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nvy;u}tR
�OWQ= |U=vWQ� |wHWv=O� |ORtQ� |ra

�Q=}O=DU=� �C=Hv u}UL
h} QW |DavY x=oWv=O 'l}v�t |UOvyt |xOmWv=O

xm =yQDU=QD R= |v=tO}J ?=NDv= 'nvy;u}tR |xQ=wy=t CNwU hQYt Vy=m Qw_vtx@
KqY= 'CyH xU QO Qw=DWo O=H}= p}@kR=� |rQDvm sDU}U |=yR=}v |t=tD uOQw;Q@ ut[
uWwQ u=tR pw] QO =Q =yQDU=QD CNwU hQYt �"""w |}=}i=QeH pw] u=Q@H '|Q=Ot ?}W
xQ=wy=t |m}t=v}O |R=UpOt R= TB Q=DWwv u}= QO "CU= |QwQ[ Ovm xv}tm sr QwDwt uOw@

VwQ xU x@ xQ=wy=t pQDvm |R=Ux}@W '|rQDvm hrDNt u}v=wk ltmx@ R}v w =[i QO
"CU= xDiQo CQwY =yuw}vQD=wm VwQ w 'Qr} w= |=}=wR VwQ '=y|O=y Twv}Um T} QD=t

|=yu=tO}J |R=Ux}@W QO xO=iDU= |=Q@ VwQ u} QDy@ |rQDvm hrDNt u}v=wk u}@ R= TBU
|=y|oS} w |NQ@ p}rOx@ '=yQDU=QD ltmx@ pQDvm u}vJty "CU= xOW ?=NDv= |UQQ@ OQwt
u=tR QO |D=P Q}N-=D OwHw '=yQDU=QD |1x@ Q[ pw] u} QDsm OwHw p}@k R= �� =yQDU=QD |D=P

|wQ}v QO C}a]k sOa w '=DU=Q l} QO \ki wQ}v O}rwD |}=v=wD '2uOW Vwt=N w uWwQ
^=Lr |}xv=}=Q |R=Ux}@W QO =yCw=iD u}= "CU= Cw=iDt |]N pQDvm =@ �� |t=v CU=QD
|}xv=}=Q |R=Ux}@W |] 'pw@k p@=k |=yu=tO}J C=t=Rr= |iQat ut[ C}=yv QO "Ov=xOW

|=yu=tO}J |xU}=kt u=mt= =D xOW x@U=Lt Cw=iDt u=tO}J OvJ CNwU hQYt
|xQ=wy=t l} |xv}y@ u=tO}J u}}aD QO j}kLD u}= G}=Dv "OwW sy=Qi |O=yvW}B

"CU= xO=iDU= p@=k nvy;u}tR

alikarmozdi@mech.sharif.ir
nejat@sharif.edu

|xQ=wy=t C}a[w pQDvm sDU}U '=yQDU=QD |xv}y@ u=tO}J %|O}rm u=oS=w
"|Oa@xU sUH C}a[w pQDvm 'nvy;u}tR

xtOkt "1
xO=iDU= 4Ov=@ |=vyB pQDvm Q}_v |}=yVwQ R= O}=@ =yQDU=QD pQDvm |=Q@ 'Ovvm|t Q=m
w R=@ Cr=L u}@ Q}}eD QO =Q =yQDU=QD C}OwOLt O}=@ VwQ u}= R= xO=iDU= QO "OQm
|=yQDU=QD QO pw=ODt |}xO}OB xOQt |x}L=v OwHw xm =QJ [6]'CiQo Q_v QO 5xDU@
R= O}=@v QDU=QD uOW Vwt=N w uWwQ u=tR |xrY=i &CU=yxQ=wy=t pQDvm sDU}U

[8w7]"OW=@ QDsm |YNWt OL
C@=F xQ=wy=t x@ C@Uv CU=QD |wQ}v CyH xm CU= u}= =yQDU=QD Qo}O |oS} w
|=Q@ p}rO u}tyx@ [9]"CU= CyH l} QO wQ}v O}rwD x@ QO=k =yvD QDU=QD Qy w CU=
|rQDvm Qw=DWo pkDUt CQwYx@ sy Q@ Owta QwLt xU O=ODt= QO Ov=wD@ xQ=wy=t xm u}=
u=@}DWB QDU=QD 6 w QDU=QD 6 pk=OL R= ,=twta nvy;u}tR |=yxQ=wy=t 'Ovm p=ta=

[11w10]"Ovvm|t xO=iDU=
xQ=wy=t|yOT} wQU Qta pw] QO|t}kDUt Q}F-=D xQ=wy=t |=RH=|t=tD|}=tv=H
xDU@=w COWx@ =yQDU=QD\UwD |O}rwD Qw=DWo uwJ =t= [12]'OQ=O xQ=wy=t |=yxv} Ry w
CNwU hQYt u=R}t x@ xQ=wy=t Qta pw] xm =Hv; R= w CU=yQDU=QD u=tO}J x@
Qta pw] V}=Ri= QO =yQDU=QD |xv}y@ u=tO}J ?=NDv= [13]'CU= xDU@=w =yQDU=QD
|}=RUx@ Q}F-=D xv}y@ u=tO}J ?=NDv= xwqax@ "CU= Q=OQwNQ@|}xS} wC}ty= R= xQ=wy=t

w xOW =OH Q@xQ=wy=t R= |r=kDv= Q=Ot x@ swUwt |Q=Ot QO nvy;u}tR |=yxQ=wy=t
Qw_vt u}= |=Q@ "Ovv=UQ|t nvy;u}tR Q=Ot x@ =Q OwN |Q=Ot |=yQwv=t s=Hv= =@
V}B R= |x]U=w |=yQ=Ot j} Q] R= '3|Q=Ot QwDwt uOQmuWwQ =@ xrLQt OvJ |]
l}ORv u}tR C@=F Q=Ot x@ =Q OwN Q=Ot 'CNwU hQYt uOQmxv}tm |=Q@ xOWu}}aD

[1]"Ovvm|t
Qw@a sOa w |Q=Ot QwDwt l}rW |=DU=Q QO h=QLv= OwHw Crax@ 'xrLQt u}= QO
Qw=DWo |Q=Ot QwDwt uOw@ uWwQ u}L QO 'xQ=wy=t sQH RmQt R= u; |wQ}v |=DU=Q
Qw=DWo u}= 'xQ=wy=t pQDvm sOa CQwY QO [2]"OwW|t p=ta= xQ=wy=t x@ |oQR@ ,=D@Uv
QO xQ=wy=t C}a[w pQDvm |xi}_w "OwW|t ?wr]t |=DU=Q R= xQ=wy=t GwQN ?@U
Q}_v �� =yQDU=QD `=wv= R= =yxQ=wy=t Qw_vtu}O@ "CU=yQDU=QD |xOya x@ u=tR u}=

[5�3]"Ovvm|t xO=iDU= �� =tUqB |x@ Q[ w OQU R=o 'u} R=QO}y |=yQDU=QD
Vwt=N w uWwQ CQwYx@ w Ov=|]NQ}e |=yQorta =yQDU=QD xm =Hv; R= =t=

pw�Ut xOvU} wv �
"1393 9 23 VQ}PB '1393 9 10 x}LqY= '1392 2 13 Ci=} QO %M} Q=D
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[15]%OvyO|t u=Wv A =@ w xO}t=v |O=y Twv}Um
d
dt

[A] = [
][A] (3)

%u; QO xm

[
] =

2664 0 !z �!y
�!z 0 !x
!y �!x 0

3775 (4)

|m} R}i C=YDNt x=oDUO QO xm Ov=xQ=wy=t jr]t|}x} w=R |=yCaQU !x; !y; !z
"OvwW|t u=}@

QwLt xU pwL Q=wQ}HvR u=QwO |vatx@ Qr} w= |=}=wR u=QwO 'Qr} w= |=}=wR VwQ QO
u=wvax@ =Q (') Qr} w= pwQ |x} w=R ,=twta "CU= |m} R}i C=YDNt x=oDUO Ot=aDt
y QwLt pwL u=QwO u=wvax@ =Q (�) Qr} w= I}B |x} w=R 'sUH x QwLt pwL u=QwO
KQ]t |m} R}i x=oDUO z QwLt pwL u=QwO u=wvax@ =Q ( ) Qr} w= w=} |x} w=R w 'sUH
`HQt C=YDNt x=oDUO x@ C@Uv sUH |}x} w=R CaQU xm u}= ZQi =@ "Ovvm|t
u=}@ !BR = !xi+!yj +!zk Q=OQ@ QY=va =@ |m} R}i C=YDNt x=oDUO QO

[11]%CW=O s}y=wN 'OwW
_� = !x + [!y: sin(�) + !z: cos(�)] tan(�)

_� = !y: cos(�)� !z: sin(�)

' = [!y: sin(�) + !z: cos(�)] sec(�) (5)

u} QD|rm x} Q_v u}= j@] "OQ}o|t CQwY Qr} w= QwyWt x}[k \UwD uw}vQD=wm h} QaD
l} pwL u=QwO pO=at 'C@=F |x]kv l} =@ ?rY sUH l} |}x} w=R |}=Hx@=H
w '[e1 e2 e2] QY=va =@ e Q=OQ@ pwL u=QwO xm ZQi u}= =@ =Hv}= QO "CU= QwLt
Q@ R}v uw}vQD=wm Q=OQ@ |xv=oQ=yJ QY=va 6 CqO=at ltmx@ 'OW=@ � u=QwO |x} w=R

%OwW|t XNWt e Q=OQ@ ?UL
q1 = e1 sin(�=2)

q2 = e2 sin(�=2)

q3 = e2 sin(�=2)

q4 = cos(�=2) (6)

%OwW|t XNWt 7 |x]@=Q \UwD u=tR ?ULQ@ uw}vQD=wm Q=OQ@ C=Q}}eD
d
dt

[q] = 1
2 [
0][q] (7)

%u; QO xm

[
0] =

2666664
0 !z �!y !x
�!z 0 !x !y
!y �!x 0 !z
�!x �!y �!z 0

3777775 (8)

'3 |m}D=tv}U CqO=at R= l} Qy R= |OOa |Q}op=QoDv= w x}rw= \}=QW uDUv=O =@
xQ=wy=t C}a[w u}}aD x@ QO=k x_Lr Qy QO '1 |m}t=v}O |xrO=at x=Qty x@ 7 =} '5

"Ow@ s}y=wN

xH}DvQO w xQ=wy=t |}=yv uRw Vy=m 's�=O |=]N Vy=m '=yQwv=t u=tR Vy=m QO
"OQ=O ?=DQB |xv} Ry Vy=m

nvy;u}tR|xQ=wy=tl}|=yQDU=QD|=Q@ xv}y@|v=tO}Ju}}aDhOy xSwQBu}= QO
CNwU hQYt =@ Ov=wD@ '=yQDU=QD \UwD R=}v OQwt h}=_w s=tD s=Hv= ut[ xm CU=
QO "OR=U xOQw;Q@ xQ=wy=t |yOT} wQU pw] QO =Q Q_v OQwt |rQDvm CkO 'xv}y@
^=Lr =@ w CU= xOW pOt |Oa@xU ?rY sUH l} CQwYx@ xQ=wy=t =DU=Q u}=
R= pw@k p@=k u=tO}J OvJ |=Q@ |R=Ux}@W 'QDU=QD |wQ}v p}iwQB C=QF= |t=tD uOQm
Qw=DWo CQwYx@ R}v sr QwDwt |}=DU=Qsy=v R= |W=v Qw=DWo "CU= xOW s=Hv= =yQDU=QD
|=yu=tO}J u}@ R= C}=yv QO "CU= xOW xDiQo Q_v QO C@=F |xR=Ov= =@ |W=WDe=
CNwU hQYt u} QDsm =@ =Q |r=kDv= QwDwt Cr=L pQDvm Ov=wD@ xm |v=tO}J 'hrDNt

"OW Oy=wN ?=NDv= OyO s=Hv= h}=_w Q}=U |R=UxOQw;Q@ ut[

l} sUH C}a[w l}D=tv}U w l}t=v}O |R=Ux}@W "2
=[i QO |Oa@xU ?rY

|R=Ux}@W '=yQDU=QD ltmx@ xQ=wy=t C}a[w pQDvm |R=Ux}@W |=Q@ s=o u}rw=
l}t=v}O CqO=at R= xO=iDU= 'Qw_vt u}= x@ "CU=[i QO?rY sUHl} |m}t=v}O
CqO=at xO=iDU= OQwt |m}t=v}O CqO=at "CU= |QwQ[ C}a[w l}D=tv}U w
C=Q}}eD pO=at 'u; sQH RmQt pwL sUH Q@|r=ta= Qw=DWo Ovvm|t u=}@ xmCU= 6Qr} w=
\UwD sUH l} |v=QwO CmQL |UQQ@ x@ =t =H u}= QO "CU= u; |}x} w=R |xv=mD
|=y?Q[pY=L R= xQ=wy=t u=L=Q] OQ=wt |Q=}U@ QO "s} R=OQB|t |r=ta= Qw=DWo
C=W=WDe= u=wvax@C}=yv QO =Q =yu; R}J=v OwHw C=Q}F-=D w Ovvm|t Q_vhQY|UQv}=
|=y|UQv}= u=tt C=Q}F-=D QDW}@CkO uOQm^=Lr p}rOx@ =Hv}= QO =t= "OvQ}o|t Q_v QO
CaQU w sUH x@ |r=ta= Qw=DWo CQwY u}= QO "s}vm|t ^=Lr R}v =Q |@ Q[

[14]%OvQ=O x]@=Q sy =@ 1 |xrO=at j@=]t |}x} w=R

M = I _! + w(I!) (1)

xQ=wy=t |UQv}= QwUv=D 'sQH RmQt pwL |r=ta= Qw=DWo ?}DQDx@ ! w I 'M 'u; QO xm
CUO x@ 2 |U} QD=t |x]@=Q R= R}v w Q=Okt "Ov=xQ=wy=t |}x} w=R CaQU Q=OQ@ w

%O};|t

w =

2664 0 !z �!y
�!z 0 !x
!y �!x 0

3775 (2)

sUH C}a[w l}t=v}O |R=Ux}@W QO sRq |m}D=tv}U CqO=at x@ OwQw R= V}B
"CW=O s}y=wN =[i QOC}a[w p}O@DhrDNt |=yVwQ x@ =QPo |QwQt =OD@= '?rY
OwHw `HQt x=oDUO x@ C@Uv xQ=wy=t C}a[w u}}aD |=Q@ VwQ xU |rm Qw]x@
QO xm 'uw}vQD=wm VwQ "3 'Qr} w= |=}=wR "2 '|O=y Twv}Um |=yT} QD=t "1 %OQ=O
"s} wW|t =vW; |m}D=tv}U |=yQ=R@= u}= R= l} Qy =@ Q=YDN= x@ VN@ u}ty |xt=O=
u; pw= Q]U xm O} Q}o@ Q_v QO =Q|U} QD=t '|O=y Twv}Um |=yT} QD=t VwQ QO
x=oDUO |=yQwLt Q@ �|m} R}i x=oDUO |xm} Q=OQ@� u |xm} Q=OQ@ Q} wYD R= pmWDt
|=yQ=OQ@ Q} w=YD R= pmWDt ?}DQDx@ u; swU w swO Q]U u}vJty "OW=@ `HQt
T} QD=t =Q T} QD=t u}= "OW=@ �|m} R}i x=oDUO |xm} |=yQ=OQ@ Q}=U� w w v |xm}
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=y|O=y Twv}Um T} QD=t |rQDvm uwv=k ltmx@ pQDvm "2"3
Twv}Um |=yT} QD=t\UwD `HQt?wJQ=J x@C@Uv xQ=wy=tC}a[w xm O}vmZQi
C=YDNt QO a x=wNrO Q=OQ@ xm O}vm ZQi u}vJty "OW=@ xOW u=}@ [As] |O=y
C}akwt |Qwv=t |] O}=@ xQ=wy=t w OwW|t u=}@ a = [a1; a2; a3] CQwYx@ `HQt
u; x@ w OwW|t u=}@ [AT ] T} QD=t \UwD xm Ov=UQ@ |D}a[w x@ =Q OwN |}=yv
QO w |m} R}i C=YDNt x=oDUO QO a Q=OQ@ xm O}vm ZQi "Ov} wo|t hOy T} QD=t
T} QD=t h} QaD "OwW u=}@ aT w aS CQwYx@ ?}DQD x@ hOy C=YDNt x=oDUO

%R= CU= CQ=@a [AE ]

aS = [AE ]aT (10)

a Q=OQ@ QY=va x=ov; 'OwW |v=ty T} QD=t x@ p}O@D [AE ] T} QD=t xm |DQwY QO
Oy=wN u=Um} hOy C=YDNt x=oDUO w xQ=wy=t x@ pYDt |m} R}i x=oDUO wO QO
x=oDUO wO xH}Dv QO w xO}UQ ?wr]t hOy x@ xQ=wy=t xm CU=vat u=O@ u}= 'Ow@
|O=y Twv}Um T} QD=t u=wva CLD [AE ] T} QD=t u}=Q@=v@ "Ov=xOW j@]vt sy Q@
xQ=wy=t 'OwW |v=ty T} QD=t x@ p}O@D T} QD=t u}= xm |Dkw "OwW|t xDN=vW =]N
x@ G}=Dv =yvD 'C=}} RH x@ OwQw uwO@ =Hv}= QO "CU= xO}UQ ?wr]t C=YDNt x@
|=]N T=U=Q@ |rQDvm u}v=wk u=wva CLD =Q [11]u}W}B C=ar=]t QO xOt; CUO

%s}vm|t u=}@ |O=y Twv}Um T} QD=t

Tcx = 1
2Kx(a32E � a23E)�Kxd!x +Kxi

Z
(a32E � a23E)dt

Tcy = 1
2Ky(a31E � a13E)�Kyd!y +Kyi

Z
(a31E � a13E)dt

Tcz = 1
2Kz(a21E � a12E)�Kzd!z +Kzi

Z
(a21E � a12E)dt

(11)

CU= `HQt C=YDNt x@ C@Uv xQ=wy=t |}x} w=R CaQU !x; !y; !z '=yv; QO xm
QYva 6 |x@U=Lt x@ VwQ u}= R=}v "Ov=xOW u=}@ |m} R}i C=YDNt x=oDUO QO xm

"CU= pQDvm VwQ u}= |xOta ha[ '=]N T} QD=t

=yuw}vQD=wm |rQDvm uwv=k ltmx@ pQDvm "3"3
(qT ) ?wr]t C}a[w w (qS) |}x_Lr C}a[w |=yuw}vQD=wm uOw@ XNWt =@

%OwW|t x@U=Lt u}vJ (qE) =]N uw}vQD=wm 'xQ=wy=t

qE =

2666664
qT4 qT3 �qT2 qT1
�qT3 qT4 qT1 qT2
qT2 �qT1 qT4 qT3
�qT1 �qT2 �qT3 qT4

3777775
2666664
�qS1
�qS2
�qS3
qS4

3777775 (12)

"Ci=} CUO 13 |rQDvm u}v=wk x@ u=wD|t 12 |x]@=Q ltmx@
Tcx = �2Kxq1Eq4E �Kxd!x �Kxi

Z
2Kxq1Eq4Edt

Tcy = �2Kyq2Eq4E �Kyd!y �Kyi

Z
2Kyq2Eq4Edt

Tcz = �2Kzq3Eq4E �Kzd!z �Kzi

Z
2Kzq3Eq4Edt (13)

Twv}Um T} QD=t VwQx@ w `HQt ?wJQ=J QO ?rY sUH C}a[w u=}@
4 \ki uw}vQD=wm VwQ ltmx@ u=}@ |=Q@ xm |r=L QO 'OQ=O QYva 9 x@ R=}v |O=y
QY=va hqNQ@ '|O=y Twv}Um T} QD=t QY=va xwqax@ "CU= R=}v OQwt QYva
|Q}op=QoDv= u}=Q@=v@ "CU= QDQ=wWO =yu; C=@U=Lt xm OvDUy |D=FrFt `@=wD 'uw}vQD=wm

"CU= QDpw=ODt w QD|k]vt Q=}U@ uw}vQD=wm Q=OQ@ R=
|=R=x@ w xOQm |Q}op=QoDv= u=tRsy O}=@ |m}t=v}O w |m}D=tv}U CqO=at R=
QO =Q �uw}vQD=wm =} '|O=y Twv}Um T} QD=t� Qr} w= |=}=wR 'XNWt |x}rw= \}=QW
VwQx@ |Q}op=QoDv= u}= "OQw; CUO x@ |R=Ux}@W |v=}=B |x_Lr =D =yu=tR |t=tD

"CU= xOW xO=iDU= ?rDt ode45 QwDUO R= u; |=Q@ w CU= |OOa

=yQorta uOw@ |]N ZQi =@ pQDvm |R=Ux}@W "3
|Oa@xU ?rY sUH l} C}a[w l}t=v}O Q@ sm =L CqO=at u}W}B VN@ QO
|HQ=N Qw=DWo p=ta= =@ =Q =[i QO |Oa@xU sUH l} C}a[w u=wD@ =D OW u=}@
Cr=L R= |r=ta= Qw=DWo u}= Q}}eD =@ xm CU= u; Ckw p=L "OQm |R=Ux}@W x=wNrO
"OwW QU}t =[i QO sUH C}a[w pQDvm u=mt= 'xOW x@U=Lt |Qw=DWo x@ x=wNrO
p@=kt QO xQ=wy=t C}a[w |R=UQ=O}=B 'C}a[w pQDvm sDU}U |rY= |xi}_w
|=Q@ |rQDvm u}v=wk CqO=at VN@ u}= QO "CU= |HQ=N |W=WDe= |=yQw=DWo

"OwW|t p}rLD w GQO C}a[w u=}@ hrDNt |=yVwQ

Qr} w= |=}=wR |rQDvm uwv=k ltmx@ pQDvm "1"3
x@ uO}UQ hOy =@ "CU= Qr} w= |=}=wR |=]N Q@ |vD@t |rQDvm uwv=k u} QDxO=U
|Q}oxR=Ov= p@=k Qr} w= |=}=wR xm s}vm|t ZQi ' d; �d; 'd Qr} w= |=}=wR =@ |D}a[w
w �|UQv}= |=y?Q[pY=L uwO@� |Q]k |UQv}= T} QD=t =@ |}xQ=wy=t "OvW=@
Oy=wN |]N uwv=k '|rQDvm uwv=k u} QDxO=U "O} Q}o@ Q_v QO =Q lJwm Qr} w= |=}=wR
|=yQwLt pwL u=QwO |=}=wR pkDUt Qw]x@ Qr} w= |=}=wR 'lJwm |=yu=QwO QO "Ow@
?}DQDu}=x@ "OyO|tCUO R= =Q OwNC}ty= =yu;?}DQD w OvyO|t u=Wv =Q z w y 'x

"Ow@ Oy=wN pkDUt Qo}Om} R= QwLt xU pwL pQDvm CqO=at w CmQL CqO=at
w (Td) |W=WDe= Qw=DWo %R= Ov=CQ=@a OwW|t OQ=w xQ=wy=t x@ xm |}=yQw=DWo
"OQm x@U=Lt PID =} PD uwv=k =@ u=wD|t =Q |rQDvm Qw=DWo "(Tc) |rQDvm Qw=DWo
%OwW|t xDWwv u}vJ PID uwv=k =@ lJwm Qr} w= |x} w=R |=]N |=Q@ |rQDvm Qw=DWo

Tcx = KPx('d � ')�KDx _'�Kix

Z
'dt

Tcy = KPy(�d � �)�KDy _� �Kiy

Z
�dt

Tcz = KPz( d �  )�KDz _ �Kiz

Z
 dt (9)

Qy syU '=yQDU=QD Vv}J x@ xHwD =@ 'R=}v OQwt |rQDvm Qw=DWo Q=OQ@ |x@U=Lt R= TB
|rQDvm uwv=k w pOt "OwW|t QO=Y u; O=H}= u=tQi w 'x@U=Lt Qw=DWo u}= R= QDU=QD
=@ |}=yQwv=t QO "CU= ?U=vt x} w=R lJwm |=y=]N |=Q@ 'OW QmP xm u=vJ 'jwi
pQDvm w Ow@ Oy=wN pYDt Qo}Om} x@ Qr} w= |=}=wR CqO=at 'nQR@ |Q}oCyH Q}}eD
|=yu=QwO QO =yvD Qr} w= |=}=wR p[=iD uwJ "CU}v K}LY pkDUt CQwYx@ =yu;
|m} R}i swyit Ok=i =yu; hqDN= Qr} w= |=}=wR uOW nQR@ =@ w OQ=O =vat lJwm
|=yT} QD=t R= xO=iDU= =]N Q=OQ@ h} QaD |=Q@ QDy@ |=yVwQ 'CU= |[=} Q =}

"CU=yuw}vQD=wm =} |O=y Twv}Um
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"""|
xQ=wy

=tl
}|

=yQD
U=QD

|=Q@
xv}y

@u=
tO}J

u}}a
D"|R=Ux}@W |=yC@=F "1 pwOH

Q=Okt Q}eDt
1000 (sec) �|R=Ux}@W u=tR� t
20 (ms) � ode QO |v=tR |=ys=o u} QDW}@

Kx = Ky = Kz = 2 3 |@U=vD pQDvm ?}=Q[
Kxd = Kyd = Kzd = 5 2 |r[=iD pQDvm ?}=Q[

Ki = 0 5 |Q}op=QoDv= ?} Q[
'0 = 0 8 (rad); �0 = �0 4 (rad);  0 = 1 2 (rad) |v=mt |x}rw= \}=QW
!x0 = 0 02 (rad=s); !y0 = !z0 = 0 03 (rad=s) CaQU |x}rw= \}=QW
� maximom step in ode

"hrDNt |=yuwv=k ltmx@ pQDvm QO Cv=Qr} w= Q=Okt "1 pmW
"|R=Ux}@W |=yC@=F "2 pwOH

C=@U=Lt u=tR xO=iDU= OQwt |rQDvm uwv=kx}v=F ?ULQ@
27 Qr} w= |=}=wR
30 uw}vQD=wm VwQ
37 |O=y Twv}Um |=yT} QD=t

VwQ u=wvax@ u; R= ,=twta R}v =yxQ=wy=t xm CU=yuw}vQD=wm ltmx@ pQDvm uwv=k R=
VwQ R= xt=vQ@ p}tmD |=Q@ R}v =t EL@t u}= |xt=O= QO [2]"Ovvm|t xO=iDU= |rQDvm

"s}vm|t xO=iDU= =yuw}vQD=wm

=yQDU=QD ltmx@ C}a[w pQDvm "4
Qy O=H}= |}=v=wD xm s}OQm ZQi |]N |}=yQorta =Q u=t}=yQorta 3 pYi QO
|]N |=yQorta =yQDU=QD xv=iU-=Dt =t= "OvQ=O x=wNrO |x_Lr Qy QO =Q Qw=DWo u=R}t
w |OwQw p=vo}U u}@ |]N |x]@=Q '|]N |=yQorta Ovv=t Ovv=wD|tv w OvDU}v
ẁv R= w xDUw}B Q}e |=yQorta =yQDU=QD Qo}O CQ=@ax@ "OvW=@ xDW=O |HwQN Qw=DWo
|}=yC}OwOLt |=Q=O =yQDU=QD uOW xDU@ w R=@ u}vJty "OvDUy Vwt=N w uWwQ
QDlJwm |x@ Q[ Q}O=kt u=wDv xm OwW|t Ea=@ =yC}OwOLt u}= OwHw [6]"CU=
=yQDU=QD =@ pQDvm =Pr &CiQo |HwQN u=wvax@ =yu; R= =Q =yQDU=QD |xv}tm |x@ Q[ R=

"Ovm|t |]N |=yQorta R= Cw=iDt =Q u; xm OQ=O |D=_Lqt

CqO=at R= l} Qy Q=vm QO |m}D=tv}U CqO=at R= |Q}op=QoDv= =@ O}=@ R}v =Hv}= QO
Qy QO =Q xQ=wy=t C}a[w u=wD|t x}rw= \}=QW uDW=O w 13 =} 11 '9 |m}t=v}O

"OQm x@U=Lt x_Lr

C}a[w pQDvm QO QDQ@ VwQ ?=NDv= "4"3
w |O=y Twv}Um |=yT} QD=t 'Qr} w= |=}=wR� OwHwt VwQ xU u}@ R= O}=@ uwvm =
pQDvm |R=UpOt QO xO=iDU= OQwt VwQ u=wvax@ =Q VwQ l} ,=D}=yv �uw}vQD=wm VwQ
TBU w 'xDN=OQB QDQ@ VwQ |=yQ=}at |iQat x@ =OD@= u}=Q@=v@ "s}vm ?=NDv= xQ=wy=t

"OwW|t ?=NDv= QDQ@ VwQ ?rDt Q=Ri=sQv ltmx@ |}xv=}=Q |R=Ux}@W =@
uwv=k OQmrta R= |Q=}at Qr} w= u=QwO QwLt pwL � |=]N |x} w=R wtv w OWQ
R= 'Qwv=t |] xQ=wy=t \UwD xOW xOwt}B |x} w=R Q=Okt Qou=}@ xm =QJ 'CU= |rQDvm
|xrO=at j@=]t xm Ovt=v|t Cv=Qr} w= =Q p=QoDv= u}= "CU= |}=yv Cr=L =D x}rw= Cr=L

"OwW|t h} QaD 14

EULERANT =
Z
�:dt (14)

|=Q@ xOW xOwt}B |x} w=R Vy=m |xOvyOu=Wv OW=@ QDsm QDt=Q=B u}= Q=Okt xJQy
'xv}y@ VwQ ?=NDv= QO Qo}O Q=}at "CU= x}rw=C}a[w R= ?wr]tC}a[w x@ uO}UQ
C=@U=Lt u=tR w Cv=Qr} w= Q=Okt QOkQy |rm Qw]x@ "CU= C=@U=Lt u=tR Vy=m

"CU= QD?U=vt |rQDvm VwQ OW=@ QDsm
x}rw= \}=QW CLD 'QwmPt |rQDvm uwv=k xU Qy |=Q@ C}a[w pQDvm |R=Ux}@W
"CU= xOW s=Hv= ?rDt Q=Ri=sQv ode45 `@=D ltmx@ w '1 pwOH j@=]t w u=Um}

%=@ CU= Q@=Q@ R}v |UQv}= T} QD=t

I =

2664 1218 63 �5 38 �1 76
�5 38 442 26 �8 39
�1 76 �8 39 1429 43

3775 (15)

"CU= xOW xO=O V}=tv 1 pmW QO VwQ xU Qy |=Q@ Cv=Qr} w= Q=Okt C}=yv QO
"CU= xOW CUQyi 2 pwOH QO VwQ xU QO C=@U=Lt u=tR u}vJty

Q=vm C=@U=Lt s=Hv= QO uOw@ Q@ u=tR p}rOx@ |O=y Twv}Um T} QD=t VwQ
^=Lrx@ Cv=Qr} w= Q=Okt uOW nQR@ p}rOx@ R}v Qr} w= |=}=wR VwQ "OwW|t xDW=Po
|x]kv l} 5 CqO=at R= QN; w pw= |xrO=at xwqax@ "CU}v xv}y@ CNwU hQYt
w =yuw}vQD=wm VwQ QO u}mD \=kv Ow@v x@ p}rO u}tyx@ "OvQ=O � = 90^ QO u}mD
VwQ Qo}O C} Rt u=wvax@ 'Qr} w= |=}=wR VwQ x@ C@Uv u; QD?U=vt |OOa X=wN
xO=iDU= QDQ@ VwQ u}=Q@=v@ [16]"CU= xOW xQ=W= Qr} w= |=}=wR VwQ x@ C@Uv uw}vQD=wm
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C=H
vu}

UL
w|

ORtQ
=m|

ra "|@=NDv= |=yQDU=QD |OQmrta |=y|oS} w "3 pwOH
Q=Okt |oS}w

20 ms QDU=QD uOw@ uWwQ u=tR u} QDsm
2 0 ms QDU=QD |wQ}v OWQ u=tR
3 0 ms QDU=QD |wQ}v pqLt[= u=tR
3 0 ms uOW xDU@ w R=@ |v=tR Q}N=D
10 N |t=v |wQ}v
�5 CU=QD CkO

3 5 gr/s |t=v |HwQN |@O

|OQmrta |=y|oS} w AUSTRIUM CmQW R= |@=NDv= |=yQDU=QD x@ xHwD =@
"CU= xOW K} QWD 3 pwOH j@=]t QDU=QD

�PWM� Tr=B |=vyB s}_vD VwQ T=U=Q@ C}a[w pQDvm "2"4
Ovv=t Ovv=wD|tv 'Ovvm|t pta =yQDU=QD OQmrta T=U=Q@ xm |}=yxOvvmpQDvm xv=iU-=Dt
xDW=O |HwQN Qw=DWo w xOvvmpQDvm |OwQw u}@ |]N |x]@=Q Qo}O |=yQorta
xO=iDU= =@ |]N x@W Ot l} QO Ovv=wD|t =yxOvvmpQDvm u}= OwHw u}= =@ "OvW=@
xOWx@U=Lt R=}v OQwt Qw=DWo =@ ?U=vDt =yQDU=QD uOw@ uWwQ u=tR pw] Q}}eD R=
pw] "Ov} wo|t PWM ?re= =Q OQmrta ẁv u}= "Ovvm pta �xOvvmpQDvm x@ |OwQw�

"O};|t CUO x@ 17 |x]@=Q R= 'CU= uWwQ QDU=QD u; QO xm |v=tR xR=@
tp � F� = Tsam � torque) tp = Tsam � torque

F�
(17)

|rQDvm Qw=DWo torque R= Qw_vt 'QDU=QD Qw=DWo |wR=@ � R= Qw_vt u; QO xm
QDU=QD uOw@ uWwQ xR=@ tp w |Q=OQ@xvwtv u=tR Tsam '|]N VwQx@ xOWx@U=Lt

"CU= QDU=QD |t=v |wQ}v F w

?rDt Q=Ri=sQv QO QDU=QD u=tR � wQ}v p}iwQB |R=Ux}@W "3"4
|wQ R= O}=@ |rQDvm |=yQw=DWo uOW XNWt R= TB 'pQDvm Ov}=Qi p}tmD Qw_vtx@
|oDU@ Q=m u}= "OQm x@U=Lt =Q QDU=QD Qy uOw@ Vwt=N w uWwQ u=tR =yQw=DWo u}=
|=yu=tR |x@U=Lt "Ow@ Oy=wN Cw=iDt u=tO}J Qy |=Q@ w OQ=O =yQDU=QD u=tO}J x@
"CU= xOW pwmwt |Oa@ pYi x@ |rQDvm |=yQw=DWo ?ULQ@ =yQDU=QD uOw@ uWwQ
u}= |wQ R= O}=@ 13|Q=OQ@xvwtv xR=@ l} QO =yQDU=QD uOw@ uWwQ u=tR uDUv=O =@
|Q=OQ@xvwtv xR=@ R= x_Lr Qy QO QDU=QD Qy |HwQN Qw=DWo Q=Okt |a@=D \UwD u=tR
w |r@k VN@ wO QO xOWxO=O C=L}[wD x@ xHwD =@ VN@ u}= QO "OwW XNWt
|R=Ux}@W x@ s=Ok= 'Ov=xOW CUQyi 3 pwOH QO xm |@=NDv= QDU=QD |OQmrta Q}O=kt
OW=@ xDW=O `@=D u}= O}=@ xm |}=yC}r@=k "s}=xOQm ?rDt Q=Ri=sQv ltmx@ `@=D u}=

%R= CU= CQ=@a
uOW xDU@ w R=@ QO |v=tR Q}N-=D w CU=QD |wQ}v Vy=m w OWQ u=tR Q}O=kt "1

"OW=@ xOW ^=Lr |Q=OQ@xvwtv xR=@ Qy QO QDU=QD
s=tD QO 'Tr=B pw] pk=OL R= uOw@ uWwQ u=tQi u=tR uOw@ QDsm CQwY QO "2

"OW=@ QiY =yQDU=QD |HwQN |Q=OQ@xvwtv xR=@ pw]
'Ow@ l}ORv Q=}U@ |Q=OQ@xvwtv xR=@ pw] x@ uOw@ uWwQ u=tR xm |DQwY QO "3
Q=Okt QO O}=@ w OwQ@ QiY x@ |Q=OQ@xvwtv xR=@ |=yDv= QO O}=@v QDU=QD |HwQN

[17]"QDU=QD |wQ}v |v=tR p}iwQB "2 pmW

=yQDU=QD |v=tR p}iwQB |oS} w "1"4
R=}v OQwt QDU=QD l} pt=m h} QaD |=Q@ R}v |Qo}O C=YNWt 7CU=QD |wQ}v RH x@

"CU= xOW xO=O u=Wv |ak=w QDU=QD |wQ}v |v=tR p}iwQB 2 pmW QO "CU=
Oa@ u=QW}B |wQ}v 'QDU=QD Q}W p} wm x@ 8uOW uWwQ |m} QDmr= QwDUO QwOY =@
COt CU=QD |wQ}v OWQ u=tR "Ovm|t OWQ x@ ẁQW x}rw= |D=P Q}N-=D CWPo R=
xR=@ u}= QO "CU= |t=v Q=Okt �99 x@ QiY Q=Okt R= QDU=QD |wQ}v uO}UQ u=tR
?} QkD |}=tv `@=D l} CQwYx@ u=tR ?ULQ@ =Q QDU=QD |wQ}v OWQ u=wD|t |v=tR
QDU=QD |wQ}v '|m} QDmr= p=vo}U \UwD `]k QwDUO p=ta= R= TB u}vJty [17]"OR
9QDU=QD hPL u=tR |] w Ovm|t Vy=m x@ ẁQW |v=tR |Q}N-=D CWPo R= TB

[17]"OUQ|t QiY x@ |}=tv `@=D l} CQwYx@
QDU=QD |wQ}v |t_v|@ R= |Q=}at xm CU= 10|Q@ R OwHw =yQDU=QD Qo}O |oS} w
"CU=Q=O =Q |t=v Q=Okt R= OYQO 3 =D 2 u}@ ,=twta w xOw@ u; |t=v Q=Okt pwL
QQmt |=y|R=Up=ai \UwD xm CU=yQDU=QD |D=P |=y|oS} w wRH R}v |Q}PB Q=QmD
XNWt hrDNt |=y|R=Up=ai |] u; |t=v |wQ}v C=Q}}eD |xU}=kt w QDU=QD l}

"OwW|t
Qo = "OW=@ 11�MIB� x@ Q[ xR=Ov= u} QDsm '=yQDU=QD QO QwDm =i u} QDsyt O}=W
uOW uWwQ u=mt= ,qta OW=@ lJwm |r}N uOw@ uWwQ QwDUO |v=tR xR=@ pw]
u} QDsm xm xOW O=yvW}B [18]|y=oW}=tR; |=yxO=O ?=}e QO "OQ=Ov OwHw =yQDU=QD
Q}W uOW xDU@ w R=@ u=tR u} QDsm w QDU=QD |t=v |wQ}v ?Q[pY=L R= x@ Q[ xR=Ov=
Ov=CQ=@a MIB Q=Okt Q@ Q=PoQ}F-=D |}=yQwDm =i "OwW x@U=Lt |@} QkD Qw]x@ QDU=QD
Q=Wi x@ xm � OwHwt Q=Wi Q=Okt w |O}} wvwrU Q}W uOW xDU@ w R=@ u=tR u} QDsm %R=

[19]"�CU= xDU@=w xOW s}_vD
|=]N O=H}= ?@U '=yQDU=QD QO 12xOQt |x}L=v w x@ Q[ xR=Ov= u} QDsm OwHw
TQDUO p@=k |=]N u} QDsm [11]xOW s=Hv= C=ar=]t R= |NQ@ QO "OwW|t |t�=O
Qw=DWo |wR=@ l '|t=v CU=QD |wQ}v F u; QO xm xOW x@U=Lt 16 |xrO=at Q@=Q@
|Q=OQ@xvwtv u=tR Tsam 'Tr=B u=tR u} QDsm tmin 'xQ=wy=t sQH RmQt pwL QDU=QD

"CU= |@U=vD |xOvvmpQDvm ?} Q[ K w Tr=B |=vyB s}_vD VwQ QO

emin = Fltmin

TsamK
(16)
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"""|
xQ=wy

=tl
}|

=yQD
U=QD

|=Q@
xv}y

@u=
tO}J

u}}a
D

1 ẁv u=tO}J |=Q@ |}=tvoQR@ =@ x=Qty 1 xQ=tW QDU=QD uOW uWwQ p}iwQB "5 pmW
"QDU=QD p}iwQB C=QF= |t=tD uOQm ^=Lr =@ x QwLt |=DU=Q QO |W=WDe= Qw=DWo

hQYt |=}=B MQv |OYQO 3 =D 2 V}=Ri= Ea=@ |v=tR Q}N-=D w x@ Q[ pw] pk=OL
Vy=m ?@U COWx@ x@ Q[ pk=OL R= uOQm Q_vhQY u}vJty "OwW|t CNwU
|=]N QO |v=OvJ Q}F-=D C}a]k sOa OwHw sOa =} OwHw "OwW|t Q=O}=B |=]N
lJwm Q@ xwqa uwJ xm OQm x}HwD xvwou}= u=wD|t =Q Qt= u}= Cra &OQ=Ov Q=oOv=t
CU=QD |wQ}v Q=Okt x@ C@Uv uOw@ QDsm =} QDW}@ ��5� C}a]k sOa Q=Okt uOw@
u; uOQmv =} uOQm ^=Lr 'CU= |iO=YD ,qt=m |Q=OQ@xvwtv xR=@ Qy QO QDU=QD |t=v

"CW=O Oy=wNv xQ=wy=t pQDvm |R=UpOt QO |Q}F-=D u=OvJ

hrDNt |=yu=tO}J |UQQ@ "5
|=Q@ ?U=vt |xOvvmpQDvm |L=Q] w xQ=wy=t l} pQDvm |xw}W |UQQ@ x@ 3 pYi QO
=@ 4 pYi QO TBU "OW=@ |]N pQDvm VwQ xm s}OQm ZQi =Hv; QO "s}DN=OQB u;
Qo}O |=y|oS} w p}rOx@ u}vJty w OvDU}v |]N |=yQorta =yQDU=QD xm u}= x@ xHwD
x@ |@=}CUO |=Q@ xm CU= u; C@ wv p=L "OW KqY= xOWxDWwv |xt=vQ@ '=yQDU=QD
|}xv=}=Q |R=UpOt w =yQDU=QD hrDNt |=yu=tO}J |UQQ@ =@ 'xr=kt u}= |rY= hOy
|=]N Q=Okt w CNwU hQYt Q_v R= xv}y@ u=tO}J ,=D}=yv hrDNt |=yu=tO}J

"s}vm ?=NDv= =Q Q=oOv=t Cr=L x@ uO}UQ u=tR w Q=oOv=t Cr=L

=yQDU=QD |R=Up=ai |=yu=tR x@ |rQDvm |=yQw=DWo p}O@D "1"5
x@U=Lt |rQDvm u}v=wk |t=tD\UwD OwW p=ta= xQ=wy=t x@ O}=@ xm |R=}v OQwt Qw=DWo
Ovm|t p}O@D =yQDU=QDC}r=ai |=yu=tR x@ =Q|rQDvm C=QwDUO xm|tD} Qwor= "OwW|t

%xm =QJ 'CU= |}=y|oO}J}B |=Q=O
C@=F =yu; |HwQN |wQ}v Q=Okt u}=Q@=v@ 'OvDU}v |]N |=yxOvvmpQDvm =yQDU=QD "1
xm CU= |v=tR xR=@ x@ xDU@=w Ovm|t O}rwD QDU=QD xm |rO=at Qw=DWo w CU=

"CU= uWwQ u; QO QDU=QD
l} O=H}= |=Q@ xQ=wty =Pr 'CU=DU=Q l} QO wQ}v O=H}= x@ QO=k =yvD QDU=QD Qy "2

[9]"CU= pw= QDU=QD p@=kt QO Qo}O |QDU=QD x@ R=}v hr=Nt CyH QO Qw=DWo
|=Q@ 'Ov=@ |=vyB pQDvm VwQ Q@ |vD@t x}=B sD} Qwor= l} R= =t VN@ u}= QO
u}= |=Q@ "s}vm|t xO=iDU= =yQDU=QD |R=Up=ai |=yu=tR x@ |rQDvm |=yQw=DWo p}O@D
ptDLt u=tO}J l} xm OW=@ 6 pmW CQwYx@ =yQDU=QD u=tO}J O}vm ZQi Qw_vt

"CU= nvy;u}tR |=yxQ=wy=t |=Q@

|HwQN '|Oa@ |Q=OQ@xvwtv xR=@ QO |]}=QW u}vJ QO "Ov=t@ |k=@ OwN |t=v
"OwW|t R=e; OwN |t=v Q=Okt R= QiY |=H x@ QDU=QD

Qy QO Q=Okt u}= "OwW ^=Lr =yQDU=QD |t=v Q=Okt QO C}a]k sOa �5 Q=Okt "4
"OwW ^=Lr |iO=YD CQwYx@ O}=@ |Q=OQ@xvwtv xR=@

|]N CL=Ut =@ Q@=Q@ u=tR ?ULQ@ QDU=QD |wQ}v Q=Owtv Q} R K]U CL=Ut "5
`=iDQ= x@ w �xOvvmpQDvm \UwD xOW XNWt� uOw@ uWwQ u=tR pw] x@ h=Y

"OW=@ |t=v CU=QD |wQ}v
QO "Ow@ s}y=wN pQDvm |R=Ux}@W p}tmD x@ QO=k =yQDU=QD |R=UpOt =@ p=L
?ULQ@ |rQDvm |=yQw=DWo w Qr} w= |=}=wR C=Q}}eD Q=Owtv ?}DQDx@ 4 w 3 |=ypmW
uOw@ Vwt=N w uWwQ Q=Owtv 5 pmW QO u}vJty "CU= xOW xO=O V}=tv u=tR
R= |m} O}=@ |R=UpOt |=Q@ "CU= xOW xO=O u=Wv u=tO}J |=yQDU=QD R= |m}
u=ty xOWxDiQo Q_v QO u=tO}J "s}DiQo|t Q_v QO =Q =yQDU=QD umtt |=yu=tO}J
"OW=@ x |=DU=Q QO |W=WDe= Qw=DWo xOW ZQi u; QO w CU= 14l} ẁv u=tO}J
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ra 12 ẁv u=tO}J 'xOv=t|k=@ |QDU=QD 4 u=tO}J Q=yJ w |QDU=QD 6 u=tO}J Q=yJ
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1. minimum impulse width
2. valve closing delay and valve opening delay
3. LAM|}=yTv=mU x@ =Q |OwQw |]N C=QwDUO xm |WwQ %pulse width modulation "4

"Ovm|t p}O@D pYw w `]k |=yp=vo}U R=
5. on-o� switching
6. Euler

7. thrust build up
8. on command
9. thrust decay
10. roughness
11. minimum impulse bit (MIB)
12. dead zone
13. sample time
"O}}=tv xaH=Qt|UQQ@ OQwt |=yu=tO}JVN@ |Oa@ pYi x@ =yu=tO}J xOy=Wt |=Q@ "14
15. uncertainty (Uc)
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