
�13
95

R}}=B
�'h

}QW
l}

v=mt
|U

Ovyt
83

�73
"X

'2|
xQ=t

W'
32

�3
|xQ

wO

O
ri

gi
na

lA
rt

ic
le|=Q@ |}xQmQm |}xv=wDU= |=yxR=U Vv=tm p}rLD

�uRw x@ s=mLDU= C@Uv� u} QDq=@ x@ |@=}CUO
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sk |DavY x=oWv=O 'l}v�t |UOvyt xwQo

C@Uv� x@=Wt |=yxR=U =@ xU}=kt QO xm �� |}xQmQm |=yxR=U |=yxYNWt R= |m}
`}=vY QO CyH u}= R= w CU=yv; |Wv=tm s=mLDU= �� OvQ=O �|}q=@ uRw x@ s=mLDU=

|}xv=wDU= |}xQmQm |=yxR=U Vv=tm 'Q[=L |xar=]t QO "Ov=xDiQo Q=Qk xHwD OQwt hrDNt
OQwt xO=U � xO=U x=ox}mD |RQt \}=QW =@ |QwLt Q=@ CLD xkvRwP |UOvy |wor= =@
|WQ@ pw= x@DQt |x} Q_v R= xO=iDU= =@ xR=U pO=aD CqO=at "CU= xDiQo Q=Qk |UQQ@

QwOt |xv=wDU= ltmx@ |}xQmQm |xv=wDU= |m}v=mt X=wN "CU= xOW G=QNDU=
l} R= '|r}rLD G}=Dv |Q=PoxLY Qw_vtx@ "CU= xOt; CUO x@ u; pO=at l}B wQDwDQw=

Ct=N[ 'xQmQm O=OaD pt=W hrDNt |=yQDt=Q=B Q}F-=D R}v w xOW xO=iDU= OwOLt <=RH= pOt
xv=wDU= |Wv=tm Q=DiQ Q@ pmW ?} Q[ w xQmQm |x} w=R 'xv=wDU= `=aW 'xv=wDU= pw] 'xv=wDU=
=Q =yxR=U xvwov}= |L=Q] |}=Q=m w CkO 'Q[=L G}=Dv "CU= xDiQo Q=Qk |UQQ@ OQwt |}xQmQm

"OQ@ Oy=wN QDq=@ u=UOvyt |=Q@
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|xQmQm 'OwOLt <=RH= pOt '|Wv=tm s=mLDU= '|}xQmQm |xv=wDU= %|O}rm u=oS=w
"|}xkvRwP

xtOkt "1
"CU= |rLt Vv=tm 'Ovm Q=@ ptLD xR=U u=vJty w OwQ@ CUO R= xR=U |Q@ Q=@ R=
|UOvy p}rLD OQwt |}xkvRwP |}xQmQm jQw '1999 p=U QO Q=@ u}rw= |=Q@
|xR=U pO=at l}B wQDwDQ= pOt |Oa@xU p}rLD u; |] w 'CiQo Q=Qk |]NQ}e
2006 p=U QO [1]"OW s=Hv= �� |WWm w |WtN |=y|DiU pt=W �� |}xQmQm
T=U=Q@ '|Uwv}U |}xQmQm ?w =@ |Oqwi 2|=yQ}D |m}D=DU= w |oDUN Ctw=kt
|}xLiY Q}D Q=DiQ |UQQ@ x@ u}kkLt 'xt=O= QO [2]"OW |UQQ@ |Q_v p}rLD w uwtR;
2007 p=U QO [3]"OvDN=OQB |oDUN |Q=PoQ=@ CLD |}xkvRwP |}xQmQm ?w =@
u}mQr=o O=R; Vt VwQ R= xO=iDU= =@ 'xOWvC} wkD w xOW C} wkD |}xQmQm |=yxLiY
|UOvy p}rLD OQwt 3�FSDT� pw= x@DQt |WQ@ pmW Q}}eD |x} Q_v T=U=Q@ w
|L=Q] w |WQ@ s=mLDU= XwYNQO 2009 p=U QOTBU [4]"CiQo Q=Qk|]NQ}e
'p=U u}ty QO [5]"OW s=Hv= |D=ar=]t '|}xkvRwP |xQmQm =@ |}xQmQm |Oqwi |=y?w
|UQQ@ OQwt CN=wvm} VtN CLD |}xQmQm ?w =@ pmWI |[Qa |WQ@ Vv=tm
Q}D |[Qa |WQ@ Vv=tm OwOLt <=RH= R}r=v; R}v w |Q_v G}=Dv TBU w 'CiQo Q=Qk

[6]"OW x�=Q= CN=wvm} VtN CLD |}xQmQm ?w =@ pmWI

'|}xkvRwP|}xQmQm |Oqwi |=y?wp@=kDt|WQ@Vv=tm Q=DiQ|UQQ@ =@u}kkLt
|WQ@ Vv=tm |=yOwt w s=mLDU= |UOvy |=yQDt=Q=B C=QF= |xar=]t XwYNQO
G}=Dv T=U=Q@ ,=D}=yv w OvO=O x�=Q= =Q OwOLt <=RH= |=yR}r=v; R= |}xawtHt p@=kDt
QO [7]"OW O=yvW}Bp@=kDt|WQ@Vv=tm s=mLDU= |=Q@|}x]@=Q '=yR}r=v;u}= R=pY=L

xS} wx@ w l}v=mt 'u=Qta `}=vY QO u=L=Q] w u=UOvyt |=yxeOeO u} QDsyt R= |m}
R= Qt= u}ty "CUq=@ uRw x@ s=mLDU= C@Uv =@ |}=yxR=U x@ |@=}CUO =[i=wy
|=yVwQ "CU= xOQm ?}eQD xv}tR u}= QO |Qw;wv x@ =Q u=UOvyt QwO |=yxDWPo
s}UkD xDUO wO x@ ,qwtat xR=U uRw x@ s=mLDU= C@Uv V}=Ri= |=Q@ OwHwt Cw=iDt
QHvt xR=U s=mLDU= V}=Ri= x@ xR=U TvH Q}}eD 'u; QO xm |}=yVwQ "1 %OwW|t
QO xm |}=yVwQ "2 &OwW|t xOy=Wt |D} RwBt=m |=yxR=U QO xm xJv; Ovv=t 'OwW|t
Q}_v 'Ot=Hv=|t xR=U �uRw x@ s=mLDU= C@Uv� V}=Ri= x@ xR=U |xUOvy Q}}eD u;
|O}OH |=yxR=U |}xQmQm |=yxR=U "OwW|t xOy=Wt |}xQmQm |=yxR=U QO xm xJv;
OQ@ Q=m """w |WtN '|WQ@ '|Wv=tm s=mLDU= V}=Ri= |=Q@ CavY QO xm OvDUy
|=yQOvr}U '1|}xQmQm |=yxLiY Ovv=t �� hrDNt `=wv= QO =yxR=U ẁv u}= "OvQ=O
p=mW= =@ |}=yxQmQm =@ w �� """w |}xQmQm |=y?w =@ =yQ}D '|}xQmQm |=yuwDU '|}xQmQm

"OvQ=O OwHw """w |Uwv}U '|}xkvRwP Ovv=t 'hrDNt |UOvy
Vv=tm %OvwW|t s}UkD xDUO wO x@ ,=twta |}xQmQm |=yxR=U |Wv=tm |=yOwt
Vv=tm R= p@k w Oa@ xm |Q=@ Ci= u=R}t x@ xO=O MQ Vv=tm ẁv "|rLt Vv=tm w |rm
|Q@ Q=@ R= |}xOta CtUk 'Vv=tm R= Oa@ Qo = xm |Qw]x@ 'OQ=O |oDU@ OyO|t MQ
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"xar=]t OQwt |xv=wDU= C=YNWt "1 pmW

QO p=tQv VvD ?}DQDx@ �5 w �4 '�6 '�2 '�1 u; QO xm OwW|t x�=Q= 2 |xrO=at
VvD 'x1x2 xLiY QO |WQ@ VvD '|]}Lt CyH QO p=tQv VvD '|rw] |=DU=Q
|=yVvQm R}v =y" w CU= x1x3 xLiY QO |WQ@ VvD w x3x2 xLiY QO |WQ@

[12]"OvDUy |WQ@ K}LYD ?} Q[ k55 w k44 "OvDUy =yVvD pO=at0BBBBBBB@
�1
�2
�6
�4
�5

1CCCCCCCA =

0BBBBBBB@
c11 c12 0 0 0
c12 c22 0 0 0
0 0 c66 0 0
0 0 0 k244c44 0
0 0 0 0 k255c55

1CCCCCCCA
0BBBBBBB@

"1
"2
2"6
2"4
2"5

1CCCCCCCA
(2)

pw= x@DQt |x} Q_v |=y|}=Hx@=H ?ULQ@ 3 |x]@=Q |xr}Uwx@ Q_v OQwt |=yVvQm
|v=}t |xLiY |=y=vLv= w =yVvQm ?}DQDx@ =y"1 '"0 u; QO xm OwW|t x@U=Lt
xv=wDU= pO=aD CqO=at '�4 |x]@=Q� uwDr}ty pY= R= xO=iDU= =@ TBU "Ov=xDUwB
|SQv= w |vwQO |SQv= '|W@vH |SQv= hQat ?}DQDx@ V w U 'T "OwW|t pY=L
Q_vhQY xR=U uOw@ |m}D=DU= Crax@ sUH |W@vH |SQv= R= &Ov=xv=wDU= p}Uv=DB
[12]"OwW|t x@U=Lt 5 |x]@=Q j@=]t p}Uv=DB |SQv= w |vwQO |SQv= |rw OwW|t
R= xO=iDU= =@ u; |R=UxO=U w 4 |x]@=Q QO 5 w 3 '1 \@=wQ |Q=Po}=H =@
QO "OwW|t xH}Dv �7 |x]@=Q� QwOt |xv=wDU=Vv=tm |=Q@ pO=aD CqO=at '6 |x]@=Q
Ov=xv=wDU= |}xLiY pN=O |=yu=tt w =ywQ}v hQatM wN C=Q=YDN= '7 |x]@=Q
[12]"Ov=\=@DQ= QO 8 |x]@=Q j@] xDUwB |v=}t |xLiY |=y=vLv= w =yVvQm =@ xm
8 |x]@=Q ?ULQ@ ,=t}kDUt =yN w M Q}O=kt '7 |x]@=Q CqO=at pL |=Q@
[12]"OwW|t pY=L 2 w 6 |x]@=Q wO R= xO=iDU= =@Q Q}O=kt w OwW|t |Q=PopO=at
"ij=

1
2 (ui;j + uj;i) "06 = 1

2 (u;2 + v;1)

"i = "0
i + x3"1

i "16 = 1
2 ( 1;2 +  2;1)

"01 = u;1 "04 = 1
2 ( 2 + w;2 � v

R
)

xOWsN |}xQmQm |Oqwi |=y?w |L=Q] w |WQ@ Vv=tm s=mLDU= 'Qo}O |D=ar=]t
|Q_v G}=Dv TBU [8]"OW |UQQ@ xO=t uOw@ u=UWmQ}e uDiQo Q_v QO =@ =ypB |=Q@
|}xQmQm |=y?w =@ pmWI Q}D |=Q@ |@v=H |WJ}B Vv=tm OwOLt <=RH= R}r=v; w
[9]"OW x�=Q= u}kkLt \UwD OQ=O Q=Qk CN=wvm} VtN CLD xm |[Qa Q=yt =@ w
CLD |}xQmQm |Oqwi |=y?w =@ 4pmW|Uwk Q}D |]NQ}e R}r=v; '2012 p=U QO
|}xO=U |=ypv=B =@ |}xQmQm |=ypv=B 'p=U u}ty QO [10]"OW s=Hv= Xr=N VJ}B
'OW |R=UpO=at Ow@ xDU@=w |}xQmQm Q}e pv=B |DiU X=wN w pv=B |xUOvy x@ xm

[11]"CU= xO=iDU= p@=k |}xQmQm pmW Qy |=Q@ =yu; |r}rLD pL xm |Qw]x@
Vv=tm p}rLD |xv}tR QO 'O};|tQ@ xOWs=Hv= |=yQ=m |xJN} Q=D R= xm u=vJ
u=wD|t xm |}=H =D 'xDiQo CQwY |mOv= |=yC}r=ai |}xQmQm |}xv=wDU= |=yxDUwB
R= xO=iDU= =@ =yxR=U xvwou}= Vv=tm XwYNQO |k}kLD I}y Cio CL=QYx@
Vv=tm Q[=L Q=DWwv QO 'wQ u}= R= "CU= xDiQov s=Hv= pw= x@DQt |WQ@ |x} Q_v
xO=iDU= =@ '|QwLt Q=@CLD |}xkvRwP |UOvy |wor= =@ |}xv=wDU= |}xQmQm |=yxR=U
G}=Dv |HvUQ=@Da= |=Q@ "CU= xOW |UQQ@ =yxDUwB pw= x@DQt |WQ@ |x} Q_v R=
Q}_v hrDNt |=yQDt=Q=B Q}F-=D "CU= xOW xO=iDU= OwOLt <=RH= pOt l} R= '|r}rLD
?} Q[ w xQmQm |x} w=R 'xv=wDU= `=aW 'xv=wDU= pw] 'xv=wDU= Ct=N[ 'xQmQm O=OaD
|m =L xrY=L G}=Dv "CU= xOW |UQQ@ |}xQmQm |xv=wDU= |Wv=tm Q=DiQ Q@ pmW

"OQ=O Q[=L |r}rLD pL |xw}W |q=@ |}=Q=m w CkO R=

|r}rLD pL "2
w pv=O pw= x@DQt |WQ@ |x} Q_v R= xO=iDU= =@ =OD@= 'Vv=tm Q=@ uOQw; CUO x@ |=Q@
xO=iDU= =@ TBU "OwW|t G=QNDU= xv=wDU= Vv=tm Q@ sm =L CqO=at 'uwDr}ty pY=
|WQ@ w |WtN '|WWm |=y|DiU 'l} w}v=t}U w =Dv=t=U \UwD xOWx�=Q= VwQ R=
'xO=U x=ox}mD |RQt \QW p=ta= =@ C}=yv QO w &OwW|t x@U=Lt |}xkvRwP |xQmQm
pL w |r}rLD pL xm CU= QmP u=}=W "OwW|t x@U=Lt Vv=tm pw= Owt Vv=tm Q=@

"CU= xDiQo CQwY QwOt w |}xQmQm |xv=wDU= wO Qy |=Q@ OwOLt <=RH=

pO=aD CqO=at G=QNDU= "1"2
xDiQo Q_v QO (L) pw] w (h) Ct=N[ '(R) `=aW |=yQ}eDt =@ |}xv=wDU= =OD@=
w |]}Lt '|rw] |=yQwLt Qou=Wv ?}DQDx@ x3 w x2 'x1 "�1 pmW� CU= xOW
Q@ uDw}v ?ULQ@� xv=wDU= Q@ |r=ta= 5Vv=tm Q=@ |xOv}=tv R}v 
 w OvDUy |a=aW

"CU= �QDt
CQwYx@ xv=wDU= |=y|}=Hx@=H 'pw= x@DQt |WQ@ |x} Q_v T=U= Q@ p=L
xv=wDU= |=y|}=Hx@=H ?}DQD x@ u3 w u2 'u1 "OwW|t xDiQo Q_v QO 1 |xrO=at
?}DQDx@ w w v w u w 'OyO|t u=Wv =Q |a=aW w |]}Lt '|rw] |=DU=Q QO
OvDUy |a=aW w |]}Lt '|rw] |=DU=Q QO xv=wDU= |v=}t |xLiY |=y|}=Hx@=H
pwL VNQJ `@=wD ?}DQDx@ R}v  2 w  1 "Ov=|]}Lt w |rw] |=yQ}eDt `@=D \ki xm

[12]"OvDUy x1 w x2 |=yQwLt
u1(x1; x2; x3) = u(x1; x2) + x3 1(x1; x2)

u2(x1; x2; x3) = v(x1; x2) + x3 2(x1; x2)

u3(x1; x2; x3) = w(x1; x2) (1)

CQwYx@ VvQm w VvD |x]@=Q |}xLiY VvD Cr=L w l}B wQDwDQ= O=wt QO
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Ovyt pO=at |=y|DiU R= |}xQmQm |xv=wDU= pO=at |=y|DiU |=Hx@ TB "O@=}|t Vy=m

Q@=Q@ =@ w '|SQv= VwQ R= xO=iDU= =@ u}kkLt "CU= xOW xO=iDU= |}xQmQm |xLiY
pO=at l}B wQDwDQ= |xQmQm Q}e xLiY =@ |}xQmQm xLiY |=y|}=Hx@=H uO=O Q=Qk
"Ov=xOQm G=QNDU= 9 |x]@=Q j@=]t =Q pO=at |WWm |=y|DiU '|}xQmQm xLiY
4 =D 2 |=ypmW QO pO=at w |}xQmQm |xLiY '|}xkvRwP |xQmQm hrDNt |=yQ}eDt
'xkvRwP lJwm |xOa=k W 'xkvRwP p=} pw] y xm |Qw]x@ 'CU= xOW xO=O u=Wv
|xDi=} VQDUo pw] s 'xQmQm |x} w=R � 'xkvRwP `=iDQ= F 'xkvRwP nQR@ |xOa=k c

[1]"CU= xLiY Ct=N[ h w xQmQm
A11 = shE

c

A22 =
E( hF )2h

6
�

2
c ( c�s cos �

1�cos � ) + 4
3c

F
sin �

�
A12 = A22�

A66 = G66h = c
s

Eh
2(1 + �)

(9)

"|}xkvRwP xQmQm R= Gwt l} |UOvy C=YNWt "2 pmW

"|}xkvRwP |}xQmQm xLiY "3 pmW

"|}xQmQm |xLiY pO=at l}BwQDwDQ= |}xQmQmQ}e |xLiY "4 pmW

"11 =  1;1 "14 = 0
"02 = v;2 + w

R
"05 = 1

2 ( 1 + w;1)

"12 =  2;2 "15 = 0 (3)
t2Z
t1

(�T � �(U + V ))dt = 0

t = t1; t2

�u = �v = �w = � 1 = � 2 = 0 (4)

�U =
Z
�ij�"ijd8

�V = �
Z


@W
@x1

�(@W
@x1

)dA (5)

(Ni;Mi) =

h2Z
�h2

�i(1; x3)dx3

Q1 =

h2Z
�h2

�5dx3

Q2 =

h2Z
�h2

�4dx3 (6)

N1;1 +N6;2 = 0
N2;2 +N6;1 + Q2

R
= 0

M1;1 +M6;2 �Q1 = 0
M2;2 +M6;1 �Q2 = 0
Q1;1 +Q2;2 � N2

R
� 
w;11 = 0 (7)0BBBBBBBBBB@

N1
N2
N6
M1
M2
M6

1CCCCCCCCCCA
=

0BBBBBBBBBB@

A11 A12 0 B11 B12 0
A12 A22 0 B12 B22 0
0 0 A66 0 0 B66
B11 B12 0 D11 D12 0
B12 B22 0 D12 D22 0
0 0 B66 0 0 D66

1CCCCCCCCCCA

0BBBBBBBBBB@

"01
"02
2"06
"11
"12
2"16

1CCCCCCCCCCA
(8)

|}xQmQm |xv=wDU= pO=at |DiU "2"2
C=yH QO '|WQ@ pwOt w =y|DiU|v=Uty=vEa=@ 'l}B wQDwR}= |xR=U uOQm|}xQmQm
x@ l}B wQDwDQ= QwOt |xv=wDU= l} R= |r}rLD pL QO u=wD|t TB "OwW|t hrDNt
=y|DiU QO uOw@ |}xQmQm X=wN xm |wLvx@ 'OQm xO=iDU= |}xQmQm |xv=wDU= |=H
QwOt |xv=wDU=� =Q QwOt |xv=wDU= u}= "OwW p=ta= QwOt |xv=wDU= |WQ@ pwOt w

"Ovt=v|t �pO=at
=vLv= |mOv= |}xQmQm |xLiY x@ C@Uv |}xQmQm |xv=wDU= QO pt=m |xQmQm l}
R}v =vLv= u}= Q=Okt '=yQ}eDt Qo}O uOv=t C@=F =@ w xQmQm O=OaD V}=Ri= =@ xm OQ=O
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"OwW|t xO=U 14 |x]@=Q j@=]t k1 ?} Q[ |=yQDt=Q=B xH}DvQO "OwW |U} wvR=@
r = 2s

� = 2�R
n

(14)

%R= Ow@ Oy=wN CQ=@a k1 ?} Q[ xH}DvQO
k1 = sn

�R
(15)

CQwYx@ xLiY GQ=N |WQ@ |=ypwOt w xLiY pN=O |=y|DiU C}=yv QO w
"OwW|t x�=Q= 1 pwOH

CqO=at QO u; p=ta= w |RQt \}=QW "3"2
u}= p=ta= |=Q@ "OwW|t |UQQ@ xO=U � xO=U x=ox}mD |RQt \}=QW j}kLD u}= QO
'|WNQJ `@=wD w xv=wDU= |v=}t |xLiY |=y|}=Hx@=H |=H x@ '|RQt \QW ẁv

[18]"OwW|t xO=iDU= 16 \@=wQ R=

u(x1; x2) = Umn cos(�mx1) cos(�nx2)

v(x1; x2) = Vmn sin(�mx1) sin(�nx2)

 1(x1; x2) = 	1mn cos(�mx1) cos(�nx2)

 2(x1; x2) = 	2mn sin(�mx1) sin(�nx2)

w(x1; x2) = Wmn sin(�mx1) cos(�nx2) (16)

|x]@=Q QO �1 pwOH QO xOWx�=Q=\@=wQ x=Qty� 17 w 16 |x]@=Q |Q=Po}=H =@TBU
"OwW|t p}O@D 18 |x]@=Q Ovv=ty pwyHt 5 w xrO=at 5 x=oDUO l} x@ x]@=Q u}= '6

�m = m�
L

m = 1; 2; 3; :::
�n = n

R
n = 0; 1; 2; 3; :::: (17)

[Z]

266666664
Umn
Vmn
	1mn
	2mn
Wmn

377777775 =

266666664
0
0
0
0
0

377777775
Z = f(
;m; n) (18)

"xLiY GQ=N |WQ@ |=ypwOt w xLiY pN=O |=y|DiU "1 pwOH
xLiY GQ=N |WQ@ pwOt |WWm |DiU |WtN |DiU

G13 = GK1 A11 = shE
c D11 = Eh

2c I2

G23 = G
K2 A22 = E( hF )2h

6
� 2
c ( c�s cos �

1�cos � )+ 43c F
sin �

� D22 = c
s
Eh3
12

A12 = A22� D12 = 0

A66 = c
s

Eh
2(1+�) D66 = s

c
Eh3

6(1+�)

|}xQmQm |xLiY |WtN |=y|DiU [15�13]xOW s=Hv= C=ar=]t QO u}vJty
"CU= xOW x�=Q= 10 |x]@=Q CQwYx@

D22 = c
s
Eh3

12
D11 = Eh

2c I2

I2 =
� 4F 3

3 sin(�)

�
+
�

2F 2
�
c� 2F

tan(�)

��
D12 = 0
D66 = s

c
Eh3

6(1 + �)
(10)

pO=at ?}DQD x@ xm G13 w G23 xLiY GQ=N |WQ@ |=ypwOt uOQw; CUO x@ |=Q@
[17w16]Qo}O C=ar=]t QO xOW xO=O\@=wQ R= OvDUy 2 |xrO=at QO c55 w c44 ?}=Q[
11 |x]@=Q R= |WQ@ |=ypwOt xm xOW xO=O u=Wv xar=]t u}= QO "OwW|t xO=iDU=

"O};|t CUO x@ xQmQm pmW ẁv Qy |=Q@
G13 = GK1

G23 = G
K2

(11)

u; hrDNt |=yQDt=Q=B w OwW|t x@U=Lt 12 |x]@=Q R= k2 w k1 ?}=Q[ u; QO xm
Qy |=vLv= `=aW r 'xv=wDU= `=aW Qou=Wv R "CU= xOW xO=O u=Wv 5 pmW QO
=@ xQmQm Qy xm CU= |}x}=wR Qou=}@ � w 'xQmQm |=vLv= RmQt =@ xQmQm |x}=wR  'xQmQm

"OR=U|t xv=wDU= RmQt
k1 = r

R

�

k2 = 6k21( r
h

)2
 

1 + sin 

� 8 sin2 

2
2

!
+ k1

2
�

1 + sin 


�
(12)

p}t 1 x@ sin 
 Q=Okt w OwW|t l}ORv QiY x@  QDt=Q=B 'xQmQm O=OaD V}=Ri= =@

%TB "OwW|t l}ORv k1 x@ k2 ?} Q[ Q=Okt xH}DvQO w Ovm|t
k2 �= k1 (13)

|}xkvRwP |xQmQm |=Q@ O}=@ 'xOW u=}@ |}xQmQm pmW Qy |=Q@ k1 CQ=@a xm =Hv; R=

"|}xQmQm |xv=wDU= `]kt K]U "5 pmW
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2|
xQ=t

W'
32

�3
|xQ

wO-
�13

95
R}}=B

�'h
}QW

l}
v=mt

|U
Ovyt QO xO=U � xO=U x=ox}mD |RQt\}=QW |=Q@ 'QwOt w |}xQmQm |xv=wDU= OQwt wO Qy

|}=Hx@=H '|RQt \}=QW ẁv u}= QO "Ov=xDiQo Q=Qk p}rLD OQwt OwOLt <=RH= Q=Ri=sQv
Vv=tm Q=@ w OwW|t OwOLt |a=aW w |]}Lt |=DU=Q QO xv=wDU= |=yDv= w =OD@=
I}y |R=UpOt ẁv u}= =@ uwJ "OwW|t OQ=w xv=wDU= QU wO x@ |Q=Wi CQwYx@
Vv=tm xm u}= |=Hx@ 'OQ=Ov OwHw �Q=@ p=ta= |=DU=Q� |rw] |=DU=Q QO |DmQL O}k
OwW|t xv=wDU= pw] O=ODt= QO CmQL w |rw] VvQm Q=JO xR=U OyO MQ xR=U QO
=Q xv=wDU= ẁ[wt u}= R= ?=vDH= |=Q@ "CU}v O=vDU= p@=k xOt; CUO x@ ?=wH w
|R=UpOt xv=wDU=hYv |R=UpOt ẁv u}= QO "s}vm|t |R=UpOt uQ=kDt CQwYx@
w 'xv=wDU= |=OD@= x@ Vv=tm Q=@ w xO=U � xO=U x=ox}mD \}=QW xm |Qw] 'OwW|t
?}DQDu}O@ "OwW|t p=ta= xv=wDU= \Uw QO OwHwt \w]N Q@ uOw@ uQ=kDt \QW
Vv=tm sOa pmWt w OQ}o|t Q_v QO |vt[ Qw]x@ =Q xv=wDU= Qo}O hYv Q=Ri=sQv

"OwW|t hQ]Q@
Q=m u}= |=Q@ &OwW p=ta= pOt |wQ x}rw= |Q=PoQ=@ O}=@ Vv=tm p}rLD |=Q@
Q=Wi l} xm u}= =} CW=Po xv=wDU= |=OD@= |=yxQo |wQ CN=wvm} |} wQ}v u=wD|t
Q=Qk CN=wvm} Q=Wi CLD xv=wDU= |=OD@= |=yxQo xJv=vJ "OQ=O Q=Qk u; Q@ CN=wvm}
uQ=kDt w CN=wvm} |Q=PoQ=@ w Ow@ Oy=wNv |Ov@pmW x@ xDU@=w wQ}v `} RwD 'OQ}o
QDt Q@ uDw}v ?ULQ@ =Q |Wv=tm Q=@ |HwQN Q=Ri=sQv CQwY u}=QO &Ow@ Oy=wN
xOW xDiQo Q_v QO QDt Q@ uDw}v l} xv=wDU= Q@ |r=ta= Q=Wi u=R}t "OyO|t u=Wv

"CU=
|xv=wDU= QO xm |DQwY QO 's}DUy |rm Vv=tm Oy=W \ki QwOt |xv=wDU= QO
?}DQDx@ 9 w 8 |=ypmW QO "OyO|t MQ |rLt w |rm Vv=tm ẁv wO |}xQmQm

"CU= xOW xO=O u=Wv |}xQmQm |xv=wDU= QO |rLt w |rm Vv=tm

"|}xQmQm |xv=wDU= QO |rm Vv=tm "8 pmW

"|}xQmQm |xv=wDU= QO |rLt Vv=tm "9 pmW

u}= "Ov} wo|t ?}=Q[ T} QD=t u; x@ xm CU= 5 � 5 T} QD=t l} Z T} QD=t
u}= |=Q@ w CU= �=yn w m� Vv=tm |=yOwt w Vv=tm Q=@ R= |a@=D T} QD=t
Q@=Q@ ?}=Q[ T} QD=t u=v}tQDO O}=@ OW=@ ?=wH |=Q=O =t CqO=at x=oDUO xm
O}=@ w O};|t CUO x@ Vv=tm Q=@ ?=wH \QW u}= R= xO=iDU= =@ "OW=@ QiY
|=R=x@ TB 'xOw@ Vv=tm Q=@ u}rw= uDi=} |=Q@ Q_v OQwt |xr�Ut xm OW Qw;O=}
u}rw= u=ty OwW|t pY=L xm |Wv=tm Q=@ Q=Okt u} QDsm 'hrDNt |=yn w m
xOW s=Hv= Mathematica Q=Ri=sQv R= xO=iDU= =@ Qt= u}= w 'CU= Vv=tm Q=@

"CU=

OwOLt <=RH= p}rLD "3
pOt l} R= '|r}rLD pL Q@ |Q=PoxLY w |}xQmQm |xv=wDU= QDW}@ |UQQ@ |=Q@
xOW xO=iDU= ANSYS Q=Ri=sQv QO 6181 pW |va} 'Ot;Q=m |Oa@xU OwOLt <=RH=
s}N[ |OL =D w lR=v |}xDUwB |=yxR=U |Oa@xU p}rLD |=Q@ u=tr= ẁv u}= "CU=

"CU= ?U=vt
'CU= |O=R; xHQO VW |=Q=O xQo Qy QO w xQo Q=yJ |=Q=O 181 pW
xU Qy pwL w xDW=O CmQL Ov=wD|t C=YDNt QwLt CyH xU Qy QO w
|xv=wDU= wO Qy Q@ OwOLt <=RH= p}rLD "ONQJ@ Ov=wD|t z w y 'x QwLt
<=RH= pOt ?}DQDx@ 7 w 6 pmW QO "CU= xDiQo CQwY QwOt w |}xQmQm
QO xm CU= |vDio "CU= xOW xO=O u=Wv QwOt w |}xQmQm |xv=wDU= OwOLt
xOW xO=iDU= xR=U |R=UpOt |=Q@ l}B wQDwR}= |O=t pOt R= OwOLt <=RH= pOt

"CU=

"|}xQmQm |xv=wDU= OwOLt <=RH= pOt "6 pmW

"QwOt |xv=wDU= OwOLt <=RH= pOt "7 pmW
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"""|
=Q@|

}xQmQ
m|

}xv=w
DU=

|=y
xR=U

Vv
=tm

p}rL
D

"uRw OL=w Q@ Vv=tm Q=@ |wQ xQmQm O=OaD Q}F-=D "10 pmW
|=Q@ QwOt x@ |}xQmQm xv=wDU= uRw OL=w Q@ Vv=tm Q=@ w Vv=tm Q=@ C@Uv "2 pwOH

"hrDNt |=yxQmQm O=OaD
Vv=tm Q=@ C@Uv

xQmQm O=OaD|}xQmQm xv=wDU= xv=wDU= uRw OL=w Q@
QwOt x@ QwOt x@ |}xQmQm
1 50 1 02 19
1 68 1 14 20
1 76 1 192 21
1 69 1 143 22
1 58 1 07 23
1 49 1 003 24
1 41 0 95 25

"uRw OL=w Q@ Vv=tm Q=@ Q@ Ct=N[ Q}F-=D "11 pmW
xR=@ |=Q@ QwOt x@ |}xQmQm |xv=wDU= uRw Q@ Vv=tm Q=@ w Vv=tm Q=@ C@Uv 2 pwOH

"CU= xOW x�=Q= OOa 25 =D 19 |xQmQm

Vv=tm Q=@ Q@ xR=U Ct=N[ Q}F-=D |UQQ@ "2"4
u=vJ "CU= xOW xO=O u=Wv uRw OL=w Q@ Vv=tm Q=@ Q@ Ct=N[ Q}F-=D 11 pmW QO
|R}J=v hqDN= |}xQmQm |xv=wDU= OwOLt <=RH= w |r}rLD pL OwW|t xOy=Wt xm
QwOt |xv=wDU= |=Q@ u}vJty "CU= |r}rLD pL |q=@ CkO Qou=Wv OwN xm OvQ=O
Vy=m |}xQmQm |xv=wDU= w QwOt |xv=wDU= wO Qy QO "s}DUy X=N |DkO Oy=W

EL@ w |OOa G}=Dv "4
pY=L G}=Dv =@ u; |xU}=kt w OwOLt <=RH= |R=UpOt R= pY=L G}=Dv |UQQ@ |=Q@
QO "CU= xOW xDiQo Q_v QO 19 |x]@=Q Q}_v XN=W X=wN '|r}rLD |xar=]t R=
VN@ u}= QO "CU= xOW xO=O u=Wv xar=]t OQwt |xQmQm C=YNWt R}v 2 pmW
O=OaD u}vJty w (h) xv=wDU= Ct=N[ w (R) `=aW '(L) pw] |=yQDt=Q=B C=Q}}eD
xDiQo Q=Qk |UQQ@ w EL@ OQwt (�) xQmQm |x} w=R w (a) pmW ?} Q[ '(n) =yxQmQm
'p}rLD Qy QO "OvDUy |UQQ@ OQwt |=yQ}eDt R= |a@=D 'OwHwt |=yQDt=Q=B Q}=U w
|v=UWm pwOt w `=aW w pw]� x@=Wt X=wN w xUOvy =@ |}xQmQm w QwOt |xv=wDU=

"CU= xOW xU}=kt sy =@ �(�) uwU=wB ?} Q[ w Ct=N[ w (E)

� = 60; a = W
y

= 1; R = 0 5 m; h = 0 001 m

n = 22; E = 1 Pa; � = 0 3; L = 2 m (19)

Vv=tm Q=@ Q@ xv=wDU= |=yxQmQm O=OaD Q}F-=D |UQQ@ "1"4
pL x@ \w@ Qt =yu; R= OQwt wO xm CU= hrDNt Q=Owtv Q=yJ |w=L 10 pmW QO
OwOLt <=RH= w |r}rLD pL Qo}O Q=Owtv wO w |}xQmQm xv=wDU= OwOLt <=RH= w |r}rLD
uRw OL=w Q@ Q=@ |wQ Q@ xQmQm O=OaD V}=Ri= Q}F-=D xm OyO|t u=Wv =Q QwOt xv=wDU=
pL R= pY=L G}=Dv =@ '|}xQmQm |xv=wDU= OwOLt <=RH= G}=Dv "OyO|t u=Wv =Q xR=U
=]N Q=Okt w OQ=O |rw@k p@=k Ck@=]t OOa 22 R= QDW}@ |xQmQm O=OaD |=Q@ |r}rLD
|R=UpO=at |r}rLD pL QO "1 %CU= xDmv wO R= |W=v hqDN= u}= "CU= R}J=v
=]N O=H}= ?Hwt Qt= u}ty w xOW s=Hv= pO=at QwOt |xv=wDU= =@ |}xQmQm |xv=wDU=
QwOt |xv=wDU= =@ xU}=kt QO |}xQmQm |}xv=wDU= `]kt K]U uwoty=v pmW p}rOx@
w |}xQmQm |xv=wDU= u}@ |vwoty=v u}= =yxQmQm O=OaD V}=Ri= =@� CU= xOW pO=at
CUO x@ |=Q@ xOW x�=Q= VwQ R= xO=iDU= "2 &�O@=}|t Vy=m pO=at QwOt |xv=wDU=
\w@ QtCND |xQmQm\@=wQ R= VwQ u}= QO xm '|}xQmQm |xv=wDU= pO=at |DiU uOQw;
'|}xQmQm |xv=wDU= QO xm CU= |r=L QO u}= w xOW xO=iDU= |}xQmQm |xLiY x@
w u; pw] Vy=m ?Hwt xQmQm O=OaD V}=Ri= |rw CU= ?OLt CQwYx@ xQmQm
V}=Ri= =@ w OwW|t CND |xQmQm x@ ?OLt |xQmQm uOW l}ORv Ea=@ xH}DvQO

"OwW|t QDsm xOt; OwHw x@ |=]N 'xQmQm O=OaD QDW}@ xJQy
pL =@ |O=} R Q=}U@ hqDN= |r}rLD pL 'OOa 22 R= QDsm |xQmQm O=OaD |=Q@
x@U=Lt |rm Vv=tm \ki |r}rLD pL QO xm CU= u; Cra "OQ=O OwOLt <=RH=
|=Q@ xm CU= |r=L QO u}= &CU}v umtt Vv=tm `=wv= Qo}O |x@U=Lt w OwW|t
Vv=tm QDW}@ |=yxQmQm O=OaD |=Q@ w |rLt Vv=tm 'OOa 22 R= QDsm |=yxQmQm O=OaD
syQ@ ,=@} QkD R}v QwOt |xv=wDU= OwOLt <=RH= w |r}rLD |=yQ=Owtv "OyO|t MQ |rm
=yxQmQm O=OaD V}=Ri= =@ uwJ w CU= |r}rLD pL |q=@ CkO Qou=}@ xm Ov=j@]vt

"Ov=t|t C@=F u; Vv=tm Q=@ 'Ovm|tv Q}}eD QwOt |xv=wDU= |=yQDt=Q=B
xHwD OQwt OOa 25 =D 19 |xOwOLt QO xQmQm O=OaD 10 pmW |=yQ=Owtv QO
|xv=wDU= R= |}xQmQm |xv=wDU= uRw OL=w Q@ Vv=tm Q=@ Q=Okt xR=@ u}= QO =Q} R 'CU=
1 2 ,=@} QkD xm ODi=|t j=iD= xQmQm OOa 21 QO u; xv}W}@ Q=Okt w CU= QDW}@ QwOt
|xv=wDU= Q@=Q@ 1 2 |}xQmQm |xv=wDU= xmCU=vat u}O@ u}= "CU= QwOt |xv=wDU= Q@=Q@
Vv=tm Q=@ |OYQO 20 V}=Ri= pO=at xm Ovm|t ptLD Q=@ OwN uRwsy pO=at QwOt
QO "CU= |}xQmQm |xR=U |q=@ uRw x@ s=mLDU= C@Uv Qou=}@ w xOw@ xR=U uRw Q@
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xQ=t
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32

�3
|xQ

wO-
�13

95
R}}=B

�'h
}QW

l}
v=mt

|U
Ovyt

"uRw OL=w Q@ Vv=tm Q=@ |wQ pw] Q}F-=D "12 pmW

|=Q@ QwOt x@ |}xQmQm xv=wDU= uRw OL=w Q@ Vv=tm Q=@ w Vv=tm Q=@ C@Uv "4 pwOH
"hrDNt |=ypw]

Vv=tm Q=@ C@Uv xv=wDU= pw]|}xQmQm xv=wDU= xv=wDU= uRw OL=w Q@
(m)QwOt x@ QwOt x@ |}xQmQm

1 819 1 229 1
1 808 1 222 1 5
1 89 1 277 1 75
1 856 1 254 1 91
1 799 1 216 1 94
1 781 1 204 1 95
1 691 1 143 2
1 456 0 984 2 25

QDsm |=ypw] QO OwOLt <=RH= w |r}rLD pL xHwD p@=k hqDN= QwmPt |=yQ=Owtv
|rLt x@ |rm Vv=tm R= Vv=tm ẁv Q}}eD ẁ[wt u}= Cra "CU= QDt 1 94 R=
Vv=tm |v}@V}B |}=v=wD \ki |r}rLD pL w CU= QDt 1 94 R= QDsm |=ypw] |=Q@
|xv=wDU= OQwtQO "CU= |y}O@ ,qt=m Qt= l} xOt; OwHw x@ |=]N TB OQ=O =Q |rm
CkO |r}rLD pL w OwOLt <=RH= pL '|rw] Qy |=R=x@ xm Cio u=wD|t R}v QwOt

"OQ=O |}q=@
QDW}@ QwOt R= |}xQmQm |xv=wDU= uRw OL=w Q@ Vv=tm Q=@ =ypw] |t=tD QO
|}xQmQm |xR=U uRw OL=w Q@ Vv=tm Q=@ 'QDt 2 2 R= QDsm |xv=wDU= pw] |=Q@ "CU}v
'QDt 1 94 =D xv=wDU= pw] Vy=m =@ Qo}O CQ=@a x@ &OwW|t QDW}@ QwOt x@ C@Uv
|xv=wDU= |Wv=tm s=mLDU= |rw O@=}|tV}=Ri= |}xQmQm |xv=wDU= |Wv=tm s=mLDU=
Q}}eD =@ |]}Lt w |rw] Vv=tm ẁv Q}}eD Qt= u}= p}rO "Ov=t|t C@=F ,=@} QkD QwOt
Oy=W QDW}@ QDu}}=B |=ypw] QO xm |Qw]x@ 'CU= |}xQmQm |xR=U QO xv=wDU= pw]
u=vJ "OyO|t MQ |]}Lt Vv=tm QDW}@ QDq=@ |=ypw] QO =t= s}DUy |rw] Vv=tm
&CU= QDW}@ xR=U ẁv u}= QO |]}Lt R= |rw] |Wv=tm s=mLDU= OW u=}@ QDV}B xm
|]}Lt ẁv x@ �QDsmLDUt� |rw] ẁv Vv=tm R= xR=U O@=} V}=Ri= pw] xJQy TB

"Ovm|t =O}B Q}}eD �QDh}a[�
x@ |}xQmQm xv=wDU= uRw OL=w Q@ Vv=tm Q=@ w Vv=tm Q=@ C@Uv 4 pwOH QO
OQ@ Q=m QB |x}L=v xm OwW|t xOy=Wt "CU= xOW x�=Q= hrDNt |=ypw] QO QwOt

|=Q@ QwOt x@ |}xQmQm xv=wDU= uRw OL=w Q@ Vv=tm Q=@ w 'Vv=tm Q=@ C@Uv "3 pwOH
"hrDNt |=yCt=N[

Vv=tm Q=@ C@Uv xv=wDU= Ct=N[|}xQmQm xv=wDU= xv=wDU= uRw OL=w Q@
(mm)QwOt x@ QwOt x@ |}xQmQm

1 793 1 212 0 9
1 802 1 218 0 94
1 783 1 205 0 95
1 691 1 143 1
1 494 1 01 1 2

V}=Ri= =t= 'OwW|t OwOLt <=RH= w |r}rLD pL hqDN= Vy=m x@ QHvt Ct=N[
'Qo}O CQ=@ax@ "Ot=Hv=|t OwOLt <=RH= w |r}rLD pL hqDN= V}=Ri= x@ Ct=N[
|WQ@ |x} Q_v C=P =@ xm OwW|t |r}rLD pL CkO V}=Ri= Ea=@ Ct=N[ Vy=m
pL CkO OQwtQO Qo}O |xDmv "OQ=O Ck@=]t |r}rLD VwQ QO xDiQ Q=mx@ pw= x@DQt
QDt|r}t 0 94 R= QDsm |=yCt=N[ |=Q@ xm CU= u}= |}xQmQm |xv=wDU= |r}rLD
|=]N V}=Ri= Ea=@ w 'Ovm|t Q}}eD |rLt Vv=tm x@ |rm Vv=tm R= Vv=tm ẁv
u=wD|t 11 pmW |xOy=Wt =@ "OwW|t OwOLt <=RH= =@ T=}k QO |r}rLD pL
xU}=kt QO |}xQmQm |xv=wDU= s=mLDU= Q@ Ct=N[ QDW}@ xJQy Vy=m xm Ci=} QO
OQ@ Q=mQB |x}L=v xm CU= u; Qov=}@ Qt= u}= w &Tmar=@ w O}=Ri=|t QwOt |xv=wDU= =@
|DiU |xv=owO Q=DiQ ?Hwtx@ Q=DiQ ẁv u}= "CU= u}}=B Ct=N[ '=yxR=U ẁv u}=
|=DU=Q QO QwOt |xv=wDU= |WtN |DiU "CU= xv=wDU= wO QO |rw] |=DU=Q |WtN
|DiU xm CU= |r=L QO u}= 'OQ=O s}kDUt |x]@=Q 'Ct=N[ swU u=wD =@ |rw]
|x]@=Q xR=U Ct=N[ pw= u=wD =@ \ki |rw] |=DU=Q QO |}xQmQm |xv=wDU= |WtN
COW =@ |}xQmQm |xv=wDU= |Wv=tm Q=@ 'Ct=N[ Vy=m =@ xH}Dv QO "OQ=O s}kDUt

"O@=}|t Vy=m QwOt |xv=wDU= x@ C@Uv |QDsm
|xv=wDU= QO xR=U uRw OL=w Q@Vv=tm Q=@ QDt|r}t 1 2 R= QDsm |=yCt=N[ QO
Vv=tm Q=@ u=R}t QDt|r}t 0 94 =D Ct=N[ Vy=m =@ w CU= QDW}@ QwOt R= |}xQmQm
Vv=tm |xO}OB RwQ@ p}rOx@ 0 94 R= QDsm Q}O=kt |=Q@ w O@=}|t V}=Ri= uRw OL=w Q@

"OwW|t Twmat OvwQ u}= |rLt
x@ |}xQmQm |xv=wDU= uRw OL=w Q@ Vv=tm Q=@ w Vv=tm Q=@ C@Uv 3 pwOH QO
|=yxv=wDU= |L=Q] QO OQ@ Q=mQB |x}L=v xm OyO|t u=Wv w CU= xOW x�=Q= QwOt
xOQ@ Q=m x@ `HQt |=yQ}eDt |=Q@ xm |Qw]x@ CU= u}}=B Ct=N[ =@ |L=wv '|}xQmQm
QO QwOt x@ |}xQmQm |xv=wDU= uRw OL=w Q@ Vv=tm Q=@ C@Uv Q=Okt u} QDV}@ 'xOW
|xv=wDU= Qo}O CQ=@a x@ 'CU= 1 22 OwOL QO w xOw@ QDt|r}t 0 94 Ct=N[
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hrDNt Q}O=kt |=Q@ s=mLDU= V}=Ri= u}= &CU= QDW}@ QwOt |xv=wDU= uRw OL=w Q@
pkDUt |UOvy QDt=Q=B VW Cr=NO x@ xHwD =@ "CU= Q}eDt |xv=wDU= |=yQDt=Q=B R=
CU= R=@ |Wv=tm s=mLDU= V}=Ri= |=Q@ K=Q] CUO '|}xQmQm xv=wDU= Vv=tm Q=@ Q@
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1. corrugated plates
2. girder
3. �rst shear deformation theory (FSDT)
4. box-girder
5. Buckling load
6. Shell 181
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