO VvQm Q}O=kt '=yu; VwQ QO "OvOQm xU}=kt |Sv=Qo q � |Qr} w= w |Sv=Qo q
?}=Q[ =@ s=UH= |=Q@ XwYNx@ w xOw@ |oDUw}B=v |=Q=O Ot=H/p=}U lQDWt
Qw_vtx@ 'xwqax@ "CU}v Q=QkQ@ pt=m Qw]x@ |m}t=v}O |RQt \QW 'nQR@ u=UWm
x@ QHvtxm xOW xO=iDU= 4wvw VwQ R= pL |xRwL QO Ot=H |tHL QUm |}=Hx@=H

[9]"OwW|t Ot=H/p=}U lQDWt pYi QO �uSw}i}O� `} RwD |OOa |=]N
Qw_vtx@ [9]'u=Q=mty w =t=}owU\UwD xDi=}xaUwD |OOa pOt R= Q[=L j}kLD QO
xOW xO=iDU= Q}PB=vsm =QD p=}U w l}DUq=QB}=y Ot=H sUH l} u}@ pt=aD |R=Ux}@W
Ot=H sUH 'Ot=H/p=}U lQDWt pYi QO |m}t=v}O |RQt \QW Ow@y@ |=Q@ "CU=
Ea=@ q=@ |wQu=Qo R= xO=iDU= "CU= xOW xDiQo Q_v QO q=@ |wQu=Qo =@ p=}U CQwYx@
|=yVvD Q}F-=D Vy=m 'xH}DvQO w Ot=H sUH |x}L=v QO CaQU `} RwD |DN=wvm}
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u=wD|t eBn+1=3 VvQm QwUv=D Q=Okt |x@U=Lt Qw_vtx@ =Pr [10]"OwW|t xO=iDU=

%CWwveBn+ 13 � eBn

�t
+ 3

2V
n � r eBn � 1

2V
n�1 � r eBn�1 =

1
2
��rV T�n +

�rV T�n+ 13
�
� eBn + 1

2 eBn�hrV n +rV n+ 13
i

(11)

|xYNWt |xrO=at R= xO=iDU= w eBn+1=3 |v=}t VvQm QwUv=D Q=Okt T=U=Q@
O};|t CUOx@ (�n+1=3

e ) |v=}t u=UWm VvD Q=Okt '�7 |x]@=Q� Ot=H sUH
Q=mx@ swDvtwt |xrO=at QO u=UWm VvD |x@U=Lt Qw_vtx@ |Oa@ s=o QO xm

"OwQ|t
|vt[x@W CQwYx@ |v=UWm |xrtH R= |W=v V n+2=3 |v=}t CaQU "swU s=o

%CWwv u=wD|t [10]u=Q=mty w |WwD=U VwQ T=U=Q@ "OwW|t x@U=Lt

V n+ 23 � V n+ 13

�t
= 1

2r �
24�n+ 13

e + �n+ 23
e

�n

35 (12)

u}vJ 12 |x]@=Q QO �n+2=3
e |xrtH '|v=UWm VvD |R=U|]N Qw_vtx@

%OwW|t xO=O \U@
�n+ 23
e = �n+ 13

e + Jn+ 13 :
� eBn+ 23 � eBn+ 13

�
= �n+ 13

e + @�n+ 13
e ( eB)
@ eB :

� eBn+ 23 � eBn+ 13
�

(13)

Q=Okt '8 p=kDv= |x]@=Q T=U=Q@ "CU= 10Q=yJ x@DQt u}@ wm =S QwUv=D J 'u; QO xm
%OwW|t x@U=Lt 14 |x]@=Q j@=]t ( eBn+2=3) |v=}t VvQm QwUv=DeBn+ 23 � eBn

�t
+ 3

2V
n � r eBn � 1

2V
n�1 � r eBn�1 =

1
2
��rV T�n +

�rV T�n+ 23
�
� eBn + 1

2 eBn
� hrV n +rV n+ 23

i
(14)

%CW=O s}y=wN 14 |x]@=Q R= 11 |x]@=Q uOQm sm =@
eBn+ 23 � eBn+ 13 = �t

2
���rV T�n+ 23 � �rV T�n+ 13

�
� eBn

+ eBn � hrV n+ 23 �rV n+ 13
i�

(15)

QO xrY=L |x]@=Q |Q=Po}=H w '13 |x]@=Q QO 15 |x]@=Q |Q=Po}=H =@ ,=D}=yv
%CW=O s}y=wN 12 |x]@=Q

V n+ 23 � V n+ 13

�t
= r �

�
�t
4�nH

�
V n+ 23 ; eBn; Jn+ 13

��
�r �

�
�t
4�nH

�
V n+ 13 ; eBn; Jn+ 13

��
+r �

24�n+ 13
e

�n

35
(16)

6|WQ@ u=UWm ?} Q[ G w 5AJ u} Qo � |Wwm pmW Q}}eD QwUv=D B u; QO xm
"CU= u}mwyw�v |xO=t QO

|xOWKqY= QwUv=D 'p=}U |x}L=v QO |OOa |=y|Q=O}=B=v Vy=m Qw_vtx@
u}= Q@ [9]"OW |iQat eB = '1=2

s B CQwYx@ AJ u} Qo � |Wwm pmW Q}}eD
%OwW|t x@U=Lt 8 p=kDv= |x]@=Q R= xO=iDU= =@ |v=tR s=o Qy QO eB QwUv=D 'T=U=
@ eB
@t

+ V � r eB = rV T � eB + eB � rV (8)

"CU= eB(t0) = '1=2
s I CQwYx@ xrO=at |x}rw= \QW xm

Ea=@ Qt= u}ty wCU= xDUw}B=v Ot=H/p=}U lQDWt pYi QO u=UWmVvD =t=
|=y|UQQ@ T=U=Q@ "OW=@v Q=QkQ@ pt=m Qw]x@ |m}t=v}O |RQt \QW xm OwW|t
R}v w nQR@ u=UWm ?}=Q[ =@ Ot=H s=UH= OQwtQO |oDUw}B=v u}= 'xOW s=Hv=
u}= QO =Pr "OwW|t O}OWD 'OW=@ q=@ p=}U x@ Ot=H sUH |r=oJ C@Uv xm|v=tR
Ea=@ Qt= u}= xm OW Ot=H sUH |x}L=v QO |wQu=Qo V}=Ri= x@ s=Ok= VywSB
VvQm Q}O=kt xH}DvQO w xOW Ot=H sUH |x}L=v QO CaQU |=yxir-wt |DN=wvm}
XwYNQO xm CU= QmP u=}=W "OwW|t CN=wvm} Ot=H/p=}U lQDWt pYi QO
Qw]x@ Qo}O C=ar=]t QO ,q@k 'q=@ |wQu=Qo R= xO=iDU= =@ |R=Ux}@W |Q=O}=B Ow@y@

[13]"CU= xOW EL@ pYit

|OOa VwQ "3
xO=iDU= |}xrLQtOvJ |x} RHD VwQ R= 'sm =L CqO=at |R=UxDUUo Qw_vtx@
pmW Q}}eD xOWKqY= QwUv=D w u=} QH CqO=at T=U=Q@ CaQU 'u; QO xm xOW
VwQ "OwW|t x@U=Lt |v=tR s=o Qy QO p=kDv= |x]@=Q T=U=Q@ AJ u} Qo � |Wwm
[16w15]|}xrLQtwO |x} RHD VwQ |xDi=}p}tmD 'xO=iDU= OQwt |}xrLQtOvJ |x} RHD
,q@k 'p=}U |tHL C@Uv VwQ =@ x=Qty VwQ u}= R= "CU= [17w13]|}xrLQtxU w
u; R= pY=L G}=Dv w xOW xO=iDU= sm =QD p@=k Q}e Cq=}U |=Q@ xOWO=} C=ar=]t QO
'xO=iDU= OQwt |}xrLQtOvJ x} RHD VwQ QO "CU= xOW |Q=PoxLY KwQWt Qw]x@
hrDNt pL=Qt "OwW|t xO=iDU= Ot=H sUH w p=}U |=Q@ s_vt w C@=F |xm@W R=

%R= CU= CQ=@a |}xrLQtOvJ |x} RHD VwQ
x@U=Lt xDWPo u=tR R= K} QY CQwYx@ Vv=Qo w |}=Hx@=H CqtH "pw= s=o

%OwW|t x@U=Lt u}vJ V � |v=}t CaQU =Pr "OvwW|t
V � � V n

�t
= �(V � rV )n + gn (9)

"OwW|t x@U=Lt |vt[xt}v CQwYx@ |wQu=Qo CQ=@a xrLQt u}= QO "swO s=o
|v=tR s=o C}OwOLt =@ Ot=H sUH |x}L=v |wQu=Qo V}=Ri= =@ CQwY u}= QO
x@U=Lt u}vJ V n+1=3 |v=}t CaQU 'T=U= u}=Q@ [13]"OW s}y=wNv xH=wt

%OwW|t
V n+ 13 � V �

�t
= �r �

24rV n+ 13 +
�rV T �n+ 13

�n

35 (10)

p@=k 7�TDMA� |Oa@xU T} QD=t sD} Qwor= VwQ R= xO=iDU= =@ 10 |xrO=at
"CU= pL

"OwW|t x@U=Lt 8 p=kDv= |x]@=Q T=U=Q@ eBn+1=3 VvQm QwUv=D Q=Okt 'xt=O= QO
Rt=O; wO x@DQt |OOa KQ] R= 'x]@=Q u}= |}=Hx@=H CqtH |R=UxDUUo |=Q@
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|O
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|U

QQ@|=y`=iDQ= R= |wQm Ot=H sUH V}=tR; |xwLv u}= QO "OW s=Hv= w |L=Q] ?rY
CmQL hrDNt |=yCr=L R= CaQUQB u}@ QwO l} R= xO=iDU= =@ w xOW =yQ |Dw=iDt
12 CCD u}@ QwO l} R= |Q=OQ@Tma |=Q@ "OwW|t |Q=OQ@Tma Ot=H sUH
'1 pmW "OW xO=iDU= �� 14QB=yTQo pOt =@ 13|QoCv} wB CmQW CN=U ��

"OyO|t u=Wv =Q Ot=H sUH R= |Q=OQ@Tma V}=tR; |=RH= l}D=tW
Q=Ri=sQv QO Q} wYD VR=OQB Q=R@=x@aH R= xO=iDU= =@ xm |}xt=vQ@ 'VywSB u}= QO
RmQt CaQU w C}akwt uOQw; CUOx@ w =yTma p}rLD |=Q@ 'xOW xDWwv 15?rDt
R= xrLQt Qy ẁQW R= p@k Qw_vt u}= |=Q@ "CU= xDiQ Q=m x@ Ot=H sUH sHL
|}=tvnQR@ w 'QkDUt Tma u}rw= QO 8 9 mm ZQa =@ |Rri |}xa]k V}=tR;

"�2 pmW� OW s}_vD u}@ QwO
|xt=vQ@ "OW xDiQo =yTma s=tD w Ov=t Q}}eD uwO@ u}@ QwO C=t}_vD TBU
|Rri |xa]k pt=W xm |Uma =OD@= xm xOW u} wOD CQwY u}= x@ Q} wYD VR=OQB
|xv}tR nvQ w |}=vWwQ 'TBU "OwW|t xOv=wN =Qi ?rDt QO 'CU= uw}U=Q@}r=m
O=OaD R= Tma Qy "O@=} Vy=m u; QO OwHwt C=W=WDe= =D OwW|t xO=O Q}}eD Tma
=@ "CU= Cw=iDt s=Om Qy �|=ynvQ� Q}O=kt xm xOW p}mWD pUm}B |O=} R Q=}U@
xv=DU; Q=Okt R= u; Q=Okt xm |rUm}B Qy '?rDt Q=Ri=sQv QO OwHwt C=QwDUO R= xO=iDU=
|=ypUm}B |xOv=t|k=@ "�=wy |x}L=v� OwW|t p}O@D O}iU nvQ x@ 'OW=@ QDW}@
p}O@D x=}U nvQ x@ uw}U=Q@}r=m |Rri |xa]k w |wQm Ot=H sUH |x}L=v QO OwHwt
O}iU w x=}U |=ynvQ R= |i}] pt=W xm Q_v OQwt Tma 'VwQ u}= =@ "OwW|t
u}= QO "CU= O}iU w x=}U nvQ wO pt=W \ki xm OwW|t |Uma x@ p}O@D 'CU=
x@ Tma |x}k@ w OwW|t xO}O x=}U nvQx@ |Rri |xa]k w Ot=H sUH 'Cr=L

"�3 pmW� O};|tQO O}iU nvQ
QO =ypUm}B O=OaD w =O}B Tma QO uw}U=Q@}r=m |Rri |xa]k u=mt 'xt=O= QO
Tma QO =yxR=Ov= s=tD p}O@D ?} Q[ '?}DQD u}= x@ "OvwW|t xOQtW u; ZQa

"OQ}o|t Q=Qk xO=iDU= OQwt xt=O= QO xm O};|t CUOx@
u}L QO R}v w \wkU u}L QO Ot=H sUH R= xm |}=yTma 'Oa@ |xrLQt QO

Q}PBpmW Q}}eD Ot=H sUH CmQL V}=tR; QO xO=iDU= OQwt |=RH= l}D=tW "1 pmW
"?rY K]U l} =@ u; OQwNQ@ w �=wy� p=}U \}Lt QO

"XNWt O=a@= =@ |Rri |xa]k w sUH Tma "2 pmW

%u; QO xm
H
�
V; eB; J� = J :

�rV T � eB + eB � rV � (17)

Q}O=kt R= Q}e x@ xm CU= CaQU |=yxir-wt |=Q@ |]N x=oDUO l} 17 |x]@=Q
R= xO=iDU= =@ 17 |xrO=at "CU= swrat u; CqtH |x}k@ 'V n+2=3 CaQU
w V n+2=3 CaQU Q}O=kt T=U=Q@ 'xt=O= QO "CU= pL p@=k TDMA VwQ

"OwW|t x@U=Lt eBn+2=3 VvQm Q=Okt '15 |x]@=Q x@ xHwD =@
p=ta= =@ V n+1 O}OH |v=tR s=o QO CaQU `} RwD 'xrLQt u}= QO "sQ=yJ s=o

%�18 |x]@=Q� OwW|t x@U=Lt |vt[ CQwYx@ Q=Wi |xrtH
V n+1 � V n+ 23

�t
= �rPn+1

�n
(18)

xm u}= x@ xHwD =@ |iQ] R= "Ov=pwyHt wO Qy V n+1 w Pn+1 Q}O=kt u; QO xm
=Q sQH |=k@ \QW O}=@ 'V n+1 O}OH |v=tR s=o QO xOt; CUOx@ |=yCaQU

%OwW|t xO=iDU= |oDUw}B |xrO=at R= 'Ovvm =[Q=
r � V n+1 = 0 (19)

Q=Wi uwU=wB |xrO=at '19 |x]@=Q R= xO=iDU= w 18 |x]@=Q R= jDWt uDiQo =@
%O};|t CUOx@

r �
� 1
�n
rpn+1

�
= r � V n+ 23

�t
(20)

QO pwyHt =yvD Pn+1 Q=Wi 'xOW x@U=Lt swU s=o QO V n+2=3 xmu}= x@ xHwD =@
'|R=UxDUUo R= TB "OwW|t x@U=Lt pL |xRwL pm QO xm CU= 20 |x]@=Q
pL p@=k 11|mUr=J *Xk=v *GwORt *u=}O=Qo VwQ R= xO=iDU= =@ 20 |x]@=Q
O}OH |v=tR s=o QOCaQU 'O}OH |v=tR s=o QO Q=Wi |x@U=Lt R=TB [18]"CU=
|x]@=Q T=U=Q@ 'xt=O= QO "OwW|t x@U=Lt 18 |x]@=Q R= xO=iDU= =@ V n+1

%OwW|t x@U=Lt u}vJ eBn+1 VvQm QwUv=D Q=Okt '8 p=kDv=eBn+1 � eBn

�t
+ 3

2V
n � r eBn � 1

2V
n�1 � r eBn�1 =

1
2
��rV T�n +

�rV T�n+1� � eBn + 1
2 eBn�hrV n +rV n+1i (21)

VvQm Q=Okt |x@U=Lt |=Q@ 22 |x]@=Q '21 |x]@=Q R= 14 |x]@=Q uOQm sm =@
%OwW|t xO=iDU= eBn+1

eBn+1 � eBn+ 23 = �t
2
���rV T�n+1 � �rV T�n+ 23

�
� eBn

+ eBn � hrV n+1 �rV n+ 23
i�

(22)

"OQ}o|t Q=Qk xO=iDU= OQwt Oa@ |v=tR s=o QO 'VvQm |xir-wt u}=

|@ QHD V}=tR; "4
CmQL V}=tR; '|OOa G}=Dv *|HvUQ=@Da= w xOW KQ]t h=Oy= x@ |@=}CUO |=Q@
K]U =@ u; OQwNQ@ w �=wy� p=}U \}Lt QO |wQm Q}PBpmW Q}}eD Ot=H sUH l}
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wxO
=Rp}

a=tU
=Ot

=L

G}=Dv w EL@ "5
QO Q}PBpmW Q}}eD Ot=H sUH CmQL |y=oW}=tR; w |OOa G}=Dv CtUk u}= QO
R= Ot=H sUH |R=UpOt Qw_vtx@ j}kLD u}= QO "OW Oy=wN x�=Q= p=}U \}Lt
xm OW XNWt 'xOW s=Hv= |=y|UQQ@ T=U=Q@ "CU= xOW xO=iDU= q=@ |wQu=Qo
,=@} QkD p=}U x@ Ot=H sUH |r=oJ C@Uv =@ p=}U x@ Ot=H sUH |wQu=Qo C@Uv
^=Lrx@ xrY=L G}=Dv 'j}kLD u}= QO xOW s=Hv= |=y|UQQ@ |t=tD QO "CU= |w=Ut

"OQ=O |@ QHD G}=Dv =@ |@ wN j@=]D |i}m w |tm
CQwYx@ Ot=H sUH 'p=}U \}Lt QO Ot=H sUH CmQL |R=UpOt Qw_vtx@
OyO|t u=Wv u}kkLt Q}=U C=ar=]t "OwW|t xDiQo Q_v QOl}DUq=QB}=y |xO=tl}
u}= QO [19]"OW=@ xDW=O =Q l}DUq=QB}=y |xO=t l} |=y|oS} w Ov=wD|t uwm}r}U xm
|OOa |UQQ@ QO "OW xO=iDU= V}=tR; |=Q@ |vwm}r}U |wQm AwD l} R= R}v j}kLD
u}= [14]"OwW|t xO=iDU= u}mwyw�v pOt R= Ot=H sUH |R=UpOt |=Q@ xOW s=Hv=
pwyHt ?} Q[ l} |=Q=O w OQ=O OQ@ Q=m lJwm |=ypmW Q}}eD |=Q@ ,qwtat pOt
|v}@V}B =Q xO=t Q=DiQ |DUQOx@ ẁvDt |Q=PoQ=@ \}=QW CLD Ov=wD|t w CU=
pmW Q}}eD =wy QO CmQL u}L QO Q_v OQwt sUH 'xOW s=Hv= V}=tR; QO [20]"Ovm
pmW Q}}eD ?rY K]U =@ OQwNQ@ u=tR QO =t= 'CU= ?rY sUH l} Ovv=t w xO=Ov
R= K}LY |@=NDv= Ov=wD|t pOt u}= OUQ|t Q_v x@ =Pr "CU= |UQQ@ p@=k xm xO=O

"OW=@ l}DUq=QB}=y |xO=t hrDNt |=ypOt u}@
QO u}mwyw�v pOt QO �uwm}r}U� u=UWm |xO=t *|WQ@ |v=UWm ?} Q[ |=Q@
u=wD|t 'Cq=kt u}= |UQQ@ =@ "CU= xOW VQ=Ro |Dw=iDt Q}O=kt 'hrDNt Cq=kt
CUO x@ u=UWm |xO=t |=Q@ u}mwyw�v pOt QO u=UWm ?} Q[ Q=Okt |=Q@ |}xR=@
|xv}tR QO xm uwm}r}U u=UWm |xO=t 'Cq=kt Q}=U x@=Wt 'Q[=L Q=DWwv QO "OQw;
|xO=t "CiQo Q=Qk xO=iDU= OQwt 'CU= G}=Q Q=}U@ l}DUq=QB}=y O=wt |xar=]t
QYLvt ?}=Q[ u}}aD =Pr w OwW|t xDN=U QDxO=U |xO=t u}OvJ ?}mQD R= uwm}r}U
u=Um} ,=k}kO =yu; |xOvR=U |=RH= ?}mQD uwJ 'CU= umtt Q}e u; |=Q@ OQi x@
Cw=iDt |=ypOt QO l}DUq=QB}=y O=wt x@ \w@ Qt u=UWm ?}=Q[ u}}aD "CU}v
CQwY |OOa |=yxt=vQ@ w |@ QHD G}=Dv |xU}=kt =@ 'O=wt u}= |=Q@ xOW O=yvW}B
'xQwLtwO VWm 'xO=U VWm uwtR; pt=W xOWs=Hv= |=yV}=tR; [22w21]"OQ}o|t
xOW u=}@ R}v hrDNt Cq=kt QO xm Qw]u=ty "CU= """w xQwLtwO Q=Wi 'xO=U Q=Wi
|=ypOt QO u=UWm ?}=Q[ u}}aD |=Q@ |}=yvD x@ QwmPt |=yuwtR; R= s=OmQy 'CU=
C=aq]= R= |}xawtHt |DL Qo = "OvW=@|tv |i=m l}DUq=QB}=y O=wt hrDNt
x@?}=Q[ u}= uOQw;CUOx@ |=Q@ 'xOW QmP |=yuwtR; `=wv= R= |m} QO |y=oW}=tR;
|=yuwtR; Qo}O QO =Q xO=t Q=DiQ Ovv=wD@ ?}=Q[ u}= xm OQ=Ov OwHw |v}t[D 'OwQ Q=m
xOW s=Hv= V}=tR; 'Q[=L Q=DWwv QO [20]"Ovvm |v}@V}B |DUQOx@ |y=oW}=tR;
CmQL |=Q=O Ot=H sUH =Q} R 'CU= QwmPt |=yuwtR; R= QDxO}J}B w QDj}kO ?D=Qtx@

"OyO|t pmW Q}}eD ,qt=m ?rY K]U =@ OQwNQ@ u}L QO |iQ] R= w xOw@
OQwNQ@ R= TB w xOW =yQ |YNWt `=iDQ= R= Ot=H sUH =OD@= 'V}=tR; |=Q@
u}@ QwO l} ltmx@ 'V}=tR; u}L QO "OOQo|tR=@ q=@ CtU x@ ?rY K]U =@
x@ pYDt |xv=}=Q QO w xOW xDiQo |OOaDt |=yTma xO}OB u}= R= q=@ CaQU =@
'?rDt Q=Ri=sQv R= xO=iDU= w Q} wYD VR=OQB VwQ =@ TBU "OwW|t xQ}NP u}@ QwO
s=Hv= =@ 'xt=O= QO "OwW|t x@U=Lt Ot=H sUH sHL RmQt CaQU R}v w C}akwt
Ot=H sUH |=Q@ u}mwyw�v pOt QO pwyHt ?} Q[ '|OOa |xt=vQ@ QO =]N w |aU
'xOt; CUO x@ ?} Q[ CLY |@=} RQ= w QDW}@ |UQQ@ Qw_vtx@ =t= "O};|t CUOx@

nvQ wO x@ uOW p}O@D R= Oa@ uw}U=Q@}r=m |xa]k w Ot=H sUH Tma "3 pmW
"uw}U=Q@}r=m ?} Q[ u}}aD Qw_vtx@ O}iU w x=}U

"=wy QO CmQL u}L QO Ot=H sUH "4 pmW

"?rY K]U =@ T=tD u=tR QO |wQm Ot=H sUH "5 pmW
VR=OQB Qo}O |xt=vQ@l} R= xO=iDU= =@ 'xOW xDiQo q=@CtU x@ Ot=H sUHCWoR=@
�?rY K]U =@ T=tD u=tR R= Q}e x@� Cq=L u}= QO =y|Q}oxR=Ov= QO "OvwW|t
=OD@= 'Q} wYD VR=OQB |=Q@ "Ov=t|t |wQm pt=m Qw]x@ Ot=H sUH xm OwW|t ZQi
=O}B Vy=m O}iU w x=}U nvQ wO x@ Tma Qy QO =ynvQ O=OaD p@k Cr=L Ovv=t
Q} wYD VR=OQB Q=R@=x@aH QO OwHwt `@=wD w =yQwDUO R= xO=iDU= =@ TBU "Ovvm|t
xHwD =@ xm OwW|t x@U=Lt Ot=H sUH pUm}B u} QDu}}=B w u} QDq=@ |xQ=tW '?rDt
Ot=H sUH sHL RmQt C}akwt 'uw}U=Q@}r=m VN@ QO xOt; CUOx@ p}O@D ?} Q[ x@

"�4 pmW� OwW|t u}}aD �xQm RmQt�
|wQm Cr=L R= pmW uwJ 'Ovm|t OQwNQ@ ?rY K]U x@ sUH xm |v=tR =t=
pYi =OD@= 'Cr=L u}= QO "OwW|t xDWwv u; |=Q@ |Qo}O |xt=vQ@ 'OwW|t GQ=N
K]U =@ Ot=H sUH T=tD `=aW R}v w ?rY K]U/Ot=H w Ot=H/p=}U lQDWt
Q=Ri=sQv QO OwHwt C=QwDUO R= xO=iDU= =@ 'xt=O= QO "�5 pmW� OwW|t u}}aD ?rY
pmW =yu; j} Q] R= w OwW|t VR=Q@ Ot=H sUH K]U x@ |}=y|vLvt '?rDt
sUH sHL RmQt C}akwt w 'Ot=H sUH Gw= |x]kv `=iDQ= 'Ot=H sUH O=R; K]U

"O};|t CUOx@ Ot=H
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xRwL |x}rw= w |RQt \}=QW w =wy QO CmQL u}L QO Ot=H sUH l}D=tW "6 pmW
"pL

sHL RmQt `=iDQ= C=Q}}eD |=Q@ |OOa |xm@W R= pqkDU= |UQQ@ G}=Dv "7 pmW
"1 22 m/s x}rw= CaQU =@ u=tR =@ Ot=H sUH

sHL RmQt CaQU C=Q}}eD |=Q@ |OOa |xm@W R= pqkDU= |UQQ@ G}=Dv "8 pmW
"1 22 m/s |x}rw= CaQU =@ u=tR =@ Ot=H sUH

w Ot=H sUH CmQL *|y=oW}=tR; G}=Dv w |Oa@ wO |OOa G}=Dv 9 pmW QO
QO "CU= xOW xO=O u=Wv hrDNt |=yu=tR QO ?rY K]U l} =@ u; OQwNQ@
w �CU=Q CtU� u=} QH \w]N 'Ot=H sUH pmW Q@ xwqa 'xOW x�=Q= |OOa G}=Dv
OQwtQO |rt=m C=aq]= =D CU= xOW xO=O u=Wv R}v �AJ CtU� CaQU |=yQ=OQ@

"OQ}o Q=Qk Q=}DN= QO =wy w Ot=H sUH QO OwHwt |=yCaQU w u=} QH

R}v |OOa |xt=vQ@ QO "OW s=Hv= R}v Qo}O |=y`=iDQ= R= Ot=H sUH \wkU V}=tR;
OQ=O|t u=}@ xrY=L G}=Dv "OW xO=iDU= p@k |xrLQt QO xOt; CUO x@ ?} Q[ R=
=Q |y=oW}=tR; G}=Dv Ov=wD|t |DUQOx@ xOt; CUOx@ |OOa G}=Dv 'OQ=wt u}= QO xm

"Ovm |v}@V}B
xOW xO=O u=Wv 6 pmW QO |UQQ@ OQwt |xr�Ut *|RQt \}=QW w l}D=tW
Q_v QO uQ=kD QwLt 'pL |xRwL AJ RQt w Q=w}O 'pL |xRwL u}}=B RQt "CU=
xDiQo Q_v QO R=@ \}=QW 'pL |xRwL CU=Q CtU w q=@ |=yRQt "CU= xOW xDiQo
CU= CQ=@a |UQQ@ OQwt Cr=L |=Q@ xOW xO=iDU= C=}YwYN w xUOvy "OwW|t

%R=
19 2 mm %Ot=H sUH |x}rw= `=aW

57 3 mm %Ot=H sUH |x}rw= C}akwt
1 22m/s %Ot=H sUH |x}rw= CaQU

1106 kg/m3 %Ot=H sUH |r=oJ
1 225 kg/m3 %�=wy� p=}U |r=oJ

0 0179kg/m.s %�=wy� p=}U |m}t=v}O |wQu=Qo
mm w |a=aW CyH QO 45 mm xOW xDiQo Q_v QO |OOa pL |xRwL
'pL |xRwL |=Q@ ?U=vt Q}O=kt |x@U=Lt Qw_vtx@ "CU= |Owta CyH QO 90

"OW=@v Q=PoQ}F-=D sUH CmQL Q@ xm OW O=} R |}xR=Ov= =D =yxQ=w}O |xrY=i
|xt=vQ@ QO Ot=H sUH x@ \w@ Qt |WQ@ u=UWm ?} Q[ 'V}=tR; s=Hv= R= Oa@
|i}m w |tm ^=Lr R= |OOa w |y=oW}=tR; G}=Dv xm OW xO=O Q}}eD |}xvwox@ |OOa
pOt |WQ@ u=UWm ?} Q[ 'VwQ u}= R= xO=iDU= =@ "OvOQm =O}B j@=]D Qo}Om} =@

"Ot; CUO x@ 0 18 MPa Q@=Q@ Ot=H sUH *u}mwyw�v
s=Hv= l}DUq=QB}=y |xO=t hrDNt |=ypOt |xQ=@ QO xm |rt=m |=y|UQQ@ QO
T=U=Q@ u}mwyw�v pOt QO u=UWm |xO=t x@ \w@ Qt |WQ@ u=UWm ?} Q[ [20]'OW
u}@ �10 OwOL hqDN= T=U= u}=Q@ "OW VQ=Ro 0 2 MPa Q@=Q@ '|@ QHD G}=Dv
QO xOt; CUO x@ |WQ@ u=UWm ?} Q[ Q=Okt w xOW O=} |UQQ@ R= pY=L G}=Dv

"OwW|t xOy=Wt Q[=L j}kLD
CN=wvm} |Ov@xm@W R= xO=iDU= =@ j}kLD u}= QO pL |xRwL |R=UxDUUo
|xv}tR QO xOW s=Hv= |=y|UQQ@ T=U=Q@ 'xm@W |=yxQo O=OaD "CU= xDiQ}PB CQwY
QO pwrU O=OaD |=Q@ 7 pmW QO Qw_vtu}O@ "CU= xOW x�=Q= |Ov@xm@W R= pqkDU=
sHL RmQt *u=mt Q}}eD |=Q@ pY=L G}=Dv 'hrDNt |=y16�CPR� xQm `=aW OL=w

"CU= xOW |UQQ@ sUH
u=tR =@ sUH sHL RmQt CaQU |=Q@ G}=Dv 'hrDNt |=yCPR |=Q@ u}vJty
x@ xHwD =@ "CU= xOW xO=O u=Wv 8 pmW QO u; R= pY=L G}=Dv xm xOW |UQQ@ R}v
l} Ovv=t xQm '\wkU |xrLQt QO xm OwW|t xOy=Wt xm@W R= pqkDU= |=yQ=Owtv
|iqDN= xvwoI}y w Ovm|tCmQL u}}=B x@ wQXNWt |x}rw=CaQU =@ Ot=H sUH
K]U =@ sUH OQwNQ@ R= Oa@ =t= "OwW|tv xO}O hrDNt |=yxm@W |=R=x@ G}=Dv u}@
"OvQ=O Cw=iD Qo}Om} =@ hrDNt |=yxm@W |=R=x@ G}=Dv 'q=@ x@ wQ CWoR=@ w ?rY
xm|v=tR "CU= CmQL xR=Ov= |xrO=at QO u=UWm VvD |xrtH p}rOx@ 'hqDN= u}=
p}O@D u=UWm p}Uv=DB |SQv= x@ |W@vH |SQv= 'Ovm|t OQwNQ@ ?rY K]U =@ xQm
VvQm Q}O=kt R= |a@=D sUH QO xOW xQ}NP u=UWm |=yVvD |iQ] R= "OwW|t
'34 R= QDsm CPR |=R=x@ =Pr "Ov=xDU@=w xm@W xR=Ov= x@ R}v =yVvQm u}= xm CU=
R= Oa@ sUH |q=@ x@ wQ |x}rw= CaQU =Pr w xOWv x@U=Lt |DUQOx@ VvQm Q}O=kt
=@ '8 w 7 |=ypmW x@ xHwD =@ "CU= xOt; CUOx@ u; |ak=w Q=Okt R= QDsm 'OQwNQ@

"CU= |Ov@xm@W R= pkDUt G}=Dv 'CPR = 34 O=OaD
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=L w xOQm CmQL XNWt |x}rw= CaQU =@ 'x@P=H |wQ}v CLD Q_v OQwt sUH
p}Uv=DB |SQv= x@ |W@vH |SQv= 'OQwNQ@ u}L QO "Ovm|t OQwNQ@ ?rY K]U =@
,=@} QkD t = 31 5 ms |x_Lr QO sUH CaQU xm |}=H =D "OwW|t p}O@D u=UWm
R= Oa@ "CU= xOW xQ}NP sUH QO u=UWm |SQv= u} QDW}@ w xO}UQ QiY Q=Okt x@
sUH CmQL =@ "OwW|t p}O@D |W@vH |SQv= x@ w xOW O=R; u=UWm |SQv= 'u=tR u}=
w sUH lQDWt pYi QO xOt; OwHw x@ |WNQJ u=} QH G} QODx@ 'q=@ CtU x@
u}}=B CtUk QO |WNQJ u=} QH G} QODx@ 'sUH uDiQ q=@ =@ =t= "Ovm|t OWQ =wy
"OQ=O OwHw u=vJty x}L=v u}= 'sUH `=iDQ= V}=Ri= =@ xm O};|t OwHw x@ sUH
ODtt \N "OyO|t u=Wv =Q u=tR =@ sUH sHL RmQt u=mt Q}}eD Q}O=kt 10 pmW
u=Wv =Q VywSB u}= QO |y=oW}=tR; G}=Dv |}xQ}=O \=kv w |OOa |R=UpOt G}=Dv

"OvyO|t
xO=O V}=tv u=tR =@ sUH sHL RmQt CaQU Q}O=kt 11 pmW QO u}vJty

"CU= xOW
u}= QO |y=oW}=tR; G}=Dv |}xQ}=O \=kv w |OOa |R=UpOt G}=Dv ODtt \N
xOt; CUO x@ |WQ@ u=UWm ?} Q[ *CLY |UQQ@ |=Q@ "OyO|t u=Wv =Q VywSB
|=yCaQU w `=iDQ= =@ p@k x@=Wt |W}=tR; '(G = 0 18 MPa) Ot=H sUH |=Q@
Ot=H sUH |=Q@ ?} Q[ u}ty R= R}v |OOa |xt=vQ@ QO "OW s=Hv= Cw=iDt |x}rw=

\=kv� |y=oW}=tR; G}=Dv =@ �ODtt \N� |OOa G}=Dv |tm |xU}=kt "10 pmW
"1 22 m/s |x}rw= CaQU =@ Ot=H sUH sHL RmQt C}akwt OQwtQO �|wQ}=O

\=kv� |y=oW}=tR; G}=Dv =@ �ODtt \N� |OOa G}=Dv |tm |xU}=kt "11 pmW
"1 22 m/s |x}rw= CaQU =@ Ot=H sUH sHL RmQt CaQU OQwtQO �|wQ}=O "|y=oW}=tR; w |OOa G}=Dv |xU}=kt "9 pmW
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QQ@|=Q@ |@U=vt CkO =@ 'p@k |xrLQt QO xOWu}}aD ?} Q[ =Pr "OvQ=O j@=]D Qo}Om} =@
"CU= K}LY R}v Cq=L Qo}O

|Q}oxH}Dv "6
w Q}PBpmW Q}}eD Ot=H sUH u}@ VvmtyQ@ |OOa |R=UpOt Q[=L j}kLD QO
xO=iDU= |OOa sD} Qwor= "CU= xOW|UQQ@ |Qr} w= � |Qr} w= VwQ R= xO=iDU= =@ p=}U
|=Q@ '|}xrLQtQ=yJ |x} RHD VwQ R= p=}U u=} QH pL |=Q@ 'j}kLD u}= QO xOW
VvQm |x@U=Lt |=Q@ w 'p=}U |tHL C@Uv VwQ R= Ot=H sUH C}akwt u}}aD
|xRwL 'VwQ u}= QO "Ovm|t xO=iDU= p=kDv= |xrO=at R= Ot=H sUH |x}L=v QO
sUH pN=O QO p=}U Q@ sm =L CqO=at w CU= Ot=H sUH w p=}U pt=W pL
Qy QO Ot=H sUH |x}L=v QO VvQm Q}O=kt |x@U=Lt |=Q@ "OwW|t pL R}v Ot=H
xOW x@U=Lt VvQm Q}O=kt x@ xHwD =@ "OwW|t xO=iDU= p=kDv= |xrO=at R= '|v=tR s=o
x@U=Lt p@=k Ot=H sUH QO u=UWm VvD 'Ot=H sUH |xYNWt |xrO=at R}v w
x@ 'CU= Q=Okt |=Q=O Ot=H sUH |x}L=v QO \ki xm u=UWm VvD u}= "CU=
|OOa |=y|Q=O}=B=v R= |Q}owrH Qw_vtx@ "OwW|t xOwRi= TmwDU= � Q} w=v |xrO=at
|x@U=Lt 'nQR@ u=UWm ?}=Q[ =@ Ot=H s=UH= |=Q@ XwYNx@ 'xOt; OwHwx@
Q=yJ |x@DQt u}@ wm =S QwUv=D R= xO=iDU= =@ w |vt[x@W CQwYx@ u=UWm VvD

"CU= xOW s=Hv=
|oDUw}B=v |=Q=O Ot=H/p=}U lQDWt pYi QO u=UWm VvD Q}O=kt '|iQ] R=
|m}t=v}O |RQt \QW 'nQR@ u=UWm ?}=Q[ =@ s=UH= |=Q@ XwYNx@ w CU=
QO |m}t=v}O |RQt \QW Ow@y@ Qw_vtx@ 'VywSB u}= QO "CU}v Q=QkQ@ pt=m Qw]x@
"OW Ot=H sUH |x}L=v QO |wQu=Qo V}=Ri= x@ s=Ok= 'Ot=H/p=}U lQDWt pYi
Ot=H sUH |x}L=v QO CaQU `} RwD |DN=wvm} Ea=@ 'q=@ |wQu=Qo R= xO=iDU=
Ot=H/p=}U lQDWt pYi QO u=UWm |=yVvD Q}F-=D Vy=m x@ QHvt Qt= u}= w xOW

"OwW|t
V}=tR; '|ak=w |=yxO}OB =@ pOt u}= R= pY=L G}=Dv |HvUQ=@Da= Qw_vtx@
u}= QO "OW s=Hv= �=wy� p=}U \}Lt QO |wQm Q}PBpmW Q}}eD Ot=H sUH CmQL
xO=iDU= l}DUq=QB}=y |xO=t u=wvax@ uwm}r}U R= xOW xDN=U |wo l} R= 'V}=tR;
TBU &OW =yQ u}}=B hQ] x@ |YNWt `=iDQ= R= |wQm |wo V}=tR; |=Q@ "OW
OQwNQ@ '=wy QO Ot=H sUH CmQL hrDNt C=_Lr R= CaQUQB u}@ QwO l} ltmx@
VwQ ltmx@ TBU "OW |Q=OQ@Tma q=@ CtU x@ u; CWoR=@ w '?rY K]U =@
RmQt CaQU R}v w sHL RmQt C}akwt '?rDt Q=Ri=sQv R= xO=iDU= w Q} wYD VR=OQB
u}mwyw�v pOt R= xO}OB u}= |OOa |R=UpOt |=Q@ "OW x@U=Lt |wQm |wo sHL
|i=m CkO |=Q=O '|oO=U u}a QO pOt u}= "OW xO=iDU= l}DUq=QB}=y |xO=t |=Q@
?} Q[ Q=Okt uOw@vXNWt x@ xHwD =@ "CU=?U=vt sm |=ypmW Q}}eD |=Q@ w xOw@
|wLvx@ |OOa |xt=vQ@ QO ?} Q[ u}= Q=Okt V}=tR; s=Hv= R= Oa@ '|WQ@ u=UWm
j@=]D Qo}Om} =@ |i}m w |tm ^=Lrx@ |y=oW}=tR; w |OOa G}=Dv =D OW xO=O Q}}eD
Cw=iDt |=y`=iDQ= R= V}=tR; 'xOt; CUO x@ ?} Q[ CLY R= u=v}t]= |=Q@ "Ov@=}
'R}v OQ=wt u}= QO "OW xO=iDU= |OOa |xt=vQ@ |=Q@ ?} Q[ u=ty R= w OW s=Hv=

"OvDW=O j@=]D Qo}Om} =@ |@U=vt CkO =@ |y=oW}=tR; w |OOa G}=Dv
|OOa VwQ ?U=vt C}r@=k w CkO |xOvyOu=Wv xrY=L *G}=Dv |xawtHt
Q}}eD Ot=H sUH CmQL |OOa |R=UpOt Qw_vtx@ 'Q[=L j}kLD QO xDiQ Q=mx@

"CU= p=}U \}Lt QO Q}PBpmW

"Cw=iDt Cr=L wO |=Q@ Ot=H sUH |x}rw= CaQU w `=iDQ= Q}O=kt "1 pwOH
2 OQwt 1 OQwt
58 6 61 9 (mm) x}rw= C}akwt
1 06 0 73 (m/s) x}rw= CaQU

|y=oW}=tR; G}=Dv =@ �u}J\N w ODtt \N� |OOa G}=Dv |tm |xU}=kt "12 pmW
j@=]t Cw=iDt |x}rw= |=yCaQU w `=iDQ= =@� Ot=H sUH sHL RmQt C}akwt |=Q@

"�1 pwOH

|y=oW}=tR; G}=Dv =@ �u}J\N w ODtt \N� |OOa G}=Dv |tm |xU}=kt "13 pmW
j@=]t Cw=iDt |x}rw= |=yCaQU w `=iDQ= =@� Ot=H sUH sHL RmQt CaQU |=Q@

"�1 pwOH

w `=iDQ= 1 pwOH QO "OW xU}=kt |y=oW}=tR; G}=Dv =@ |OOa G}=Dv w OW xO=iDU=
"CU= xOW x�=Q= xOW s=Hv= V}=tR; xvwtv wO |=Q@ Ot=H sUH |x}rw= CaQU

OQwt wO |=Q@ u=tR =@ Ot=H sUH sHL RmQt u=mt Q}}eD '12 pmW QO
|R=UpOt *G}=Dv Qou=Wv u}J\N w ODtt \N "CU= xOW xO=O u=Wv Cw=iDt
u=Wv =Q |y=oW}=tR; G}=Dv |a@ Qt w |}xQ}=O \=kv xm |r=L QO CU= |OOa

"OvyO|t
xOW xO=O u=Wv u=tR =@ sUH sHL RmQt CaQU Q}O=kt 13 pmW QO u}vJty
|a@ Qt w |}xQ}=O \=kv w |OOa |R=UpOt G}=Dv Qou=}@ 'u}J\N w ODtt\N "CU=
13 w 12 |=ypmW QO xm u=vJ "CU= j}kLD u}= QO |y=oW}=tR; G}=Dv Qou=}@
|@U=vt Q=}U@ CkO =@ xOt; CUOx@ |y=oW}=tR; w |OOa G}=Dv 'OwW|t xOy=Wt
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1. theorem of Lagrange multiplier
2. transport equation
3. elastic stress
4. weighted essentially non oscillatory (WENO)
5. left Cauchy-Green deformation tensor
6. shear elastic modulus
7. tri diagonal matrix slgorithm (TDMA)
8. second-order Adams Bashforth
9. Crank-Nicolson
10. fourth order Jacobian Tensor
11. incomplete cholesky-conjugate gradient solver (ICCG)
12. charge coupled device
13. Point Grey, Canada
14. Grasshopper
15. Matlab
16. cell per radius (CPR)
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