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lesDU}U l} C}akwt w CaQU |=y=]N |R=Uu=Q@H

ltmx@ |w=tU/|UQv}= |k}irD |Q@ w=v
swO xHQO utr=m QDr}i w |R=UQ=wty

�Q=}O=DU=� �|Q=y@wv |O=y
�Q=}O=DU=� pY= QwB Q@vk ?}@L

h} QW |DavY x=oWv=O '=[i=wy |xOmWv=O
�|QDmO |wHWv=O� |L]@= O=yQi O}U

R=Q}W x=oWv=O 'l}v�t |UOvyt VN@

OQmrta |=OD@= QO xm CU= |D}akwt w CaQU |=]N u=Q@H Q[=L Q=DWwv hOy
wO u}= "OQ=O OwHw |w=tU/|UQv}= |k}irD |Q@ w=v sDU}U l} QO QovxQ=DU |xU=UL

CqO=at j}kO pL Qw_vtx@ "Ov=xOW j}irD swO xHQO utr=m QDr}i |xr}Uwx@ |Q@ w=v sDU}U
Q=@ Vy=m Qw_vtx@ 'xwqax@ "CU= xOW xO=iDU= p=D}H}O |Q}op=QoDv= sD} Qwor= R= '|Q@ w=v

R= xO=iDU= =@ "CU= xOW xO=iDU= =yuw}vQD=wm R= j}irD w |Q@ w=v pL=Qt |t=tD QO '|D=@U=Lt
=yGvU?=DW T=}=@ w x}rw= C}a[w '|wQUB w |R=UQ=wty |Q}oQ=mx@ w |]NQ}e CqO=at
C}a[w '|R=UQ=wty w |wQUB u}L QO 'u}= Q@ uwRi= "CU= xOW xOR u}tND O=} R CkO =@
|R=wt |Q@ w=v l} s=Hv= =@ 'xt=O= QO "OwW|t xOR u}tND CkO x@ u}W}B C=_Lr QO xr}Uw
=yGvU?=DW T=}=@ |R=Uu=Q@H w u}W}B C=_Lr |xOW OQw;Q@ C}a[w T=U=Q@ xm 'O}OH
|R=Ux}@W s=Hv= =@ =yDv= QO "OwW|t u=Q@H C}akwt w CaQU |=y=]N 'OQ}o|t CQwY

"CU= xOW |UQQ@ xOWx�=Q= |Q@ w=v VwQ 'Q@xQ=wy=t l} |=Q@

nobahari@sharif.edu
ghanbarpour@sharif.edu
farhadabtahishz@gmail.com

x@DQt utr=m QDr}i '|k}irD |Q@ w=v '|w=tU |Q@ w=v '|UQv}= |Q@ w=v %|O}rm u=oS=w
"|wQUB '|R=UQ=wty 'swO

xtOkt "1
u; QO xm CU= 3ji= s}kDUtQ}e VHvU R= xO=iDU= 'C}akwt u}}aD QO Qo}O VwQ
[6�4]"OwW|t xO=iDU= ji= VHvU QO QiUtD= |xr}Uwx@ u=oQ=DU Qwv CUmW R=
x@ OwOLt u; OQ@ Q=m 'CU= QDV}@ s}kDUt VHvU VwQ R= VwQ u}= CkO xJQo =
=yu; wDQB xm |v=oQ=DU O=OaD C}OwOLt 'u}= Q@ uwRi= "CU= u}tR |m}ORv QO |Q@ w=v
QO =]N O=H}= x@ '|QiUtD= pOt QO C}a]k sOa u}vJty w xOW CUmW Q=JO
QDr}i ltmx@ xDioV}B VwQ wO ?}mQD R= "OwW|t QHvt VwQ u}= x@ C}akwt u}}aD
R= xO=iDU= xD@r= [7]&CU= xOW pY=L |Q@ w=v QO |QDV}@ CkO 4swO xHQO utr=m
|=yxO=O R= xO=iDU= =@ u}vJty "CU= u}tR l}ORv x@ OwOLt u=vJty 'VwQ u}=
7swO xHQO C=QP QDr}i j} Q] R= =yu; j}irD w 6QovxQ=DU w 5|UQv}= |Q}oxR=Ov= OL=w
QO '|Q@ w=v sDU}U u}= R= xO=iDU= [8]"CU= xOW |L=Q] j}kO |Q@ w=v sDU}U l}
VHvU p@=k CkO =@ ji= R= u=oQ=DU `=iDQ= =yv; QO xm =yu}Wvx=t uwJty |r}=Uw

"CU= ?U=vt 'CU=
R}v |UQv}= x=oDUO x@ C@Uv =Q xr}Uw C}a[w '|w=tU |Q@ w=v R= xO=iDU= =@
'|UQv}= |Q@ w=v sDU}U C=@U=Lt =@ xOWxO}HvUC}a[w j}irD =@ "OQm u}}aD u=wD|t
sDU}U '|i=m `=iDQ= x@ xr}Uw uO}UQ R= TB "OwW|t pY=L |QDj}kO |Q@ w=v

OQ@ Q=m |Q@ w=v |xRwL QO �SINS� xvO@ x@ pYDt |UQv}= |Q@ w=v sDU}U xRwQt=
|}q=@ |yOxO=O MQv ,qwtat w CU= u=OQoOwN |Q@ w=v sDU}U u}= "OQ=O |}xOQDUo
CU= C}akwt w CaQU 'C}a[w |x@U=Lt x@ QO=k |UQv}= |Q@ w=v sDU}U "OQ=O
p}rOx@ u; C=@U=Lt �� =yQ@xQ=wy=t |Q@ w=v Q}_v �� COtR=QO |=yOQ@ Q=m QO '=t=
|Q@ w=v |awv =@ |UQv}= |Q@ w=v j}irD '=]N u=Q@H |=Q@ "CU= j}kOQ}e =]N OWQ
R= |m} 1|w=tU |Q@ w=v "CU= R=}v OQwt 'OW=@ xDW=Ov u=tR =@ xOv}=Ri= |=]N xm
=yQ@xQ=wy=t Q}_v xOvQB p}=Uw R= |Q=}U@ |Q@ w=v QO u; R= u=wD|t xm CU=yxv} Ro
|=]N u}= Q@ uwRi= w CU= u=RQ= ,=D@Uv w xO=U 'p=aiQ}e |w=tU |Q@ w=v "OQ@ xQy@

"OQ=Ov u=tR =@ xOv}=Ri=
u}}aD QO "OQm xO=iDU= C}akwt w C}a[w u}}aD QO u=wD|t |w=tU |Q@ w=v R=
CkO p}rOx@ xD@r= [3�1]&OQm xO=iDU= 2ji= s}kDUt VHvU VwQ R= u=wD|t C}a[w
"CU= x=Qty |O=} R |=]N =@ VwQ u}= =@C}akwt u}}aD 'ji=VHvU |=ysDU}U sm

pw�Ut xOvU} wv �
"1394 7 6 VQ}PB '1394 6 2 x}LqY= '1393 12 25 Ci=} QO %M} Q=D
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=Q@H

|R=UpOt "2
'|UQv}= |Q@ w=v sDU}U |Q}oQ=mx@ |ovwoJ w OQmrta |UQQ@ x@ VN@ u}= QO

"s} R=OQB|t Q[=L |xar=]t QO swO xHQO utr=m QDr}i w |w=tU |Q@ w=v sDU}U
|xU=ULu}vJty [16]"OvQ=O|QDxO=Uu=}@ 13|UQv}= x=oDUO QOuDw}vCqO=at
Q=DWwv u}= QO "CU= |UQv}= x=oDUO x@C@Uv xr}UwC}a[w |xOvvmu}}aD QovxQ=DU
p}rOx@ 'Qo}O |wU R= "CU= xOW xO=iDU= |UQv}= x=oDUO R= |oO=U C}=aQ Qw_vtx@

"CU}v |Q@ w=v CqO=at |R=U|]N x@ |R=}v '|]NQ}e QDr}i R= xO=iDU=
"CU= xOW xO=iDU= 15|vO@ ?wJQ=J w 14|UQv}= ?wJQ=J R= Q=DWwv u}= QO
QwLt w =wDU= |xLiY QO u; y w x QwLt 'u}tR RmQt QO |UQv}= ?wJQ=J RmQt
sQH RmQt QO |vO@ ?wJQ=J RmQt [16]"CU= u}tR VNQJ QwLt |=DU=Q QO u; z
|=DU=Q QO y QwLt 'wQx@ wQ |=DU=Q QO x QwLt 'xr}Uw |xvO@ x@ C@Uv &CU= xr}Uw
ltmx@ u=wD|t =Q xr}Uw C}a[w "CU= u}}=B CtU x@ z QwLt w 'CU=Q CtU
x@ \w@ Qt p}Uv=Qi}O |xrO=at "O=O V}=tv uw}vQD=wm =} p=kDv= T} QD=t 'Qr} w= |=}=wR

[17]%R= CU= CQ=@a uw}vQD=wm
_qib = 0 5qib � pbib (1)

� w '|UQv}= ?wJQ=J x@ |vO@ ?wJQ=J R= p=kDv= |=Q@ |vw}vQD=wm qib 'u; QO xm
R}v w [0 !ibb

T
]T =@ Q@=Q@ pbib Q=OQ@ u}vJty "CU=yuw}vQD=wm ?Q[ |xv=Wv

w CU= |vO@ x=oDUO QO |UQv}= QwLt x@ C@Uv sUH |}x} w=R CaQU Q=OQ@ !bib
'Q=DWwv u}= QO "OwW|t x} RHD V}=yxir-wt x@ !bib = [!x !y !z]T CQwYx@

%OwW|t |R=UpOt 2 |x]@=Q j@=]t ~!bib =yAwmUwQ} S |HwQN
!bib = ~!bib � "bc � "br (2)

Qou=}=tv ?}DQDx@ "br = [wgx; wgy; wgz]T w "bc = ["x "y "z]T 'u; QO xm
|=yx=oDUO u}@ p}O@D uw}vQD=wm 'qib Q=OQ@ "CU=yAwmUwQ} S VHvU R} wv w T=}=@

%R= Ov=CQ=@a u; |=yxir-wt w CU= |UQv}= w |vO@

qib =

2666664
q1
q2
q3
q4

3777775 (3)

CQ=@a |UQv}= |Q@ w=v sDU}U QO C}akwt w CaQU x@ \w@ Qt p}Uv=Qi}O CqO=at
[17]%R= CU=

_vi = Ci
bf

b + gi (4)

_ri = vi (5)

%OwW|t pY=L qib uw}vQD=wm R= xm CU= |r=kDv= T} QD=t Ci
b

Ci
b=

2664(q21 +q22�q23�q24) 2(q2q3 � q1q4) 2(q2q4 � q1q3)
2(q2q3 + q1q4) (q21�q22 +q23�q24) 2(q3q4 � q1q2)
2(q2q4 + q1q3) 2(q3q4 + q1q2) (q21�q22�q23 +q24)

3775
(6)

|HwQN =@ u; \=@DQ= w CU= xr}Uw Q@ xOW OQ=w XwYNt |wQ}v f b u}vJty
%CU= u}vJ Q=DWwv u}= QO ~f

b =yGvU?=DW
f b = ~f

b � b�wa (7)

=Q xr}Uw C}a[w 'QovxQ=DU \UwD u=oQ=DU OYQ ltmx@ Ov=wD|t |w=tU |Q@ w=v
R} wv =@ x=Qty VHvU u}= xJQo = &OHvU@ |O=} R CkO =@ |UQv}= x=oDUO x@ C@Uv
xr}Uw |vwvm C}a[w u=wD|t |w=tU w |UQv}= |Q@ w=v |=ysDU}U j}irD =@ "CU=
TB u}kkLt 'Qw_vtu}O@ "OR u}tND j}kO Qw]x@ =Q =yAwmUwQ} S T=}=@ u}vJty w
ltmx@ =Q |w=tU w |UQv}= |Q@ w=v |=ysDU}U [9]'C}a[w CqO=at |R=U|]N R=
OQw;Q@ O=} R CkO =@ xr}Uw C}a[w 'xH}DvQO "Ov=xOQm j}irD swO xHQO C=QP QDr}i
V}=Ri= MQv u; R= TB &O@=}|t Vy=m COWx@ CaQU |=]N V}=Ri= MQv w OwW|t
CqO=at |xR=Ov=x@ xOW|]N CqO=at 'OwHw u}= =@ "OwW|t sm C}akwt |=]N
VHvU |=]N w C}a[w |x}rw= |=]N Crax@ 'u}= Q@ uwRi= "OvDU}v j}kO |rY=
=@ xm OQ=O OwHw |O=} R C}akwt w CaQU |=]N j}irD R=e; QO '|UQv}= |=yQoTL
|R=U|]N u}kkLt '=]N u}= u=Q@H Qw_vtx@ "OvDU}v u=Q@H w u}tND p@=k 'j}irD
|=Q@ |Q=my=Q u}vJty [10]"OvDiQo Q=m x@ =Q 8p=kDv= T} QD=t w |Q@ w=v CqO=at
u}O@ xJQo = "CU= xOW x�=Q= QwDwt uOW Vwt=N R= TB =yGvU?=DW T=}=@ u}tND
"OQ=O OwHw u=vJty |R=U|]N |=]N =t= 'O@=}|t Vy=m |Q@ w=v |=]N ?}DQD
syU w [11]xOW G=QNDU= C}akwt |=yp=v=m |=]N CqO=at |Oa@ |=y|UQQ@ QO
xt=O= QO "CU= xOW xar=]tC}akwt |=]N QO |UQv}= |=yQoTL R=l} Qy |=]N
|U} wvR=@ w 'OwW|t pY=L QovxQ=DU QoTLltmx@ xm |D}akwt wC}a[wltmx@
`=iDQ= p=v=m QO u}tND |=]N 'C}a[w xO=O ltm =@ |UQv}= |Q@ w=v CqO=at
|xv=t=U =@ |w=tU w |UQv}= |Q@ w=v |=ysDU}U j}irD pY=L "CU= xDi=} Vy=m
CaQU 'C}akwt u}tND |=Q@ |Q@ w=v j}kO sDU}Ul} '�GPS�|v=yH ?=}C}akwt
CU}v TQDUO QO xW}ty GPS xm =Hv; R= 'OwHw u}= =@ [13w12]"CU= C}a[w w

"CU= Q}PB?}U; sDU}U u}= 'OQ=O |Ota |=]N ,=[a@ u; |=yxO=O u}vJty w
u=wvax@|]NQ}e CqO=at R= 'QDV}@CkO x@|@=}CUO Qw_vtx@ 'Q=DWwv u}= QO
|k}irD |Q@ w=v sDU}U QO 'Qo}O |wU R= "CU= xOW xO=iDU= |k}irD sDU}U CqO=at
Vy=m Qw_vtx@ "OvQ}PBxOy=Wt =yAwmUwQ} S T=}=@ wC}a[w\ki |w=tU/|UQv}=
Q=OQ@ =Pr w 'xOW xO=iDU= C}a[w |Q@ w=v CqO=at R= \ki j}irD QO 'C=@U=Lt sHL
utr=m QDr}i R= j}irD |=Q@ "CU=yAwmUwQ} S T=}=@ w C}a[w pt=W \ki 9Cr=L
QDj}kO 10xDi=}xaUwD utr=m QDr}i R= =Q} R 'CU= xOW xO=iDU= �UKF� swO xHQO
|wU R= "OQ=O |QDsm |D=@U=Lt |xv} Ry swO xHQO C=QP QDr}i R= R}v w [14]xOw@
sD} Qwor= R= Qw_vt u}O@ w OQ=O CQwQ[ O=} R CkO =@ |Q@ w=v CqO=at pL Qo}O
Qw_vtx@ 'u}= Q@ uwRi= "CU= xOW xO=iDU= CqO=at pL QO [15]p=D}H}O |Q}op=QoDv=
R= j}irD w |Q@ w=v pL=Qt |t=tD QO '|ov}mD R= R}yQB w C=@U=Lt |xv} Ry Vy=m
=Q OwN X=N |Q=OQ@ |=[i =yuw}vQD=wm xm =Hv; R= "CU= xOW xO=iDU= =yuw}vQD=wm
QO 'OW u=wva QDV}B xm u=vJ "CU= xOW ^=Lr |Y=N C=O}ytD j}irD QO 'OvQ=O
s}yH=wt |O=} R C}akwt w CaQU |=]N =@ |w=tU w |UQv}= |Q@ w=v j}irD R=e;
x}rw= C}a[w Q[=L Q=DWwv QO '=]N u}= u=Q@H |=Q@ "OwQ|tv u=}t R= j}irD =@ xm
u}tND |=Q@ |WwQ u}vJty "CU= xOW xOR u}tND |R=UQ=wty w |wQUB ltmx@
xOW x�=Q= 12O=R; R=wQB w 11wQ}v CLD R=wQB |xrLQt wO Qy QO =yGvU?=DW T=}=@
j}kO w O}OH |Q@ w=v l} '|v}tND T=}=@ w x}rw= C}a[w |x}=B Q@ xt=O= QO "CU=
'O}OH |Q@ w=v C}akwt w CaQU |=yxO=O w OQ}o|t CQwY |Q=H |Q@ w=v C=R=wtx@
R= '|Q@ w=v pL=Qt |t=tD QO "OwW|t |Q=H |Q@ w=v x@ \w@ Qt |=yxO=O u} Ro}=H
xOW xO=iDU= C}a[w CqO=at pL |=Q@ =yuw}vQD=wm Twmat w s}kDUt u}tND
Qy=_ |Q@ w=v sDU}U pm QO |Uwv}Um w Twv}U CQ=@a I}y ?}DQD u}= x@ "CU=
x@ Qr} w= |=}=wR |D=FrFt |=yC@Uv |x@U=Lt R= |W=v |D=@U=Lt Q=@ w OwW|tv

"OwW|tv p}tLD sDU}U
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|U
Ovyt Q@ CaQU wtv "OwW|t pY=L qb(k�1)

b(k) uw}vQD=wm R= Cb(k�1)
b(k) p=kDv= T} QD=t xm

[14]%OwW|t x@U=Lt 17 |x]@=Q j@=]t R}v x@P=H QF=
�vig;k = gik� 12

�t (17)

Q=OQ@ u}= &CU= rik� 12
C}akwt QO |UQv}= ?wJQ=J x@ C@Uv x@P=H Q=OQ@ gik� 12%R= CU= CQ=@a C}akwt

rik� 12
= rik + 1

2vk�1�t (18)

%OwW|t QWDvt u}vJ R}v xr}Uw C}akwt
rik = rik�1 + vik�1=2�t (19)

%R= CU= CQ=@a vik�1=2 Q=OQ@ u; QO xm
vik�1=2 = 1

2 (vik + vik�1) (20)

hQ] R= "CiQo Q_v QO C@=F u=wD|t =Q |UQv}= ?wJQ=J QO u=oQ=DU C}akwt
pk=OL OYQ ltmx@ u=oQ=DU x@ C@Uv OwN C}a[w Ov=wD|t QovxQ=DU l} 'Qo}O
?Yv C}a[w Qo = u}=Q@=v@ [18]"OHvU@ 18u=oQ=DU pwOH R= xO=iDU= w xQ=DU xU
|UQv}= ?wJQ=J x@ C@Uv =Q xr}Uw C}a[w u=wD|t 'OW=@ swrat xr}Uw Q@ QovxQ=DU
QDj}kO C}a[w VHvU 'OW=@ QDW}@ xOWOYQ u=oQ=DU O=OaD xJQy "OQm x@U=Lt
|UQv}= |Q@ w=v sDU}U C=@U=Lt =@ xOW xO}HvU C}a[w j}irD =@ "Ow@ Oy=wN
x@ xHwD =@ "OR u}tND |O=} R CkO =@ =Q =yAwmUwQ} S T=}=@ w C}a[w u=wD|t
|=]N u; `@Dx@ w CaQU |=]N O=H}= QO |tyt Vkv C}a[w |=]N '4 |xrO=at
V}=Ri= MQv Q}otWJ Vy=m Oy=W C}a[w j}kO u}tND =@ 'u}=Q@=v@ "OQ=O C}akwt

"Ow@ s}y=wN CaQU |=]N
|w=tU w |UQv}= |Q@ w=v j}irD QO swO xHQO utr=m QDr}i R= Q=DWwv u}= QO
OQwt |]NQ}e sDU}U Cr=L |=[i |xDUUo pOt "�1 pmW� CU= xOW xO=iDU=

%R= CU= CQ=@a xar=]t
xk+1 = f(xk;wk;uk) (21)

yk = h(xk;uk;�k) (22)

'|OwQw u '20VHvU R} wv � '19Ov}=Qi R} wv w 'sDU}U Cr=L Q=OQ@ x u; QO xm
=Q 22 |xrO=at 'Q=DWwv u}= |xar=]t OQwt sDU}U QO "CU= C=Oy=Wt Q=OQ@ y w

%x@ OQm xO=U u=wD|t
yk = q(�k) � (Hxk) (23)

xHQO utr=m QDr}i |xr}Uwx@ |w=tUw |UQv}= |Q@w=v |=ysDU}U j}irD "1 pmW
"swO

R} wv wa = [wax wax wax]T w T=}=@ Qou=}=tv b = [bx by bz]T 'u; QO xm
?wJQ=J QO x@P=H Q=OQ@ hQat gi '4 |xrO=at QO "CU=yGvU?=DW VHvU

[16]"CU= xOW xO=iDU= J2 pOt R= u; |x@U=Lt |=Q@ =Hv}= QO xm CU= |UQv}=
CqO=at pL w |R=UxDUUo |] QO =DwmGv=Q w Qr} w= Ovv=t |}=yVwQ R= xO=iDU=
=@ �� OvW=@ j}kO |UQv}= |=yQoTL VHvU w x}rw= \}=QW Qo = |DL �� |Q@ w=v
uOw@ l}ORv w |Q@ w=v CqO=at j}kO pL Qw_vtx@ "CU= x=Qty |O=} R |=y=]N RwQ@
|Q}op=QoDv= sD} Qwor= R= '|Q@ w=v CqO=at |xDUw}B |Q}op=QoDv= G}=Dv x@ pL G}=Dv
16x} w=R wtv "CU= xOW xO=iDU= |Q@ w=v CqO=at pL w |R=UxDUUo QO [15]'p=D}H}O

%OwW|t x@U=Lt 9 w 8 \@=wQ j@=]t 17CaQU wtv w
��k =

Z tk

tk�1
!bibdt � !

b
ib(k) + !bib(k � 1)

2 (tk � tk�1) (8)

�vbf ;k =
Z tk

tk�1
f bdt � f b(k) + f b(k � 1)

2 (tk � tk�1) (9)

%OwW|t RwQx@ u}vJ C}a[w uw}vQD=wm
qib(k) = qib(k�1) � qb(k�1)

b(k) (10)

x@U=Lt 11 |x]@=Q j@=]t w CU= C}a[w CqO=at pL uw}vQD=wm qb(k�1)
b(k) xm

%OwW|t
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|x@U=Lt |=Hx@ u=wD|t '=yAwmUwQ} S xO=O |v=UQRwQ x@ MQv uOw@ O=} R p}rOx@
CQ=@a OvJ 'OQ=O |D=@U=Lt |xv} Ry xm ''k VNQJ |x} w=R Twv}Um w Twv}U
\U@ pw= |xrtH xU R= =yvD Q=DWwv u}= QO "OQm x@U=Lt =Q Qwr}D \U@ R= OwOLt
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[14]%OwW|t QWDvt 14 |x]@=Q j@=]t R}v CaQU |xrO=at
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12 (��k�1 ��vbf ;k + �vbf ;k�1 ���k) (16)
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k = f(�x(i)
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"OwW|t xO=O V}=tv �q =@ w ?=NDv= u}ov=}t u=wvax@ =yuw}vQD=wm R= |m} "1"3
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%OwW|t pY=L 38 |x]@=Q R= uw}vQD=wm l} pO=at VNQJ Q=OQ@ '|rm
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u} wv |WwQ R}v w 'OwW|t xOR u}tND x}rw=C}a[w '|R=UQ=wty w |wQUB |Q}oQ=mx@
xDioV}B OQ=wt KQW x@ xt=O= QO "CU= xOW x�=Q= =yGvU?=DW T=}=@ u}tND |=Q@

"s} R=OQB|t
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|] QO w \@[ QovxQ=DU |HwQN s}kDUt j}irD u}L QO u}=Q@=v@ "CU= |O=} R
�|R=UQ=wty� =Q OvwQ u}= &OQ}o|t Q=Qk xO=iDU= OQwt uOQm QDr}i |=Q@ ,=OOHt |wQUB

"Ovt=v|t
=@ xDWPo u=tR QO u}tND l} KqY= xm OwQ|t Q=m x@ |v=tR |R=UQ=wty
'29C@=FxR=@ |xDUO xU x@ |R=UQ=wty [21]"OW=@ ?wr]t |vwvm VHvU R= xO=iDU=

[22]"OwW|t s}UkD 31C@=FQ}N-=D w 30C@=Fx]kv
xOR u}tND xv}y@ CQwYx@ xR=@ l} R= |WN@ =} pm 'C@=FxR=@ |R=UQ=wty QO
|Q}oQ=mx@ =@ "CU= xOW xO=O u=Wv C@=FxR=@ |R=UQ=wty Ov}=Qi 2 pmW QO "OwW|t
'|w=tU |Q@ w=v sDU}U Q=m x@ ẁQW |x]kv C}a[w Q@ xwqa 'C@=FxR=@ |R=UQ=wty
xv}y@ CQwYx@ 'xDiQo CQwY j}irD w |wQUB u; QO xm |}xR=@ pm QO xr}Uw C}a[w
xOW xO=iDU= C@=FxR=@ |R=UQ=wty R= Q=DWwv u}= QO 'u}=Q@=v@ "OwW|t xOR u}tND
|OvwQ xm CU= R=}v OQwt Twmat CyH QO j}irD '|R=UQ=wty ẁv u}= QO "CU=

"OQ=O s}kDUt CyH QO j}irD x@=Wt
|}x]kv R= |R=UQ=wty =Q} R 'CU}v x}rw= |yOQ=Okt x@ |R=}v Twmat j}irD QO
u}tND s}kDUt j}irD VwQ x@ u; Tv=} Q=wm T} QD=t w Cr=L Q=OQ@ xm OwW|t R=e;

%CU= ?}DQD u}= x@ Tma CyH QO j}irD OvwQ "CU= xOW xOR
\=kv Tv=} Q=wm T} QD=t w Cr=L Q=OQ@ R= xO=iDU= =@ %=to}U \=kv |x@U=Lt "1

%OwW|t x@U=Lt =to}U
�a(0)
k+1 = x̂ak+1

�a(i)
k+1 =

2664 q('0ik+1) � qk+1
"k+1 + �"ik+1

xw(i)
k+1

3775 ; i = 1; 2; :::; 2L (55)

[21]"C@=FxR=@ |R=UQ=wty Ov}=Qi "2 pmW
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l}
v=mt

|U
Ovyt |x}v=F QO xm |Oa@ |R=UQ=wty R=e; |x]kv =D |Q@ w=v 'OwW|t pY=L s}kDUt

CQwY 450 |x}v=F QO R}v |y@=Wt Ov}=Qi "CW=O Oy=wN xt=O= 'OwW|t R=e; 200
5 =D 3 |=ypmW QO "OQ=O xt=O= |R=Ux}@W |=yDv= =D O}OH |Q@ w=v w OQ}o|t
|=Q@ "CU= xOW xO=O V}=tv |R=UQ=wty w s}kDUt j}irD QO C}a[w |=]N
xOy=Wt xm u=vJ "CU= xOW xOQw; |}=tvnQR@ wO =@ pmW Qy 'QDW}@ Kw[w
=@ '|wQUB C=_Lr QO u; C}a[w u}vJty w xr}Uw |x}rw= C}a[w OwW|t
C}a[w xO=O u}= T=U=Q@ xm |Q@ w=v 'u}=Q@=v@ "CU= xOW xOR u}tND |O=} R CkO
j}irD R= pY=L C}a[w T=U=Q@ xDiQoCQwY |Q@ w=v R= QDj}kO xDiQo CQwY
|=yxO=O 'OwW|t R=e; QDQ}O xm |R=UQ=wty Ov}=Qi "CU= |wQUB uwO@ w s}kDUt
'xH}DvQO "OyO|t x�=Q= C}a[w R= |QDj}kO u}tND u}=Q@=v@ w OQ=O Q=}DN= QO |QDW}@
T=U=Q@ xm |D}akwt w CaQU x@ \w@ Qt C=@U=Lt 8 =D 6 |=ypmW T=U=Q@
|R=UQ=wty T=U=Q@ C=@U=Lt R= QDj}kO 'OQ}o|t CQwY QDQN-=Dt |R=UQ=wty
xO=O V}=tv |v}tND w |ak=w CaQU xR=Ov= hqDN= '6 pmW QO "CU= QDsOkDt
=@ |v}tND w |ak=w CaQU |=yQ=OQ@ xm =Q |}x} w=R R}v 7 pmW QO "CU= xOW
|v}tND |=yu=mt |xrY=i 8 pmW QO "CU= xOW xO=O u=Wv OvR=U|t sy
Q}F-=D R= C}=mL G}=Dv u}= "CU= xOW xO=O V}=tv |UQv}= x=oDUO QO |ak=w w
l} ?}DQD u}= x@ "OQ=O |Q@ w=v |=y=]N u=Q@H QO |O=yvW}B VwQ O=} R Q=}U@
xOt; CUO x@ C}akwt w CaQU 'C}a[w u}tND |=Q@ j}kO |Q@ w=v sDU}U

"CU=

"|R=UQ=wty w s}kDUt j}irD QO � x} w=R u}tND |=]N "3 pmW

rik0 'u}tR VNQJ MQv !iie &CU= CU=NQ@ R= V}B |v=tR s=o Qou=}@ k0 T}Ov=
u=}@ |UQv}= ?wJQ=J QO |oty xm CU= x@P=H ?=DW Q=OQ@ gik0 w C}akwt Q=OQ@
CkO =@ x}rw= C}a[w '|R=UQ=wty w |wQUB ltmx@ 'OW QmP xm u=vJ "Ov=xOW
?=DQB R= V}B C=_Lr QO =yAwmUwQ} S |HwQN Qo = "OwW|t xOR u}tND |O=} R
?wJQ=J x@ C@Uv =Q xr}Uw C}a[w u=wD|t |wQUB |xt=O= =@ 'OW=@ xOW \@[
XwYNt |wQ}v u}=Q@=v@ "OR u}tND CkO x@ R}v ?=DQB R= V}B C=_Lr QO |UQv}=

%R= CU= CQ=@a O=} R CkO =@ 'xr}Uw Q@ OQ=w
f bk0 = Cb(k0)

i f ik0 (67)

68 |x]@=Q j@=]t XwYNt |wQ}v w =yGvU?=DW |HwQN 'Qo}O |wU R=
%Ov=\@DQt

~f
b
k0 = f bk0 + b+wa

k0 (68)

%OwW|t xOR u}tND =yGvU?=DW T=}=@ 'QiY u}ov=}t =@ R} wv ZQi =@

b � 1
n

�1X
k0=�n

( ~f
b
k0 � f bk0) (69)

O=} R CkO =@ =yGvU?=DW T=}=@ w u}W}B C=_Lr QO xr}Uw C}a[w '?}DQD u}= x@
|xOW Q=wty C}a[w T=U=Q@ O}OH |Q@ w=v l} s=Hv= =@ "OvwW|t xOR u}tND
O}OH |Q@ w=v l} '|UQv}= |=yQoTL |=]N u=Q@H u}vJty w u}W}B C=_Lr
|Q@ w=v uO}UQ =@ "OQ}o|t CQwY C}akwt w CaQU |=Q@ '|Q=H |Q@ w=v C=R=wtx@
'O}OH |Q@ w=v C}akwt w CaQU |=yxO=O '�p=L u=tR� |Q=H |Q@ w=v x@ O}OH
|=]N ?}DQD u}=x@ "OwW|t |Q=H |Q@ w=v |=yxO=O u} Ro}=H 'OvQDj}kO Q=}U@ xm

"OwW|t u=Q@H O=} R CkO =@ C}akwt w CaQU
'Q[=L Q=DWwv QO xOW|L=Q] |k}irD |Q@ w=v sDU}U OQmrta |UQQ@ Qw_vtx@
'|R=Ux}@W u}= QO "CU= xOW |R=Ux}@W Q@xQ=wy=t l} |Q@ w=v |=Q@ sDU}U u}=
"Ovm|t j} QRD QDtwr}m 200 `=iDQ= x@ |}xQ}=O |Q=Ot QO =Q xQ=wy=t l} Q@xQ=wy=t
w ?=DQB xHQO 52 |}=}i=QeH pw] w =wDU= R= Q@xQ=wy=t w CU= QiY Q=Ot p}t |x} w=R
Q=Okt u}ty R}v Vv=QV}B =@ R=wQB |xrLQt &OwW|t j} QRD Q=Ot QO x}v=F 437 R= TB
|iO=YD |=]N w T=}=@ w 'CU= x}v=F 1000 |R=Ux}@W COt "Ot=Hv=|t pw]x@
|iO=YD |=]N w T=}=@ &CU= 0 050=h(1�) w 0 10=h?}DQDx@ =yAwmUwQ} S
Q@=Q@ QovxQ=DU |=]N w 'xOW Q=}DN= 50�g(1�) w 100�g ?}DQDx@ =yGvU?=DW
1500 Q@=Q@ |UQv}= |Q@ w=v sDU}U |x}rw= R=QD |=]N "CU= xOW ZQi 1000(1�)

"CU= 70 u; CtU |x}rw= |=]N w
"Ovm|t Q=mx@ ẁQW Q@xQ=wy=t ?=DQB R= TB x}v=F 50 |w=tU |Q@ w=v sDU}U
"OwW|t s=Hv= j}irD uwO@ |UQv}= |Q@ w=v 'x}v=F 50 COtx@ ?=DQB |x_Lr R= 'u}=Q@=v@
C}a[w w OwW|t R=e; s}kDUt j}irD |w=tU |Q@ w=v sDU}U Q=mx@ ẁQW ZLtx@
l} 100 |x}v=F R= "OwW|t xOR u}tND 1 pmW j@=]t '=yAwmUwQ} S T=}=@ w
?=DQB |x_Lr QO xr}Uw C}a[w u; |xr}Uwx@ w OwW|t R=e; |R=UQ=wty Ov}=Qi
OQw;Q@ =yGvU?=DW T=}=@ 'xOW x�=Q= VwQ ltmx@ u}vJty "OwW|t xOR u}tND
R= V}B C=_Lr QO xr}Uw C}a[w |R=UQ=wty Ov}=Qi |] 'u}= Q@ uwRi= "OwW|t
u}vJty w C}a[w |xO=O u}= T=U=Q@ "OwW|t xOR u}tND CkO x@ x}v=F 100
|R=UQ=wty R=e; |x]kv =D O}OH |Q@ w=v l} '|UQv}= |=yQoTL |=]N u=Q@H
G}=Dv u} Ro}=H 'O}OH |Q@ w=v C}akwt w CaQU x@ \w@ Qt G}=Dv w OQ}o|t CQwY
j}irD R= xm |v}tND AwmUwQ} S T=}=@ w C}a[w T=U=Q@ "OwW|t |Q=H |Q@ w=v
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|=y
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|R=

Uu
=Q@H

"|ak=w CaQU w |v}tND CaQU u=}t hqDN= xR=Ov= |xU}=kt "6 pmW

"|ak=w CaQU w |v}tND CaQU u}@ |x} w=R |xU}=kt "7 pmW

"|ak=w u=mt R= |v}tND u=mt |xrY=i |xU}=kt "8 pmW

|Q}oxH}Dv "4
xm |D}akwt w CaQU |=]N u; ltmx@ xm OW x�=Q= |WwQ Q=DWwv u}= QO
|UQv}= |k}irD sDU}U l} QO QovxQ=DU |xU=UL Q=m x@ ẁQW s=ovy QO
R= xO=iDU= seQ|ra [9]u}W}B C=ar=]t QO "OwW u=Q@H 'OQ=O OwHw |w=tU
"OwW|tv u=Q@H C}akwt w CaQU |=y=]N '|D=@U=Lt Q=@ p}tLD w UPF

'OQ=O |QDsm |D=@U=Lt |xv} Ry xm 'UKF |Q}oQ=mx@ =@ |O=yvW}B VwQ QO =t=
|xH}DvQO 'u}= Q@ uwRi= "CU= xOW QU}t O=} R CkO =@ =y=]N u}= u=Q@H

"|R=UQ=wty w s}kDUt j}irD QO � x}w=R u}tND |=]N "4 pmW

"|R=UQ=wty w s}kDUt j}irD QO  x}w=R u}tND |=]N "5 pmW
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|U
Ovyt |Q@ w=v QO p=kDv= T} QD=t w Qr} w= |=}=wR R= xOWO=} C=ar=]t QO 'u}= Q@ uwRi=

p=tDL= xwqax@ w Ovm|t O=} R =Q |D=@U=Lt Q=@ pta u}= xm xOW xO=iDU= j}irD w
xOW xO=iDU= =yuw}vQD=wm R= pL=Qt |t=tD QO 'Q[=L Q=DWwv QO "OQ=O OwHw |ov}mD
|Uwv}Um w Twv}U sQD I}y xH}DvQO "CU= xOW ^=Lr j}irD |=Q@ sRq C=O}ytD w

"OwW|t |D=@U=Lt Q=@ Q}otWJ Vy=m ?Hwt Qt= u}= xm OwW|tv Qy=_
QDr}i u}= QO w CU= xOW xO=iDU= UKF R= Twmat s}kDUt j}irD QO xm =Hv; R=
CkOV}=Ri= |=Q@ OwW|t O=yvW}B 'OwW|t ZQi|Uwo CQwYx@ p=tDL= `} RwD `@=D
"OwW xO=iDU= OQ=O OQ@ Q=m p=tDL= `} RwD `@=wD xty |=Q@ xm |QDxDiQW}B |=yQDr}i R=
"Ovmv p}tLD |O=} R |D=@U=Lt |xv} Ry 'u} Ro}=H QDr}i xm OwW |UQQ@ O}=@ xD@r=

CqO=at R= xm xOW x�=Q= VwQ j}irD CkO R= s}kDUt j}irD CkO |R=U|]N
|R=U|]N =@ [10]Qo}O C=ar=]t R= |m} QO "CU= QDsm 'Ovm|t xO=iDU= |]NQ}e
CaQU |=y=]N u=Q@H QO |aU p=kDv= T} QD=t R= xO=iDU= w |Q@ w=v CqO=at
QwmPt |xar=]t QO xOWx�=Q= VwQ 'OW xDio xm u=vJ "CU= xOW C}akwt w
w |wQUB 'p=D}H}O |Q}op=QoDv= sD} Qwor= '|]NQ}e CqO=at R= xO=iDU= p}rOx@
u}tND |=Q@ |WwQ `HQt u}= QO 'Qo}O |wU R= "OQ=O |QDW}@ CkO |R=UQ=wty
x�=Q= |WwQ Q[=L Q=DWwv QO =t= "CU= xOW x�=Q= O=R; R=wQB QO =yGvU?=DW T=}=@
T=}=@ u}tND x@ QO=k O=R; R=wQB QO sy w Vv=QV}B CLD R=wQB QO sy xm xOW

"CU=yGvU?=DW

=yCWwv=B
1. celestial navigation
2. direct horizon-sensing
3. indirect horizon-sensing
4. unscented Kalman �lter
5. inertial measurement unit
6. star sensor
7. unscented particle �lter
8. transition matrix
9. state vector
10. extended Kalman �lter
11. forced ight
12. free ight
13. inertial mechanization
14. inertial frame
15. body frame
16. incremental angles
17. incremental velocities
18. star catalog
19. process noise
20. measurement noise
21. sigma points
22. augmented state vector
23. augmented covariance matrix
24. scaling factor
25. mean observation
26. innovation matrix
27. cross-correlation matrix
28. Kalman gain
29. �xed-interval
30. �xed-point
31. �xed-lag
32. innovation matrix
33. cross-correlation matrix
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