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x@ l} QDmr=wR}B |=yQorta w =yQoTL ltmx@ x}qOvJ jQw C=W=aDQ= pQDvm xr=kt u}= QO
=@ l} QDmr=wR}B |=yx}q x=Qtyx@ C} RwBt=m jQw CmQL CqO=at "CU= xOW xDW=Po EL@
"CU= xOt; CUO x@ C=Q}}eD ?=UL w uwDr}ty pY= 'pw= x@DQt |WQ@ |x} Q_v R= xO=iDU=
VwQ u}= QO "CU= xOW xO=iDU= u}mQro u=tr= uwO@ |OOa VwQ R= jQw CqO=at pL |=Q@
xr�Ut u=O}t QO \=kv `} RwD T=U=Q@ pmW `@=wD CN=U |=Q@ lQLDt C=a@ Qt u} QDsm R=

QO =yv; uO=O Q=Qk w |m} QDmr= u=O}t w VvQm u=O}t |R=UxDUUo R= TB "OwW|t xO=iDU=
|=QPo MU=B p}rLD |=Q@ "O};|t CUO x@ jQw CmQL |m}t=v}O CqO=at 'uwDr}ty |x]@=Q
pQDvm |=Q@ xOW xDN=U pOt |Q=PoxLY R= TB "CU= xOW xO=iDU= lQ=tw}v VwQ R= jQw
Vy=m w |}=Q}t Q@ VwQ u}= Q}F-=D w xOW xO=iDU= CaQU OQwNR=@ VwQ R= 'C=W=aDQ= p=ai

"CU= xOW xO=O u=Wv jQw C=W=aDQ=
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amin.sadri.ac@gmail.com
jalaljavadimoghaddam@gmail.com "Qorta w QoTL 'l} QDmr=wR}B 'xm@W uwO@ VwQ 'jQw C=W=aDQ= %|O}rm u=oS=w

xtOkt "1
|=yCr=L pmW w Vv=tm 'C=W=aDQ= pQDvm |xRwL QO O=wt u}= |=yOQ@ Q=m |xv}tR

"CU= xDiQo s=Hv= =yxR=U |@=}?}a w V}=B w lQD |UQQ@ 'xR=U
=yxLiY C=W=aDQ= pQDvm |xv}tR QO xDiQo CQwY C=ar=]t 'X=N Qw]x@
|xwLv Q}_v |irDNt |=yVN@ QO 'l} QDmr=wR}B |=yQorta w =yQoTL \UwD
ẁv 'xR=U QO =yQorta w =yQoTL R= xO=iDU= |xwLv 'CqO=at pL w |R=UpOt
"CU= |Ov@s}UkD p@=k '|rQDvm |=yVwQ w xLiY |=Q@ xOW xDiQo Q_v QO O=wt

RyHt xLiY CqO=at pL w |R=UpOt |xwLv |xv}tR QO |O=} R u}kkLt
R= |}xOta VN@ "Ov=xOQm C}r=ai |OOa w |r}rLD |=yVwQ x@ l} QDmr=wR}B x@
uDiQo Q_v QO =@ OwOLt <=RH= VwQ x@ |R=UpOt pt=W 'xv}tR u}= QO C=k}kLD
|=yVwQ Q}=U =@ |R=UpOt "CU= u=tr= hrDNt `=wv= w xLiY hrDNt |=yx} Q_v
"CU= xDiQo Q=Qk xHwD OQwt QDsm xm@W uwO@ |=yVwQ w OwOLt p[=iD Q}_v |OOa
OwN@ =Q u}kkLt R= |WN@ |Q=m |xv}tR 'R}v xLiY |=Q@ xO=iDU= OQwt O=wt
C} RwBt=m O=wt 'l}B wQDwR}= O=wt |wQ Q@ |irDNt C=ar=]t "CU= xO=O X=YDN=
|a}Uw VN@ "CU= xDiQo CQwY 1�FGM� |Q@ Q=m T=U=Q@ xOW|Ov@xOQ O=wt w
C=W=aDQ= pQDvm QO =yQorta w =yQoTL R= xO=iDU= |xwLv |xv}tR QO C=ar=]t R=
l} QDmr=wR}B |=yQorta w =yQoTL uDiQo Q_v QO =@ u}kkLt R=|ywQo "CU= xLiY
"Ov=xDN=OQB xLiYC=W=aDQ=p}rLD x@ 'xLiYKw]U|wQ|QU=DQU|=yx}qCQwYx@
|}=yxrYw CQwYx@ =yQorta w =yQoTL uDiQo Q_v QO =@ R}v C=ar=]t R= |WN@ QO
xLiY hrDNt |=yOt pmW 'Ov=xDiQo Q=Qk xLiY R= |Y=N |=yC}akwt QO xm

OvtWwy |=yxR=U |L=Q] pQDvm w xR=U u}UOvyt |wQ V}B |=yVr=J R= |m}
=Q |]}Lt C=Q}}eD xm OwW|t xDio |}=yxR=U x@ OvtWwy |=yxR=U "CU= Ot;Q=m w
nv}rB wm |oS} w "Ovvm}t K}LYD =Q u; sDU}U |=yOQwNR=@ R= xO=iDU= =@ w 'Ci=} QO
'lR=v |=yjQw pmW x@ OQ@ Q=m C}r@=k w l} QDmr=wR}B |=yl}t=QU |m}v=mtwQDmr=
?U=vt Qorta =} QoTL u=wvax@ =yxR=U pQDvm QO xO=iDU= |=Q@ =Q l} QDmr=wR}B
u=wD|t =yQoTL QO l} QDmr=wR}B s}kDUt QF= w C}Y=N R= xO=iDU= =@ "CU= xDN=U
|Q}oxR=Ov= xOWO=H}= |m} QDmr= p}Uv=DB |Q}oxR=Ov= =@ =Q |m}v=mt |=ypmW Q}}eD
p}Uv=DB p=ta= =@ w l} QDmr=wR}B Twmat C}Y=N |Q}oQ=mx@ =@ u}vJty "OQm
xO=iDU= =@ "Ow@ Oy=wN pQDvm p@=k '=yxR=U VvQm w |}=Hx@=H '?U=vt |m} QDmr=
|@=}CUO u=mt= 'xDiQW}B |=yC} RwBt=m w l} QDmr=wR}B |=yQorta w =yQoTL R=
C}r@=k =@ q=@ |DNU w |DiU 'sm uRw Q}_v |}=y|oS} w xm OW sy=Qi |}=yxR=U x@
CQwYx@ wR}B |=yQorta w =yQoTL R= "OvQ=O |LqY=OwN w �nv} QwD}v=t� V}=B
lqyDU= w pQDvm |=Q@ OwW|t xOv=@UJ =yxDUwB =} jQw Kw]U Q@ xm |}=yx}q
|D=mv OvtWwy |=yxDUwB =} jQw 'Q}D p}rLD w |L=Q] QO "OwW|t xO=iDU= C=W=aDQ=
|=Q@ xDUw}B pOt |R=UxDUUo '=yv; C}akwt w =yQorta w =yQoTL O=OaD w ẁv uwJ
'=y|oS} w x@ xHwD =@ "OQ}o|t Q=Qk Q_v Ot xO=iDU= OQwt |xOvvmpQDvm ẁv w 'p}rLD
QO |O=} R C=ar=]t w C=k}kLD uwvm =D 'OvtWwy O=wt hrDNt |=yC}@=PH w C}r@=k
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m|=yQorta w =yQoTL ltmx@ x}qOvJ jQw C=W=aDQ= pQDvm Q[=L Q=DWwv QO

|=yx}q x=Qtyx@ C} RwBt=m jQw CmQL CqO=at "CU= xOW |UQQ@ l} QDmr=wR}B
C=Q}}eD ?=UL w uwDr}ty pY= 'pw= x@DQt |WQ@ |x} Q_v R= xO=iDU= =@ l} QDmr=wR}B
xO=iDU= u}mQro u=tr= uwO@ |OOa VwQ R= jQw CqO=at pL |=Q@ "O};|t CUO x@
uO=O Q=Qk R}v w '|m} QDmr= u=O}t w VvQm u=O}t |R=UxDUUo R= TB "CU= xOW
p}rLD |=Q@ "O};|t CUO x@ jQw CmQL |m}t=v}O CqO=at 'uwDr}ty \@=wQ QO =yv;
pOt |Q=PoxLY R= TB "CU= xOW xO=iDU= lQ=tw}v VwQ R= jQw |Q=PoMU=B
hOy =@ CaQU |ivt OQwNR=@ VwQ R= C=W=aDQ= p=ai pQDvm Qw_vtx@ 'xOW xDN=U

"CU= xOW xO=iDU= C=W=aDQ= |xvt=O lqyDU=

xr�Ut Q@ sm =L CqO=at w \@=wQ "2
l} QDmr=wR}B |Q=DN=U \@=wQ "1"2

u=O}t nv}rB wm Qou=Wv xm |]N l} QDmr=wR}B O=wt Q@ sm =L |Q=DN=U CqO=at
CU= l} QDmr=wR}B Twmat w s}kDUt QF= CQwYx@ |m} QDmr= u=O}t w |v=UWm

[18]%CU= xOt; 2 w 1 \@=wQ CQwYx@
fDg = [e]f"g+ [K]T fEg (1)

f�g = [c]f"g+ [c]T fEg (2)

'l} QDmr=wR}B nv}rB wm ?}=Q[ T} QD=t e '|m} QDmr= |}=Hx@=H Q=OQ@ D u; QO xm
'xO=t |v=UWm X=wN T} QD=t c 'VvD Q=OQ@ � '|m} QDmr= |Q}PBPwiv T} QD=t K

"CU= |m} QDmr= u=O}t Q=OQ@ E w VvQm Q=OQ@ "

VvQm w |}=Hx@=H u=O}t "2"2
pmW Q}}eD |x} Q_v R= '|WQ@ pmW Q}}eD C=QF= uDiQo Q_v QO |=Q@ Q[=L Q=DWwv QO
xOW xO=iDU= 'CU=yjQw p}rLD |=Q@ =yx} Q_v u} QDQ@Dat R= |m} xm pw= x@DQt |WQ@

%OwW|t u=}@ 3 |x]@=Q j@] x} Q_v u}= QO |}=Hx@=H u=O}t "CU=

u(x; y; z) = u0(x; y)� z�x(x; y);

v(x; y; z) = v0(x; y)� z�y(x; y);

w(x; y; z) = w0(x; y) (3)

|=y=DU=Q QO jQw |v=}t |xLiY |=y|}=Hx@=H ?}DQDx@ w0 w v0 'u0 'u; QO xm
|xLiY Q@ Owta \N |=yVNQJ ?}DQDx@ R}v �y w �x "OvDUy z w y 'x
u}= T=U=Q@ "Ov=pmW Q}}eD uwO@ Cr=L R= y w x QwLt pwL jQw |v=}t
4 |x]@=Q Ovv=ty u=v; C=kDWt w =y|}=Hx@=H ?ULQ@ u=wD|t =Q =yVvQm 'ZQi

%CWwv8>><>>:
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pQDvm |=Q@ Q}N= |=yp=U QO xDiQo CQwY |=yC}r=ai xOta "CU= xOW pQDvm
=@ u}kkLt QDW}@ "OQ=O X=YDN= C=W=aDQ= pQDvm |=yVwQ x@ 'xLiY C=W=aDQ=
pQDvm w hwv=B=}r VwQ 'Cr=L OQwNR=@ Q}_v �� pQDvm hrDNt |=yx} Q_v R= xO=iDU=
|=yC}r=ai R= |}xJN} Q=D xt=O= QO "Ov=xDN=OQB C=W=aDQ= pQDvm x@ �� |]N |xv}y@
|=yQorta w =yQoTL R= xO=iDU= =@ xLiY C=W=aDQ= pQDvm |xv}tR QO xDiQo CQwY

"CU= xOW x�=Q= l} QDmr=wR}B
Q}D x@ pYDt l} QDmr=wR}B |=yQorta XwYNQO u}kkLt xm |D=ar=]t QO
CiH l} l} QLD 'pO=aD CqO=at R= xO=iDU= =@ [2w1]'Ov=xO=O s=Hv= Q}PBh=]av=
Q=@Da= |@ QHD V}=tR; R= xO=iDU= =@ w xOW |R=UpOt |r}]DUt l} QDmr=wR}B Qorta
x@ C=LiY OQwtQO xOWx�=Q= pOt uwt=Q}B xm |}=y|UQQ@ QO "CU= xOW |UQQ@ u;
RD} Q VwQ R= xO=iDU= =@ l} QDmr=wR}B |=yx}q x=Qtyx@ xLiY |R=UpOt 'Ot; pta
jQw l} C=W=aDQ= |}=Q}t |=Q@ [4]|rQDvm uwvi |xv}tR QO u}vJty [3]"OW O=yvW}B
xO=iDU= C=QP |atHD VwQ w xOvRer Cr=L |k}irD |rQDvm sDU}U l} R= FGM

xO}tN |=yjQw C=W=aDQ= |}=Q}t |=Q@ =Q OvtWwy pQDvm |=ysDU}U u=v; "CU= xOW
[5]"Ov=xO=O xaUwD

QOVvQm MQv |Q}oxR=Ov= |=Q@|}=yQoTL u=wvax@l} QDmr=wR}B O=wt R= u}kkLt
C=W=aDQ= pQDvm w |Q}oxR=Ov= Qw_vtx@ w 'xDiQo xQy@ [6]Q}PBh=]av= |=yQ}D w C=LiY
VwQ =@ u; |R=UpOt x@ C@Uv 'xO=U |RQt \}=QW =@ |r}]DUt |xLiY l}
xO=iDU= |yHw VW u=tr= l} R= xar=]t u}= QO =yv; [7]&OvOQm s=Ok= OwOLt <=RH=
QoTL u=wvax@ l} QDmr=wR}B |=yu=tr= R= u=tRty |xO=iDU= swyit xt=O= QO "OvOQm

[8]"OW x�=Q= R}v lQLt w
w =yQoTL x@ RyHt |x}qOvJ C=LiY |R=UpOt |=Q@ '|Oa@ C=ar=]t QO

[9]"OW xO=iDU= OwOLt <=RH= VwQ R= 'l} QDmr=wR}B |=yQorta
|=ylQLt x@ RyHt|rwvQ@ � Qrw= Q}Dl}V}=tR; QO xv}y@ pQDvm|L=Q] Qw_vtx@
"OvOQm xO=iDU= [10]swO xHQO |]N |xv}y@ pQDvm VwQ R= u}kkLt 'l} QDmr=wR}B

"OvOQm xO=iDU= |R=UpOt |=Q@ OwOLt <=RH= VwQ R= =yu;
'=yQ}D |R=UpOt 'pw= x@DQt |WQ@ |x} Q_v w OwOLt <=RH= VwQ R= xO=iDU= =@
s=Ok= =yv; C=W=aDQ= pQDvm x@ C@Uv R}v w OW s=Hv= OvtWwy |=yxDUwB w =yxLiY
w hwv=B=}r VwQ 'CaQU OQwNR=@ pQDvm VwQ R= xO=iDU= =@ C=t=Ok= u}= [11]"OW
x@ QwmPt j}kLD R= |}xOta VN@ "OW s=Hv= swO xHQO |]N pQDvm VwQ u}vJty
xO=iDU= =@ u}kkLt xt=O= QO "OQ=O X=YDN= |DQ=QL |=yQ=@ CLD C=W=aDQ= pQDvm
|=yxLiY C=W=aDQ= p=ai pQDvm x@ |k}@]D OQwNV}B |rQDvm sD} Qwor= l} R=

[12]"OvDN=OQB OvtWwy
VwQx@l} QDmr=wR}B =@ x=Qty?mQt |=yxLiY|Ov@pwtQi 'C=ar=]t |xt=O= QO
u=tr= uwO@ VwQ w pw= x@DQt |WQ@ |x} Q_v R= xO=iDU= =@ w [13]'OW KQ]t xm@W uwO@
TBU w OW |Ov@pwtQil} QDmr=wR}B |=yx}q x@ RyHt |x}qOvJ |=yxLiY 'u}mQro
"OW s=Hv= xLiY C=W=aDQ= pQDvm 'C}akwt w CaQU OQwNR=@ VwQ R= xO=iDU= =@
=Q l} QDmr=wR}B |=yx}q x=Qtyx@ xLiY R= OwOLt <=RH= |Ov@pwtQi l} u=QoVywSB
xLiY C=W=aDQ= Vy=m |=Q@ w [14]OvO=O x�=Q= hyWQm |DvU |x} Q_v R= xO=iDU= =@
|xOvvmpQDvm VwQ R= xO=iDU= =@ u}vJty "OvOQm xO=iDU= CaQU OQwNR=@ VwQ R=
[16w15]"OvDN=OQB OvtWwy |=yQ}D C=W=aDQ= p=ai pQDvm x@ '|Uwo swO xHQO |]N
[17]'=Qox}q |x} Q_v R= xO=iDU= =@ OvtWwy C=LiY |R=UpOt w |Ov@pwtQi QO
w OW ZQi wO xHQO `@=D l} CQwYx@ x}q Ct=N[ CyH QO |m} QDmr= p}Uv=DB
xHQO l} =yvD OwQDmr= Qy |=Q@ 'OwQDmr= Qy hrDNt \=kv uOw@ p}Uv=DBsy Qw_vtx@

"OW xDiQo Q_v QO |m} QDmr= |O=R;

4

Archive of SID

www.SID.ir

http://www.sid.ir


"""w
|QO

Y
u}t

='|
Qk=@

OtL
=

w '|Oa@ wO p�=Ut |=Q@ xS} w C=YDNt xT = [x; y] 'x}=B `@=D pT (x) u; QO xm
,qwtat pt=m |=[i l} p}mWD |=Q@ x}=B `@=D "CU= x}=B `@=D |=yxrtH O=OaD m
R= |Q=OQ@ a(x) '7 |x]@=Q QO "OwW|t xDN=U p=mU=B ErFt R= |}=yxrtHlD =@
=@ xm CU= aT (x) = fa1(x) a2(x):::a2(x)g CQwYx@ w x `@=D ?}=Q[

"O};|t CUO x@ J |a@=D |R=Uxv}tm
J =

nX
i=1

Ŵ (x� xi)
h
pT (x) a (x)� ui

i2
(8)

Ŵ (x� xi) 6= 0|vRw`@=D =@ u=@}DWB|xvt=OuwQO|=yx]kv O=OaDn '8|x]@=Q QO
?}=Q[ x@ C@Uv J |a@=D |R=Uxv}tm R= "CU= x = xi QO u |yQo QDt=Q=B ui w

%OwW|t pY=L 9 |x]@=Q a(x)

A (x) a (x) = B (x) u (9)

%OvwW|t u=}@ 11 w 10 \@=wQ CQwYx@ B(x) w A(x) u; QO xm
A (x) =

nX
i=1

ŵi (x) p (xi) pT (xi) (10)

B (x) = [ŵ1 (x) p (x1) ŵ2 (x) p (x2) ::: ŵn (x) p (xn)]

(11)

%O};|t CUO x@ 13 w 12 \@=wQ '7 |x]@=Q QO a(x) uO=O Q=Qk w 9 |x]@=Q pL =@
uh (x) =

nX
i=1

Ni (x)ui = NT (x) u (12)

NI (x) = pT (x) A�1 (x) BI (x) (13)

"CU= lQLDt C=a@ Qt u} QDsm VwQ x@ xOW xDN=U pmW `@=D NI(x)

|=yx}q x=Qtyx@ jQw |xm@W uwO@ pOt CN=U "4
l} QDmr=wR}B

x=Qty x@ x}qOvJ |=yjQw CqO=at pL w |R=UpOt |=Q@ xDWPo |=yQ=m QDW}@ QO
|=yVwQ "CU= xOW xO=iDU= OwOLt <=RH= |OOa VwQ R= 'l} QDmr=wR}B |=yx}q
Qw]x@ =t= 'xOW xOQ@ Q=mx@ l} QDmr=wR}B uwO@ |=yjQw p}rLD QO xm@W uwO@ |OOa
|xm@W uwO@ |=yVwQ R=l} QDmr=wR}B x@ RyHt |x}qOvJ |=yjQw p}rLD QO X=N
u}mQro |xm@W uwO@ |OOa VwQ R= Q[=L Q=DWwv QO "CU= xOW xO=iDU= [13]QDsm
xOW xO=iDU= l} QDmr=wR}B |=yx}q x=Qtyx@ jQw CqO=at pL w |R=UpOt |=Q@
l} QO QoTL |x}q uDiQo Q_v QO =@ 'jQw C=W=aDQ= |xvt=O pQDvm Qw_vtx@ "CU=
x@ l} QDmr=wR}B OwQDmr= C=LiY QO xOW Qy=_ |m} QDmr= Q=@ MQv '|m} QDmr= Q=Ot
|x}q x@ |r=ta= p}Uv=DB 'S=Drw x@ u; p}O@D w u=} QH u}= C} wkD =@ xm xOt; CUO
|}=Hx@=H =OD@= 'jQw |xm@W uwO@ pOt CN=U |=Q@ "CU= xOt; CUO x@ Qorta
xDN=U pmW `@=wD R= xO=iDU= =@ 15 w 14 \@=wQ QO |m} QDmr= p}Uv=DB w |m}v=mt
%CU= xOW h} QaD |}xQo |=yQ}eDt CQwYx@ 'lQLDt C=a@ Qt u} QDsm VwQx@ xOW

fug =

2664 1 0 0 �z 0
0 1 0 0 �z
0 0 1 0 0

3775 [Nu] fueg (14)

f�g = [N�] f�eg (15)

uwDr}ty pY= "3"2
K]U Q@ OQ=w |wQ}v ZQat QO xm l} QDmr=wR}B |xLiY l} uDiQo Q_v QO =@
|SQv= ẁtHt CQwYx@ (L) u} Sv=Qo q 'CU= (Fg) |L]U |m} QDmr= Q=@ w (Fs)

|L]U |wQ}v\UwD xOW s=Hv= Q=m '(UM ) |v=UWm p}Uv=DB |SQv= '(K) |W@vH
\UwD xOW s=Hv= Q=m w (UE) |m} QDmr= u=O}t R= |W=v |m} QDmr= |SQv= '(WM )

[13]%OwW|t h} QaD (WE) |m} QDmr= u=O}t
L =

Z
V

[K]� (UM �WM ) + (UE �WE) dv

=
Z
V

�1
2� f _ugT f _ug � 1

2 f�g
T f"g+ 1

2 fEg
T fDg

�
dv

+
Z
S�
fFsgT fugds+

Z
S�
f�gT fFqgds (5)

"CU= |m} QDmr= p}Uv=DB Q=OQ@ � w |}=Hx@=H Q=OQ@ u 'xLiY |r=oJ � u; QO xm
T=U=Q@ uwDr}ty pY= x@ xHwD =@ xLiY Q@ sm =L CmQL |xrO=at C=Q}}eD sQi
C=Q}}eD QwD=QB= � w x=wNrO u=tR wO t2 w t1 x]@=Q u}= QO "O};|t CUO x@ 6 |x]@=Q

%CU=
t2Z
t1

�Ldt = 0
t2Z
t1

Z
V

[���ui�ui � �ij�"ij +Di�Ei] dvdt

+
t2Z
t1

Z
S

[Fsi�ui + fq��]dSdt = 0 (6)

u}mQro u=tr= uwO@ |OOa VwQ "3
C=kDWt =@ p}Uv=Qi}O CqO=at pL |=Q@ |O}OH |OOa |=yVwQ 'Q}N= |=yp=U QO
=yv; R= w OvQ=Ov =Q OwOLt <=RH= |=yVwQ |=yha[ R= |Q=}U@ xm xOW O=H}= |�RH
u=O}t w =yRQt 'xm@W uwO@ |=yVwQ QO "OwW|t O=} xm@W uwO@ |=yVwQ s=v =@
OHwt =yxQo =} \=kv u}= "OwW|t h}YwD xOvm =QB \=kv R= |ywQo \UwD xr�Ut
x@ |R=}v pwyHt `@=wD |@=}uwQO =} u}tND |=Q@ u}=Q@=v@ w OvDU}v |Wt =} xm@W I}y
Q=mOwN CQwYx@ pmW `@=wD u=}t \=@DQ= `k=w QO "CU}v \=kv u=}t \=@DQ= uDW=O
R= |m} [19]u}mQro u=tr= uwO@ VwQ "OwW|t h} QaD \=kv |o}=Uty T=U=Q@ w
CN=U |=Q@ lQLDt C=a@ Qt u} QDsm R= VwQ u}= QO "CU= xm@W uwO@ |=yVwQ
|rwrU Q=DN=U l} R= w xO=iDU= xr�Ut u=O}t QO \=kv `} RwD T=U=Q@ pmW `@=wD

"OwW|t xO=iDU= |Q}op=QoDv= |=Q@ |}xv}tR

[20]lQLDt C=a@ Qt u} QDsm VwQ "1"3
`@=wD ?} QkD |=Q@ u=tr= uwO@ |=yVwQ QDW}@ QO lQLDt C=a@ Qt u} QDsm VwQ
u=O}t Q}eDt l} R= lQLDt C=a@ Qt u} QDsm u}tND |xw}W "OwQ|t Q=m x@ pwyHt

%CU= u}vJ xOW xDUUo V=xvt=O QO \=kv R= |}xawtHt \UwD xm
uh (x) =

mX
j=1

pj (x)aj (x) = pT (x) a (x) (7)
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"""=y
QoT

Ll
tmx@

x}qO
vJ

jQw
C=W

=aDQ=
p=ai

pQDv
m|xrO=at '|r}=Q |}=Q}t uDiQo Q_v QO w 24 |x]@=Q QO 23 |x]@=Q uO=O Q=Qk =@

%OwW|t pY=L l} QDmr=wR}B jQw |m}t=v}O
[Muu] f�ug+

�
� [Muu] + � [Kuu]�GiGc

h
K(A)
u�

i h
K(S)
�u

i�f _ug
+
�

[Kuu]�hK(S)
u�

i h
K(S)
��

i�1 h
K(S)
�u

i� fug=fFmg
(25)

"OvDUy |r}=Q |}=Q}t ?}=Q[ � w � '25 |x]@=Q QO

|UQQ@ w EL@ '|OOa G}=Dv "5
|v=tR pL Qw_vtx@ 'jQw |xm@W uwO@ pOt CN=U R= TB Q[=L |xar=]t QO
u=v}t]= ?Um |=Q@ CtUk u}= QO "CU= xOW xO=iDU= lQ=tw}v VwQ R= CqO=at
w |Q=PoxLY R= TB 'u}mQro u=tr= uwO@ VwQx@ xOW xDN=U pOt CLY R=
|RQt\}=QW w xO=U |RQt\}=QW =@ x}qOvJ jQw C=W=aDQ= pQDvm 'pOt |HvUQ=@Da=

"CU= xOW s=Hv= O=R; QUwO � Q=OQ}o QUwO

pOt |Q=PoxLY "1"5
CUO x@ G}=Dv CLY R= u=v}t]= u}vJty w xOW xDN=U pOt |Q=PoxLY Qw_vtx@
uwO@ hrDNt |RQt \}=QW w |v}Jx}q =@ xLiY |a}@] |=yTv=mQi =OD@= 'xOt;
xU}=kt Q@Dat |=yVywSB Q}O=kt =@ w 'x@U=Lt l} QDmr=wR}B |=yx}q uDiQo Q_v QO
Qorta l} 'l} QDmr=wR}B \@=wQ j}kO |R=UpOt R= u=v}t]= |=Q@ TBU "CU= xOW
xO=O j}@]D xQWDvt C=k}kLD G}=Dv =@ pY=L G}=Dv w xOW |R=UpOt l} QDmr=wR}B
|R=UpOt Q=OQ}o |RQt \}=QW =@ OQou=Uty |xLiY l} =OD@= QO "CU= xOW
TB "CU= xOt; 26 |x]@=Q QO xLiY u}= |m}v=mt w |UOvy C=YNWt "OwW|t
pY=L G}=Dv =@ xrY=L G}=Dv 'u; |a}@] |=yTv=mQi uOQw;CUO x@ w jQw p}rLD R=
|=Q@ "CU= xOW xU}=kt [21]u}W}B C=ar=]t G}=Dv u}vJty w OwOLt <=RH= VwQ R=
G}=Dv 1 pwOH QO "CU= xOW xO=iDU= Oa@|@ Ot=U@ |x]@=Q R= 'QDW}@ |ovy=ty
Cr=L VW |=Q@ Q=OQ}o |RQt \}=QW =@ OQou=Uty |xLiY |a}@] |=yTv=mQi
OwOLt <=RH= VwQ R= pY=L G}=Dv w [21]OwHwt G}=Dv =@ w 'xOW xOQw; |W=aDQ= pw=

"CU= xOW xU}=kt
Nodes : 17� 17 
 = !a

r
�
G

�12 = 0 3;
k2 = 0 86; a

b
= 1; a

h
= 10 (26)

"AwQDwR}= jQw Oa@|@ |a}@] |=yTv=mQi "1 pwOH
a=h = 10 Cr=L

[21]`HQt FEM Q[=L |xar=]t
1 5582 1 5937 1 5414 1
3 0182 3 0599 3 1210 2
3 0182 3 0599 3 1210 3
4 1711 4 2963 4 1925 4
5 1218 5 0891 5 1776 5
5 1594 5 1426 5 1429 6

C=YDNt QO |}xQo |m} QDmr= p}Uv=DB w |}xQo |}=Hx@=H ?}DQDx@ f�eg w fueg
C=a@ Qt u} QDsm VwQx@ xOWxDN=U pmW `@=wD [N�] w [Nu] "OvDUy |twta
'|}xQo |=yQ}eDt x@ xHwD =@ |m} QDmr= u=O}t Q=OQ@ w VvQm Q=OQ@ "OvDUy lQLDt

%OwW|t h} QaD 17 w 16 \@=wQ CQwYx@
f"g = [Bu] fueg (16)

fEg = �rf�g = � [B�] f�eg (17)

'2 '1 \@=wQ uO=O Q=Qk =@ '|m} QDmr= u=O}t w VvQm u=O}t |R=UxDUUo R= TB
OQ=Ov=DU= pmWx@ l} QDmr=wR}B |x}q CqO=at '6 |x]@=Q QO 17 w 16 '15 '14

%O};|t CUO x@ xm@W uwO@ pOt T=U=Q@ w
[Muu] f�ug+ [Kuu] fug+ [Ku�] f�g = fFmg (18)

[K�u] fug+ [K��] f�g = fFqg (19)

[Ku�] '|twta |DiU T} QD=t [Kuu] '|twta sQH T} QD=t [Muu] u; QO xm
l} QDmr=wR}Bl} QDmr=|O?}=Q[T} QD=t [K��] w '|m}v=mtwQDmr=nv}rB wmT} QD=t
K]U |wQ |m} QDmr= |}=Hx@=H R= |Q}op=QoDv= =@ QoTL |x}q |m} QDmr= Q=@ "CU=

%O};|t CUO x@ OwQDmr=

Q(S)(t) =
Z
A
D(t)dA = 1

2
 Z

A(z=zk)
D(t)dA

+
Z
A(z=zk+1)

D(t)dA

!
(20)

|x]@=Q R= xDUUo CQwYx@|m} QDmr=Q=@ |xrO=at '20 |x]@=Q w 1 |x]@=Q x@ xHwD =@
"O};|t CUO x@ 21

Q(S)(t) =
Z
A
feg f"g dA =

�Z
A
feg [Bu] dA

�
fug=

h
K(S)
�u

ifug
(21)

'OQ}o|t Q=Qk xO=iDU= OQwt VvQm MQv QoTL CQwYx@ l} QDmr=wR}B xm |t=ovy
"O};|t CUO x@ u=tR x@ C@Uv |m} QDmr= Q=@ R= |Q}ojDWt =@ |m} QDmr= u=} QH
%OwW|t p}O@D R=@ Q=Ot S=Drw |HwQN x@ 22 |x]@=Q R= xO=iDU= =@ |m} QDmr= u=} QH

�(S) = Gc
dQ(S)

dt
(22)

\UwD QoTL S=Drw C} wkD =@ "CU= QoTL Q}=i|rBt; Ctw=kt Gc u; QO xm
%O};|t CUO x@ Qorta x@ |r=ta= S=Drw 'Gi |xQy@ =@ |Q}=i|rBt;

�(A) = �GiGc
h
K(S)
�u

i f _ug (23)

|x]@=Q CQwYx@ Qorta |x}q w QoTL |x}q pt=W |tDU}U |=Q@ 18 |x]@=Q
%OwW|t xDWwv 24

[Muu] f�ug+ [Kuu] fug+
h
K(S)
u�

in
�(S)

o
= fFmg

� hK(A)
u�

in
�(A)

o
(24)
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"""w
|QO

Y
u}t

='|
Qk=@

OtL
=

xO=U |RQt \}=QW =@ jQw "2"5
jQw '|DWoR=@ pQDvm uwv=k R= xO=iDU= =@ jQw C=W=aDQ= Vy=m |UQQ@ |=Q@
|y=ox}mD \}=QW w �actuator/0 90 0/sensor� |v}Jx}q =@ x}qOvJ |a@ Qt
=@ |UmwB= C}i=Qo TvH R= jQw |=yx}q "CU= xOW xDiQo Q_v QO xO=U
�PVDF� O}=Qwri p}v} w |rB TvH R= l} QDmr=wR}B |=yx}q w '2 mm Ct=N[
jQw "CU= 180 mm =@ Q@=Q@ jQw ZQa w pw] "OvDUy 0 1 mm Ct=N[ =@
'hPL Q=@ TBU "OwW|t x}rw= |}=Hx@=H Q=JO 100 N/m2 |xOQDUo Q=@ QF= QO
|xQy@ 'Ge = 1 6e7 Q}=i|rBt; Ctw=kt "OwW|t VaDQt jQw hrDNt \=kv w
"CU= xOW xDiQo Q_v QO � = 0 965e� 5 w � = 1e� 6 'Gi = 500 S=Drw
R= xO=iDU= =@ u}vJty w C=W=aDQ= pQDvm uwO@ jQw RmQt |}=Hx@=H 1 pmW QO
|xvt=O OwW|t xOy=Wt xm u=vJ "CU= xOW xO=O u=Wv C=W=aDQ= pQDvm sDU}U
xJQo = "O@=}|t Vy=m QF-wt Qw]x@ Qorta |rQDvm |wQ}v p=ta= QF= QO C=W=aDQ=
C=W=aDQ= |xvt=O Vy=m w jQw |}=Q}t V}=Ri= Ea=@ CaQU OQwNR=@ |rQDvm VwQ
|xvt=O Vy=m =@ CU= �CaQU `@=D� VvQm MQv R= |a@=D Qorta S=Drw uwJ 'OwW|t
=@ C=W=aDQ= QO Q}F-=D Vy=m Ea=@ Qt= u}= xm O@=}|t Vy=m sy S=Drw Q=Okt 'CaQU

"CU= xOW xO=O u=Wv Qorta S=Drw 2 pmW QO "OwW|t u}}=B CaQU

"SSSS |RQt \}=QW =@ jQw RmQt |}=Hx@=H "1 pmW

"Qorta |x}q x@ |r=ta= S=Drw "2 pmW

QO G}=Dv CkO Q@ |v}Jx}q ?}DQD u}vJty w xLiY Ct=N[ QF= |UQQ@ |=Q@
|RQt \}=QW =@ l}B wQDwDQw= |xLiY pw= Tv=mQi Q=Okt 'l}B wQDwDQw= |=yxLiY
jQw X=wN "CU= xOW xU}=kt OwOLt |=RH= VwQ w [22]`HQt =@ w x@U=Lt xO=U
xOt; CUO x@ G}=Dv R}v 2 pwOH QO "CU= xOt; 27 |x]@=Q QO 'xOW xDiQo Q_v QO

"CU= xOW x�=Q=
E1
E2

= 25; G12
E2

= G13
E2

= 0 5; G23
E2

= 0 2;
U12 = 0 25; k2 = 5

6 ;
a
b

= 1; 
 = !a2
r

�
E2h2

(27)

uwO@ VwQx@ xOt; CUO x@ G}=Dv xm OwW|t xOy=Wt 2 w 1 |=ypwOH x@ xHwD =@
CkO R= OwHwt `@=vt =@ xU}=kt QO l}B wQDwDQw= w l}B wQDwR}= jQw |=Q@ u}mQro u=tr=
l} 'l} QDmr=wR}B \@=wQ |R=UpOt CLY R= u=v}t]= |=Q@ "CU= Q=OQwNQ@ |}q=@
sy x@ |x}q wO R= xm (100mm� 5mm� 1mm) hQwt}=@ Q=OQ}oQU l} Q}D
Twmat V@]k w �PVDF� O}=Qwri p}v} w|rB TvH R= l} QDmr=wR}B |xO}@UJ
p=ta= =@ '=yx}q Twmat V@]k p}rOx@ "CU= xOW xDiQo Q_v QO 'xOW xDN=U
|v}}=B |x}q w VWm CLD |}q=@ |x}q 'Q}D Ct=N[ |=DU=Q QO p}Uv=DB hqDN=
|xO=t C=YNWt "OQ}o|t Q=Qk VtN CLD Q}D xH}Dv QO w 'xDiQo Q=Qk Q=Wi CLD
3 pwOH QO C}i=Qo w �PZT� l} QDmr=wR}B l}t=QU �PVDF� O}=Qwri p}v} w |rB
hqDN= p=ta= QF= QO Q}D hrDNt \=kv |}=Hx@=H u=R}t 4 pwOH QO "CU= xOW x�=Q=
j@=]D [23]OwHwt G}=Dv =@ xrY=L G}=Dv |xU}=kt R= "CU= xOW x�=Q= Crw 1 p}Uv=DB

"CU= xOW xOy=Wt |@ wN Q=}U@
"Oa@|@ |a}@] Ot=U@ |=yMU=B Q@ xLiY Ct=N[ QF= |UQQ@ "2 pwOH

[22] FEM Q[=L Q=m a=h |v}Jx}q
9 6873 9 6629 9 8851 100

[0=90]8 8998 8 7946 8 7462 10

15 183 15 155 15 2431 100
[0=90=0]12 163 11 5347 11 588 10

15 184 15 1695 15 3387 100
[0=90=90=0]12 226 12 1982 12 144 10

"O=wt |m}v=mt C=YNWt "3 pwOH
K33 e31;2 � �12 G12 E2 E1 xO=t ẁv

0 106e� 9 0 046 1800 0 29 0 775 2 2 PVDF

1 5e� 8 22 8 7600 0 3 24 2 63 63 PZT

1 5e� 8 22 8 1600 0 25 3 45 6 9 172 C}i=Qo

"hQwt}=@ Q}D hrDNt \=kv |}=Hx@=H "4 pwOH
100 80 60 40 (mm) x=o x}mD R= xrY=i

0 3432 0 2201 0 1233 0 05518 Q[=L Q=m 10�6m |}=Hx@=H0 3450 0 2210 0 1240 0 0552 [23]
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"""=y
QoT

Ll
tmx@

x}qO
vJ

jQw
C=W

=aDQ=
p=ai

pQDv
m

|Q}oxH}Dv "6
l} QDmr=wR}B |=yx}q x=Qtyx@ x}qOvJ jQw C=W=aDQ= pQDvm w p}rLD j}kLD u}= QO
|WQ@ pmW Q}}eD |x} Q_v T=U=Q@ jQw CqO=at "CU= xDiQo Q=Qk |UQQ@ OQwt
p}Uv=Qi}O CqO=at pL |=Q@ "CU= xOt; CUO x@ uwDr}ty pY= w pw= |x@DQt
VwQx@ xOW xDN=U pmW `@=wD w u}mQro u=tr= uwO@ |OOa VwQ R= jQw
jQw CmQL |xrO=at |v=tR MU=B "CU= xOW xO=iDU= lQLDt C=a@ Qt u} QDsm
R= u=v}t]= w |Q=PoxLY |=Q@ "CU= xOt; CUO x@ lQ=tw}v VwQ ltmx@
xOW xU}=kt Q@Dat `@=vt =@ w x@U=Lt jQw |a}@] |=yTv=mQi 'G}=Dv CLY
xOW xO=O j}@]D x} Q_v G}=Dv =@ hQwt}=@ Q}D l} p}rLD G}=Dv u}vJty "CU=
xO=iDU= CaQU OQwNR=@ |rQDvm VwQ R= jQw C=W=aDQ= pQDvm Qw_vtx@ "CU=
xO=U |RQt \}=QW =@ x}qOvJ jQw l} C=W=aDQ= Vy=m Q@ u; Q}F-=D w xOW
u}= G}=Dv "CU= xOW xO=O u=Wv O=R; QU wO � Q=OQ}o QU wO jQw l} w
|=yx}q x=Qtyx@ jQw |R=UpOt QO u}mQro u=tr= uwO@ VwQ uOw@ Ot;Q=m VywSB
u=Wv =Q jQw C=W=aDQ= uOv=Q}t QO CaQU OQwNR=@ pQDvm QF= u}vJty w l} QDmr=wR}B

"OyO|t

"CFCF |RQt \}=QW =@ jQw RmQt |}=Hx@=H "3 pmW

O=R; QUwO Q=OQ}o QUwO jQw "3"5
QU wO Q=OQ}o QUwO |va} O}OH |y=ox}mD \}=QW =@ p@k CtUk QO |UQQ@ OQwt jQw
jQw RmQt |}=Hx@=H x@ xHwD =@ "OwW|t V=aDQ= Q=JO x}rw= xOQDUo Q=@ CLD 'O=R;
C=W=aDQ= |xvt=O 'jQw Tv=mQi V}=Ri= Crax@ xm OwW|t xOy=Wt �3 pmW QO�

"CU= xDi=} Vy=m QD`} QU 'xO=U |RQt \}=QW =@ jQw x@ C@Uv

CWwv=B
1. functionally graded material
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