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Q@ O=R; Q=wO |v=R}t=v l} QF= w Q=wO u=R}t=v
sDU}U Q=DiQ

�Q=}O=DU=� |O=yQi u=wQ}U
GOvvU 'u=DUOQm x=oWv=O 'l}v�t |UOvyt |xOmWv=O

u}= "OwW|t x}=B C=W=aDQ= Ea=@ sDU}U |v=R}t=v 'u=UWm |x}=B =@ Q=wO |=ysDU}U QO
u=QwO CaQU uOW|v=Uwv w QwDwQ x@ |v=Uwv Qw=DWo l} p=ta= ?Hwt R}v C=W=aDQ=

h}] =@ |]NQ}e |Q=DiQ Ov=wD|t xm OQ}o|t pmW |U=mav= Q=mwR=U l} u}=Q@=v@ "OwW|t
x}=B nQR@ C=W=aDQ= '|a}@] Ot=U@ CQw=Ht QO "OQ=Po@ V}=tv x@ =Q =yMU=B R= |Dw=iDt

"Ovm|t |Q}owrH QwDwQ CaQU V}=Ri= R= w OwW|t |iQYt u=wD Q}otWJ V}=Ri= ?Hwt
Q=JO w xDW=Ov =Q O}OWD R= QPo |=Q@ |i=m u=wD sDU}U CU= umtt Cr=L u}= QO

QO V=WDe= O=H}= Qw_vtx@ CU= xOW O=yvW}B Q=DWwv u}= QO "OwW O}OWD |oOWpik
|}=Q=m |UQQ@ |=Q@ "OwW xi=[= sDU}U x@ O=R; |v=R}t=v l} '|oOWpik Q=mwR=U |Q}opmW
VwQ w Tvq=@ l}vwtQ=y VwQ x@ w xOW G=QNDU= sDU}U |m}t=v}O CqO=at 'VwQ u}=

'O=R; |v=R}t=v l} uOwRi= =@ OyO|t u=Wv xOt; CUO x@ G}=Dv "CU=xOW pL |OOa
"O=O Ow@y@ =Q u; R= QPo u=mt= w |oOWpik |xOwOLt u=wD|t

s.farhadi@uok.ac.ir "u=R}t=v |k=Lr= lU}O 'O}OWD |oOWpik 'Q=wO |v=R}t=v %|O}rm u=oS=w

xtOkt "1
w CiQo Q=Qk xar=]t OQwt |irDNt u=QoVywSB \UwD O}OWD |oOWpik |xO}OB
Ov=Q "CU= xOW |UQQ@ u; |R=UQ=O}=B VwQ w sDU}Ul}t=v}O 'hrDNt |=yx@vH R=
u=UWm |x}=B |wQ xm =Q u=R}t=v Q=wO sDU}U l} |m}t=v}O CqO=at [3]u=Q=mty w
R= xO=iDU= =@ w OvOQm G=QNDU= 'OwW|t xOv=Q u}at w OwOLt Qw=DWo l} =@ w OQ=O Q=Qk
w nQ@Dvt}=O "OvO=O Q=Qk xar=]t OQwt =Q sDU}Ul}t=v}O 'V=WDe= |x} Q_v |=yVwQ
Q=wO |=ysDU}U x@ \w@ Qt|]NQ}e CqO=at pL |=Q@ |OOa VwQl} [4]u=Q=mty
w u=tQ@=y "OvOQm xar=]t =Q x]w@ Qt |=QPo Q=DiQ w OvO=O x�=Q= OwOLt Qw=DWo =@ u=R}t=v
pt=W |=ysDU}U� 1|NQJwO |=ysDU}U Q@ sm =L |m}t=v}O CqO=at [5]u=Q=mty
OvOQm x�=Q= =Q �lQDWt QwLt l} |wQ Cw=iDt u=QwO |=yCaQU =@ Q=wO sUH wO
|oOWpik [6]u} wm w Q@v} R "OvO=O Q=Qk xar=]t OQwt =Q u; |Q}ou}ov=}t VwQ =@ w
|UQQ@ |r}rLD w |@ QHD |=yVwQ =@ =Q =Q}t |O=R; xHQO xU |=ysDU}U QO O}OWD
=Q sDU}U |}=Q}t w |r=ta= Qw=DWo 'u=QwO QwLt uQ=kD sOa C=QF= [7]u} wm "OvOQm
?U=vt |x}rw= \}=QW R}v w 'u=R}t=v Q=wO |=yQwLt QO O}OWD |oOWpik OvwQ Q@
|W=aDQ= |=y?P=H R= [8]u=Q=mty w uRwo "OQm |UQQ@ =Q |oOWpik |Q}opmW |=Q@
Tm}ri "OvOQm xO=iDU= |O=R; xHQO OvJ Q=wO |=ysDU}U QO O}OWD ?wmQU |=Q@
Q}eDt C=}YwYN =@ |]NQ}e l}DUq=wmU} w O=wt R= xO=iDU= =@ R}v [9]u=Q=mty w
'OriQt=U C=QF= =@ p;xO}= Q}e |W=aDQ= |=ysDU}U |=Q@ |W=aDQ= ?P=H l} |v=tR

"OvOQm |L=Q] VyH |xO}OB w |Uv=mQi |oOWpik
|m}t=v}O Q=DiQ |xv}tR QO |O=} R C=k}kLD R}v |rN=O u}kkLt u=}t QO

V=aDQ= xH}DvQO w |v=Uwv |=ywQ}v O=H}= Ea=@ Ov=wD|t Q=wO |=ysDU}U |v=R}t=v
l}Uqm |=y?=Dm s=tD QO xO}OB u}= x@ \w@ Qt |]N CqO=at "OwW sDU}U QO
CaQU xm |t=ovy "CU= xDiQo Q=Qk xar=]t OQwt w xOW x�=Q= C=W=aDQ= |x} Q_v
|wQ �Tv=vwRQ� O}OWD |xO}OB 'OwW|t Q@=Q@ u; |a}@] |=yOt=U@ =@ QwDwQ u=QwO
umtt xm OwW|t |m =vQ]N |xOwOLt OQ=w sDU}U C=W=aDQ= |xvt=O w OyO|t
,qwtat ẁ[wt u}= R= |Q}owrH |=Q@ "OwW QHvt u}W=t ?} QND w CUmW x@ CU=
QO =t= "OwW|t s}_vD |a}@] Ot=U@ R= QDq=@ |Q}O=kt QO sDU}U u=QwO CaQU
CU}v umtt u}W=t CaQU `} QU V}=Ri= 'OvQ=O |OwOLt u=wD xm |}=yu}W=t
sDU}U CU= umtt Cr=L u}= QO "CU= |mJwm ?=DW |=Q=O |}x} w=R CmQL w
OwW O}OWD Q=JO w OQ}o Q=Qk |v=QL@ CaQU x@ l}ORv |}xOwOLt QO |vqw] |DOt
u=QwO QwLt C=W=aDQ= u=tR u}= QO "OUQ@ |oQR@ Q}O=kt x@ u; C=W=aDQ= |xvt=O w
Qo =Q}t Qw=DWo l} 'OQ=O Q=Qk u=QwO QwLt R= GQ=N xm u; sQH RmQt pwL sDU}U
xov O}OWD |xOwOLt QO =Q u; w OwW|t sDU}U |Q}oCaQU `v=t xm Ovm|t O=H}=
O}=@ xm QwDwt |SQv=Cr=L u}= QO "Ovt=v|t �O}OWD |oOWpik� =Q xO}OB u}= &OQ=O|t
"OwW|t lryDUt sDU}U C=W=aDQ= \UwD 'OwW u; u=QwO CaQU V}=Ri= hQY
|=yp=U QO w OW xOy=Wt [1]OriQt=U \UwD Q=@ u}DUNv w V}B =yp=U xO}OB u}=

"OW h}YwD w pL [2]wmv*vwm \UwD u; |[=} Q CqO=at Oa@

"1394 10 26 VQ}PB '1394 10 5 x}LqY= '1394 1 22 Ci=} QO %M} Q=D
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"u=UWm x=ox}mD =@ ?rY |x}=B |wQ u=R}t=v Q=wO lU}O "1 pmW

pYw QwDwt x@ R}v u=R}t=v lU}O l} w xDiQo Q=Qk QwDwt l} lwr@ u}= |wQ "CU=
QwLt R= r |xrY=i x@ u; sQH RmQt w CU= Md sQH |=Q=O lU}O "CU= xOW
x@ ẁQW =D OwW|t p=ta= u; x@ QwDwt hQ] R= T C@=F Qw=DWo w OQ=O Q=Qk u=QwO
|=yu=k=D=} QO cm RwmU} w |}=Q}t ?} Q[ |=Q=O QwDwt xm OwW|t ZQi "Ovm u=QwO
u}= w xOW x}=B C=W=aDQ= ?Hwt QwDwt u=QwO 'lU}O |v=R}t=v p}rOx@ "OW=@ OwN
|HQ=N Q=@ ?=}e QO "OwW|t lU}O x@ hr=Nt Qw=DWo l} p=ta= Ea=@ C=W=aDQ=
'=yu=k=D=} QO RwmU} w |}=Q}t OwHw p}rOx@ T C@=F Qw=DWo p=ta= =@ xm OwQ|t Q=_Dv=
"Ov=t@ |k=@ C@=F CaQU u; QO w Ovm p}t C@=F Q=Okt l} x@ QwDwt u=QwO CaQU
l} |=R=x@ 'x}=B C=W=aDQ= R= |W=v |HQ=N Qw=DWo Qw[L p}rOx@ xr�Ut u}= QO =t=
x@ xDU@=w xm OW=@ xDW=O OwHw |Dw=iDt |=yCaQU CU= umtt '|r=ta= Qw=DWo
CaQU x@ xDU@=w R}v x}=B C=W=aDQ= 'Qo}O hQ] R= "Ov=x}=B C=W=aDQ= CaQU w xvt=O
G=QNDU= =Q u;|[=} Q pOt 'sDU}U u}=|m}t=v}O Q=DiQ lQO |=Q@ "CU= QwDwt u=QwO
VN@ sQH xm CU= u; Q@ ZQi |R=UpOt u}= QO "s}yO|t Q=Qk p}rLD OQwt w xOQm

"OW=@ xOW `} RwD x}=B |wQ u; Q=wO Q}e VN@ sQH w lU}O |wQ QwDwt Q=wO
sQH RmQt ?=DW =OD@= CU= sRq 'sDU}U |m}t=v}O pO=aD CqO=at uDWwv |=Q@
x}=B sQH RmQt ?=DW '1 pmW x@ xHwD =@ "OwW x@U=Lt x}=B sQH RmQt R}v w lU}O

%=@ OvQ@=Q@ ?}DQDx@ lU}O w
~ab = �y j

~ad =
��r �' cos(')� r _'2 sin(')

�
i

+
�

�y + r �' cos(')� r _'2 sin(')
�
j (1)

w |ki= |=DU=Q QO xm} |=yQ=OQ@ ?}DQDx@ j w i w lU}O u=QwO |x} w=R ' u; QO xm
'|y=ox}mD |=ywQ}v x@ xHwD =@ w uDw}v swO uwv=k R= xO=iDU= =@ xH}DvQO "OvDUy s�=k

%CWwv u}vJ u=wD|t =Q s�=k |=DU=Q QO CmQL |xrO=at
mb�y + cb _y + kby +md

�
�y + r �' cos(')� r _'2 sin(')

�
= 0 (2)

Q@ OQ=w |=yQw=DWo Ov};Q@ '?rY s=UH= l}t=v}O |}x}=B s}y=it T=U=Q@ |iQ] R=
%=@ CU= Q@=Q@ lU}O RmQtX

~MC = �J ~�'+ ~r �md~ad (3)

QO OUQ|t Q_v x@ =t= 'CU= xDiQo CQwY [11w10]=yv; |Q=O}=B w Q=wO |=ysDU}U
QO |Q=m uwvm =D 'u=R}t=v Q=wO |=ysDU}U QO u; pQDvm w O}OWD |oOWpik |xv}tR

"CU= xOWv s=Hv= QwWm pN=O
xm OwW|t xDiQo Q_v QO OwOLt u=wD =@ |W=aDQ= sDU}U l} j}kLD u}= QO
"OwW|t |R=Ov=x=Q u}at Qw=DWo l} \UwD w OQ=O Q=Qk u=UWm |x}=B l} |wQ
CU= umtt sDU}U |R=Ov=x=Q s=ovyx@ w OQ=O |v=R}t=v sDU}U xm OwW|t ZQi
CmQL p}Uv=Qi}O |]N Q}e CqO=at 'xt=O= QO "OyO@MQ O}OWD |oOWpik |xO}OB
w '�Tvq=@ l}vwtQ=y VwQx@� ?w=vDt pL R= xO=iDU= =@ TBU "OwW|t G=QNDU=
OQ}o|t Q=Qk |UQQ@ OQwtxr�Ut l}t=v}O 'xOvvmxO=U C=}[Qi R= |}xQ=B ltm =@
u=WvQ]=N "OwW|t u}}aD 'OQ=O OwHw |oOWpik u=mt= u; QO xm |}xOwOLt w
xO=iDU=?w=vDt|=ysDU}U|m}t=v}Op}rLD |=Q@Tvq=@l}vwtQ=yVwQ R= OR=U|t
|@U=vt h}YwD '|oOWpik Q=mwR=U |@ w=vD C}y=t p}rOx@ xr�Ut u}= QO &OwW|t

"OwW|t x�=Q= xr�Ut l}t=v}O R=
w O}OWD |oOWpik p=tDL= Q=wO |=ysDU}U uOQm Tvq=@ =@ u=wD|t xJQo =
QO =Q} R "CU}v R=UQ=m xW}ty Q}@OD u}= =t= 'OQm hPL =Q |@v=H |=y?}U; Qo}O
|Q=m \}=QW Q}}eD =@ w CU}v C@=F w XNWt |Q=Okt |Uvq=@=v '=ysDU}U R= |}xQ=B
|Q=Po?wUQ w l =N w OQo Ovv=t |rt=wa p}rOx@ w u=tR pw] QO =} Ovm|t Q}}eD
OQwt O}=@ R}v u} Ro}=H |=yVwQ R= xO=iDU= xH}DvQO "O@=}|t xaUwD w xDiQo pmW

"OQ}o Q=Qk xar=]t
R=Uty=v |=ywQ}v =} x@ Q[ p=ta= R= u=wD|t |oOWpik |xO}OB uOR syQ@ |=Q@
|xvt=O =@ MU=B CtU x@ sDU}U VyH Ea=@ Q=m u}= "OQm xO=iDU= 'CmQL nvy; =@
\UwD xOWhQYt |SQv= 'V=aDQ= |xvt=O Vy=m =@ CQwY u}= QO "OwW|t QDsm
QwDwt u=wD xm OwW|t sy=QiCYQi u}= w O@=}|tVy=m ,=O}OW |W=aDQ= |=yQ=mwR=U

"OwW O}OWD |oOWpik |xOwOLt R= uOW QwO w QwDwQ CaQU V}=Ri= hQY
lU}Ol} 'sDU}Ul}t=v}O Q@ |Q=PoQ}F-=D |=Q@ OwW|t O=yvW}B 'j}kLD u}= QO
xawtHt x@ 'ONQJ@ xv=O=R; Ov=wD|t w OQ=O Q=Qk O=R; QwLt l} |wQ xm 'Qo}O u=R}t=v
l} QLD?Hwt 'Ovm|t u=QwO x@ ẁQW|rY= u=R}t=vlU}O xm|t=ovy "OwW xOwRi=
lU}O l} QLD ?Hwt OwN |x@ wvx@ R}v x}=B V=aDQ= "OwW|t u; V=aDQ= w x}=B
|k=Lr= lU}O C=mQL CQwY u}= QO "OQw;|tQO CmQL x@ =Q u; w xOW O=R; u=R}t=v

"OyO|t Q=Qk Q}F-=D CLD =Q xawtHt l}t=v}O w OQ=Po|t Q}F-=D x}=B C=mQL Q@ R}v
=yvD CU= umtt |k=Lr= lU}O 'x}=B |}=Hx@=H |xvt=O w x}rw= \}=QW x@ xDU@
"Ovm u=QwO x@ ẁQW Q}eDt =} C@=F CaQU =@ xm u; =} Ovm u=Uwv OwN QwLt pwL
CQwYx@ sDU}U l}t=v}O Q@ |k=Lr= lU}O |Q=PoQ}F-=D |ovwoJ j}kLD u}= QO
pL R= xO=iDU= =@ xOt; CUO x@ G}=Dv "CU= xDiQo Q=Qk EL@ OQwt |OOa w |r}rLD

"OwW|t |Q=PoxLY p}Uv=Qi}O CqO=at |OOa
|wQ xm |Q=wO |=yu}W=t Qo}O w =yQwUQBtm |=Q@ u=wD|t =Q j}kLD u}= G}=Dv
|=Q@ CU= |y}O@ "CiQo Q=m x@ 'Ov=xDiQo Q=Qk u=UWm |=yx}=B =@ uw}U=Ovwi l}
O}=@ |QDW}@ C=k}kLD 'QDxO}J}B |=ysDU}U |wQ |O=yvW}B VwQ |}=Q=m |@=} RQ=

"OwW s=Hv=

sm =L CqO=at w xr�Ut l} R}i "2
|xr}Uwx@ u; C=mQL xm xOW xO=O u=Wv Mb sQH x@ ?rY lwr@ l} '1 pmW QO
xOW O}kt cb xD} RwmU} w ?} Q[ =@ Qo =Q}t l} w kb |DNU ?} Q[ =@ Qvi l}
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cos(') � cos(!t); sin(') � sin(!t) (6)

'?}kaD VwQ ltm =@ w pw= x@DQt Qr} w= uwJty |}=yVwQ R= xO=iDU= =@ 'C}=yv QO
pL T |OwQw Qw=DWo hrDNt Q}O=kt |=R=x@ xOt; CUO x@ |Q@H CqO=at x=oDUO
x}yD |Q=Ri=sQv |=yOm w xDiQo s=Hv= |R=UpOt |Q=PoxLY |=Q@ =OD@= QO "OwW|t
xDiQo CQwY |xU}=kt "CU= xDiQo CQwY [12]u}W}B C=ar=]t =@ |}xU}=kt 'xOW

%CU= Q} R |OOa Q}O=kt |=R= x@
Mb = 0 064 kg; Md = 0 0021 kg;

kb = 142 27 N=m; cb = 0 01 N:s=m;

r = 0 003 m; T = 10�5 N:m;

JC = J0 +Mdr2; J0 = 10�7 N:m2

xO=O Q=Qk cm = T=
0 Q@=Q@ lU}O |v=QwO |}=Q}t ?} Q[ [12]QwmPt |xar=]t QO
O=ONQ sOa CQwY QO lU}O u=QwO |=Q@ Q=_Dv= OQwt CaQU 
0 u; QO xm xOW
\@=wQ `HQt u}= QO "CU= xOW ?=NDv= xar=]t OQwt QDt=Q=B u=wvax@ w CU= V=aDQ=
w 'xOW pL |OOa CQwYx@ QiY |x}rw= \}=QW ZQi =@ xr�Ut Q@ sm =L |m}t=v}O
CU= |y}O@ "CU= xOW u}}aD 
0 hrDNt Q}O=kt |=R=x@ (!) u=QwO |}=yv CaQU
V}=Ri= p}rOx@ w O@=}|t Vy=m cm = T=
0 |}=Q}t ?} Q[ '
0 Q=Okt V}=Ri= =@

"O@=}|t V}=Ri= |oOWpik Q=mwR=U R= R} Qo p=tDL= 'lU}O |}x} w=R ?=DW
|xar=]t G}=Dv =@ xU}=kt QO =Q Q[=L |xar=]t R= pY=L G}=Dv 2 pmW QO
Q@=Q@ !0 =

p
kb=(Mb +Md) pmW u}= QO "CU= xOW xO=O V}=tv [12]u}W}B

�cm Vy=m � 
0 V}=Ri= =@ OwW|t xOy=Wt xm u=vJ "CU= u=Uwv |a}@] Ot=U@ =@
x@ w xOQm Qw@a |Uv=mQi |oOWpik Cr=L R= sDU}U D w C \=kv pY=i OL QO
R= xOt; CUO x@ |=yMU=B OyO|t u=Wv 2 pmW "CU= xO}yH |QDq=@ CaQU
QmP p@=k "OQ=O [12]C=ar=]t u; G}=Dv =@ |tm Q=}U@ hqDN= Tvq=@ l}vwtQ=y VwQ
|x}rw= \}=QW w C@=F Qw=DWo Cr=L |=Q@ =yvD |OOa G}=Dv QwmPt `HQt QO CU=
|oOWpik uO=OMQ p=tDL= \}=QW u}= Q}}eD =@ xm u; p=L 'CU= xOW u}}aD QiY

"CU}v |iDvt R}v 
0 Qo}O Q}O=kt QO
|irDNt |OOa |=ypL |Uv=mQi |oOWpik Q=mwR=U |UQQ@ |=Q@ xt=O= QO
'xOW ZQi R}J=v QwDwt sQH 'O};|t |B QO xm |OOa |=ypL QO "CU= xOW s=Hv=
m1 sQH |=Q=O lU}O OwN xm CU= u; Q@ ZQi R}v lU}O |v=R}t=v h} QaD QO w

"Q=_Dv= OQwt |v=QwO CaQU =@ xU}=kt QO |ak=w |v=QwO CaQU "2 pmW

sQH RmQt C}akwt Q=OQ@ ~r w lU}O RmQt pwL sQH |@]k Qw=DWo �J u; QO xm
|Q@H C=}rta |}xQ=B R= TB 3 |x]@=Q "CU= u; |UOvy RmQt x@ C@Uv lU}O

%x@ OwW|t xO=U
JC �'+ cm _'+md�yr cos(')� T = 0 (4)

"CU= lU}O sQH RmQt pwL sQH |@]k Qw=DWo JC = �J +Mdr2 u; QO xm
OvyO|t p}mWD =Q |]NQ}e p}Uv=Qi}O CqO=at x=oDUO l} 4 w 2 |=yx]@=Q
R= u; |@} QkD pL uOQw; CUO x@ |=Q@ w CU= umttQ}e ,qta u; j}kO pL xm

"OW Oy=wN xO=iDU= |}xOvvmxO=U C=}[Qi

l}vwtQ=ypL "3
u=tR QwQt x@ 'XNWt Qw=DWo l} p=ta= =@ xm CU= u; Qou=Wv |OOa G}=Dv
'OUQ|t C@=F |xvt=O w ?w=vD |xQwO =@ Q=O}=B Cr=L l} x@ sDU}U C=W=aDQ=
Q=DiQ |UQQ@ |=Q@ "CiQo Q_v QO l}vwtQ=y =Q =y?=wH pmW u=wD|tv ,=twRr =t=
R= |m} xm OQm xO=iDU= Tvq=@ l}vwtQ=y VwQ R= u=wD|t 'Q=O}=B Cr=L QO sDU}U
?w=vDt |=y?=wH uDi=} |=Q@ |v=tR |]NQ}e p}Uv=Qi}O CqO=at pL |=yVwQ
u; =OD@= 'sDU}U MU=B uOw@?w=vDt w |Q=O}=B ZQi =@ VwQ u}= QO "CU= sDU}U
p}Uv=Qi}O |xrO=at QO =Q ?} QkD `@=D TBU "OvvR|t ?} QkD x} Qwi |QU l} =@ =Q
x@ |D=FrFt `@=wD |q=@ x@DQt CqtH sQi Q}}eD R= TB w Ovvm|t |Q=Po}=H CmQL
`@=wD ?}=Q[ ?ULQ@ =Q p}Uv=Qi}O |xrO=at hQ] wO '1 x@DQt u=wD =@ |=yCQ=@a
|D=FrFt `@=wD ?}=Q[ uO=O Q=Qk sy |w=Ut =@ C}=yv QO "Ovvm|t ?DQt |D=FrFt
pL =@ xm O};|t CUO x@ |Q@H CqO=at R= |}xDUO 'xrO=at |wU wO QO Q_=vDt
pt=m |x} Qwi |QU xm =Hv; R= "OwW|t x@U=Lt x} Qwi |QU pwyHt ?}=Q[ '=yv;
C}=yv|@ O=H}= x@ QHvt Tvq=@ l}vwtQ=yVwQ p=ta= 'CU= CQ=@a C}=yv|@ |=Q=O
pL |=Q@ wQ u}= R= "CU}v umtt =yv; pL ,qta xm OwW|t xDU@=w |Q@H |xrO=at
'OwW|t xDiQo Q_v QO OwOLt |x} Qwi |QU l} CQwYx@ ?} QkD `@=D 'xr�Ut |OOa
|r}rLD pL |=Q@ "Ov=t@ |k=@ |rwkat OL QO xOt; CUO x@ |Q@H CqO=at O=OaD =D

%CU= xOW xDiQo Q_v QO 5 \@=wQ j@=]t x=oDUO MU=B =OD@= 4 w 2 |=yxrO=at
' =!t+A1 sin(!t) +B1 cos(!t) +A2 sin(2!t) +B2 cos(2!t)

+A3 sin(3!t) +B3 cos(3!t) + :::

y =y0 + C1 sin(!t) +D1 cos(!t) +C2 sin(2!t) +D2 cos(2!t)
+ C3 sin(3!t) +D3 cos(3!t) + ::: (5)

QO "CU= x}=B \UwDt |}=Hx@=H y0 w lU}O u=QwO \UwDt CaQU ! u; QO xm
x@ R}v x}=B 'u; |v=R}t=v p}rOx@ w lU}O u=QwO =@ xm CU= u; Q@ ZQi MU=B u}=
Q=Qk Q}F-=D CLD =Q u=QwO CaQU OwN |x@ wvx@ R}v x}=B V=aDQ= w O};|tQO V=aDQ=
u=QwO \UwDt CaQU Q}F-=D CLD xawtHt MU=B pm Cio u=wD|t xH}DvQO "OyO|t
=yu=Uwv ?w=vD |xQwO u=wD|t 'MU=B uOw@ ?w=vDt ZQi =@ w CU= ! |va} lU}O
x=oDUO Tvq=@ l}vwtQ=y VwQ R= xO=iDU= =@ TBU "CiQo Q_v QO 2�=! Q@=Q@ =Q
QO "CU= xOW |Q@H CqO=at x=oDUO l} x@ p}O@D 4 w 2 p}Uv=Qi}O CqO=at
CaQU =@ lU}O xm u}= ZQi =@ w 'Tvq=@ l}vwtQ=yVwQ |=QH= |=Q@ VN@ u}=
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"(m2 = 0 05) QwDwt Qw=DWo ?ULQ@ x}=B C=W=aDQ= |xvt=O "4 pmW

Ot=U@ swUl} R}v w sDU}U |a}@] Ot=U@ QO Ov=wD|t x}=B 'OwW|t xOy=Wt xm
|xvt=O =t= "OwW O}OWD Q=JO 'CU= sDU}U |=y|vwtQ=yQ} R R= |m} xm |a}@]
xm CU=vat u=O@ u}= "CU= R}J=v ! = 3 33 rad=s |vwtQ=yQ} R QO �y3 u=Uwv
l} |=ysDU}U |]N C=W=aDQ= x@=Wt |O=} R OwOL =D =Q sDU}U Q=DiQ u=wD|t

"OQm h}YwD l}vwtQ=y l} QLD =@ |O=R; xHQO
( �'2 = |iQYt u=wD u=Uwv |xvt=O w (T!) QwDwt \UwDt |iQYt u=wD
"CU= xOW xO=O u=Wv 5 pmW QO QwDwt u=QwO CaQU ?ULQ@ !pA22 +B22)

w xDi=} V}=Ri= u=yo =v Q=Okt wO u}= 'sDU}U |a}@] Ot=U@ QO xm OwW|t xOy=Wt
'QwDwQ lJwm |v=R}t=v p}rOx@ 'OQwt u}= QO xJQo = &Ov@=}|t Vy=m xQ=@ wO u; R= TB
C=W=aDQ= V}=Ri= xm CU= u; Qou=WvQt= u}= "CU}v TwULt u=OvJ C=Q}}eD u}=
OyO|t u=Wv u}vJty 5 pmW "OwW|t R}v |QDW}@ u=wD hQYt ?Hwt sDU}U
'sDU}U C=W=aDQ= Ot=U@ xH}DvQO w u=QwO CaQU V}=Ri= =@ 'q=@ |=yQwO QO xm
|=yOt=U@ QO xJQo = Qo}O CQ=@ax@ "O@=}|t V}=Ri= ,=H} QOD sDU}U |iQYt u=wD
p@=k RwmU} w Qo =Q}t \UwD xOW lryDUt u=wD =t= 'CU= lJwm u=Uwv |xvt=O q=@

"CU= xHwD
u=R}t=v sQH '(Md = 0 5) lU}O |rm sQH uDW=O xov C@=F =@ 'xt=O= QO
p}Uv=Qi}O CqO=at x=oDUO w xOW xO=O V}=Ri= m2 = 0 2 x@ u; x@ pYDt
|y}O@ "OW pL ,=OOHt xDioV}B C=[wQit =@ w Tvq=@ l}vwtQ=yVwQ =@ sDU}U
"Ov=t|t C@=F u; |a}@] Ot=U@ xH}DvQO w sDU}U |rm sQH Cr=L u}= QO CU=
xOW xO=O u=Wv QwDwt Qw=DWo ?ULQ@ sDU}U u=Uwv Ot=U@ C=Q}}eD 6 pmW QO
VN@ Qou=Wv u}J\N w Q=O}=B VN@ Qou=Wv QB wD \N pmW u}= QO "CU=
w QwDwt u=QwO CaQU V}=Ri= =@ OwW|t xOy=Wt xm u=vJ "CU= MU=B Q=O}=B=v
|]N Cr=L R= CaQU � Qw=DWo |x]@=Q 'sDU}U |a}@] Ot=U@ |=y|m}ORv QO
Ot=U@ xH}DvQO w u=QwO CaQU 'Qw=DWo xHwD p@=k V}=Ri= OwHw =@ w OwW|t GQ=N

QwDwt Qw=DWo ?ULQ@ CaQU u=Uwv |xvt=O w lU}O u=QwO CaQU "3 pmW
"(m2 = 0 05)

RmQt R= d |xrY=i QO m2 RmQtDt sQH =t= 'CU= Tvq=@ ,qt=m w xOw@ R `=aW w
%CQwY u}= QO "CU= xOW pYw u; x@ lU}O

Md = m1 +m2; r = m2d=(m1 +m2);

JC = m1R2=2 +m2d2: (7)

CU= CQ=@a xOWxO=O |UOvy w |m} R}i Q}O=kt 'xOW x�=Q= |OOa |=ypL s=tD QO
%R=

Mb = Md = 0 5; kb = 100; cb = 0 2;
cm = 0 1; R = d = 0 5 (8)

3 pmW QO "CU= xOW ZQim2 = 0 05 lJwm |v=R}t=v |=Q=O lU}O =OD@= QO
|xvt=O w �CU= sDU}U C=W=aDQ= |rY= Ot=U@ xm � lU}O u=QwO |}x} w=R Ot=U@
xO=O u=Wv ( �'2 =

p
A22 +B22) swO |vwtQ=y QO QwDwt Qw=DWo?ULQ@ u; u=Uwv

OwW|t xOy=Wt xm u=vJ "�CU= xOw@ QiY Q@=Q@ xvt=O =y|vwtQ=y Qo}O QO�CU= xOW
|m}ORv QO =yvD w O@=}|tV}=Ri=|]NCQwYx@lU}O u=QwOCaQU 'S=DrwV}=Ri= =@
!n =

p
kb=(mb +md) sDU}U |a}@] Ot=U@ Q@=Q@ xm � ! = 10 rad=s

"OwW|t xO}O |]N Cr=L R= h=QLv= |mOv= '�CU=
CUO x@ sDU}U Q=O}=B MU=B Cr=L |=Q@ xOW x�=Q= G}=Dv uwJ CW=O xHwD O}=@
CQwYx@ sDU}U S=Drw V}=Ri= xm OW=@ Q@Dat Ov=wD|t |v=tR =yvD G}=Dv u}= 'xOt;
uO}UQ |=Q@ |i=m u=tR CQwY u}= QO "OW=@ xOW s=Hv= l}D=DU= x@W w |H} QOD

"OQ}o|t Q=Qk sDU}U Q=}DN= QO Q=O}=B Cr=L x@
w pw= |=y|vwtQ=y QO QwDwt Qw=DWo ?ULQ@ x}=B C=W=aDQ= |xvt=O 4 pmW QO
u=vJ &CU= xOW xO=O u=Wv ��y3 =

p
C22 +D22 w �y1 =

p
C21 +D21� swU

6



1|
xQ=t

W'
33

�3
|xQ

wO'
�13

96
Q=y@

�h
}QW

l}
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|U
Ovyt C=W=aDQ= Ot=U@ xm Cio u=wD|t Cr=L u}= QO "O@=}|tv |O=} R V}=Ri= V=aDQ=

O}OWD |oOWpik |xO}OB Qo}O CQ=@ax@ &CU= xOW pik O}OWD Ot=U@ |wQ sDU}U
uOQw; CUO x@ |=Q@ Tvq=@ l}vwtQ=y VwQ R= xm OwW|t Qw;O=} "CU= xO=O MQ
CQwYx@ '?}kaD VwQ R= xO=iDU= s=ovy QO &OwW|t xO=iDU= sDU}U Q=O}=B MU=B
CQwY |m}D=DU= x@W CQwYx@ sDU}U Qw=DWo C=Q}}eD xm CU= xOW ZQi |vt[
|=yQw=DWo R= |[a@ QO OwW|t xOy=Wt R}v 6 pmW QO xm u=vJ "OQ}o|t
\}=QW =} x@ Q[ p=ta= =@ xH}DvQO "CU= xv=oOvJ |=yMU=B |=Q=O sDU}U '|r=ta=
"Ovm VyH =y?=wH R= Cw=iDt |xN=W wO u}@ Ov=wD|t sDU}U Q=DiQ '|v=yo =v
Cr=L R= =Q sDU}U Ov=wD|t |v=yo =v |x@ Q[ l} 'sDU}U u}= OQwt QO ,qFt
V}=Ri= |Oa@ Q=O}=B Q=Okt x@ sDU}U u=QwO CaQU w Ovm GQ=N O}OWD |oOWpik

"O@=}
|v=R}t=vCr=L |=Q@ QwDwt Qw=DWo?ULQ@ x}=B V=aDQ= xvt=O C=Q}}eD 7 pmW QO
|W=aDQ= |]NQ}e Q=DiQ 'OwW|t xOy=Wt xm u=vJ "CU= xOW xO=O u=Wv nQR@
QO w xOw@ K[=w ,qt=m sDU}U |a}@] Ot=U@ =@ Q_=vDt Qw=DWo |m}ORv QO sDU}U
=yv; u}@ Ov=wD|t w CU= xv=oOvJ |=y?=wH |=Q=O sDU}U '=yQw=DWo R= |[a@

"Ovm VyH
xOW xO=O u=Wv 8 pmW QO u; u=QwO CaQU ?ULQ@ QwDwt |iQYt u=wD
'|v=R}t=v Q=Okt V}=Ri= =@ xm OyO|t u=Wv 5 pmW =@ pmW u}= |xU}=kt "CU=
Cr=L x@ C@Uv '|oOWpik |xOwOLt QO w |rLt CQwYx@ QwDwt |iQYt u=wD
O}OWD |oOWpik |xO}OB R= QPo 'p}rO u}ty x@ "CU= xDi=} |Q}otWJ V}=Ri= p@k
O}OWD Cr=L QO sDU}U 'u; uOWv u}t-=D CQwYQO xm CU= |O=} R u=wD OvtR=}v
CU= u; Qo}O x=Q xD@r= "Ovm Q=m |QDu}}=B CaQU QO O}=@ xm u; =} Ov=t|t |k=@

"(m2 = 0 2) QwDwt Qw=DWo ?UL Q@ x}=B C=W=aDQ= xvt=O "7 pmW

Qw=DWo ?ULQ@ |iQYt u=wD C=Q}}eD |xvt=O w \UwDt |iQYt u=wD "5 pmW
"(m2 = 0 05) QwDwt

QwDwt Qw=DWo ?ULQ@ CaQU u=Uwv |xvt=O w lU}O u=QwO CaQU "6 pmW
"(m2 = 0 2)
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's = 0 1� u=tR ?ULQ@ x}=B C=W=aDQ= w QwDwt x@ xOW p=ta= Qw=DWo "9 pmW
"�cb = 0 2 w m2 = 0 2

|DUQO u=wD@ 'l}Ow} QB pL w |v=tR pL |xU}=kt =@ =D OW=@ �y � 0 05 w
VyH |xO}OB u=mt= w Tvq=@ l}vwtQ=y VwQ \UwD xOW |v}@V}B |=yxvt=O
=OD@= S=Drw |H} QOD V}=Ri= |=Q@ "O=O Q=Qk |@=} RQ= OQwt =Q xOW |v}@V}B S=Drw QO
C=W=aDQ= |xvt=O w Qw=DWo Q}}eD |xwLv 9 pmW "CU= xOW xO=O Q=Qk s = 0 1
G} QODx@ x}=B u=Uwv |xvt=O xm OwW|t x_Lqt "OyO|t u=Wv u=tR pw] QO =Q x}=B
S=Drw `} QU V}=Ri= |=Q@ xt=O= QO "OUQ@ nQR@ w C@=F Q=Okt l} x@ =D O@=}|t V}=Ri=
xOW xO=O u=Wv 10 pmW QO Cr=L u}= x@ \w@ Qt G}=Dv "OW xO=O Q=Qk s = 0 5
CaQUx@ =OD@= Q}D u=Uwv |xvt=O Cr=L u}= QO OwW|t xOy=Wt xm u=vJ "CU=
xvt=O |}=yv Q=Okt w xO=yv Vy=m x@ wQ |y=Dwm COt R= TB =t= 'O@=}|t V}=Ri=
sDU}U Q=O}=B MU=B =OD@= Qo}O CQ=@ax@ "OwW|t C@=F |mJwm Q=Okt QO V=aDQ=
u}@ VyH x=Q |xv=}t QO =t= 'CU= xOQm p}t QDnQR@ |xvt=O =@ ?=wH CtU x@
xOQm p}t QDsm |xvt=O =@ ?=wH CtU x@ sDU}U MU=B w xO=O |wQ Q=O}=B |=yMU=B

"CU=
\UwD xOW |v}@V}B Q}O=kt xm OyO|t u=Wv 9 pmW =@ 7 pmW |xU}=kt
l}ORv Q=}U@ |v=tR pL QO V=aDQ= |xvt=O |}=yv Q}O=kt =@ 'Tvq=@ l}vwtQ=y VwQ
C=W=aDQ= |xvt=O �Tvq=@ l}vwtQ=y VwQ� 7 pmW QO 'p=Ft u=wvax@ "OvDUy sy
xm u; p=L 'CU= 0 452 m Q@=Q@ T = 1 2 N:m Qw=DWo QO w pw= |vwtQ=y QO
0 428 m Q@=Q@ C=W=aDQ= |=Q@ xOW |v}@V}B |xvt=O �|OOa VwQ� 9 pmW QO
QO =Q sDU}U Q=DiQ CU= xDUv=wD Tvq=@ l}vwtQ=y VwQ 'Qo}O CQ=@ax@ "CU=
=Q VwQ u}= u=wD|t wQ u}= R= "Ovm |v}@V}B |@ wN Q=}U@ CkO =@ Q=O}=B Cr=L
O}OWD |oOWpik R= QPo |=Q@ Qo}O |O=yvW}B |=yQ=mwR=U =} =yQDt=Q=B |xar=]t QO

"O=O Q=Qk xO=iDU= OQwt

CaQU ?UL Q@ |iQYt u=wD C=Q}}eD xvt=O w \UwDt |iQYt u=wD "8 pmW
"(m2 = 0 2) QwDwt

u} QDW}@ QO =OD@= u=ty QO xmr@ 'O@=}v V}=Ri= |H} QOD CQwYx@ QwDwt Qw=DWo xm
'x@ Q[ x@ x}@W |Dr=L p=ta= =@ =D OwW xv}W}@ CaQUx@ xm u; =} OwW p=ta= VQ=Okt
C=W=aDQ= |=Q=O xm Qo}O Q=O}=B Cr=L x@ nQR@ C=W=aDQ= =@ Cr=L R= VyH u=mt=
CUO x@ G}=Dv Q@ |Q=PoxLY |=Q@ xt=O= QO "�7 pmW� OwW sy=Qi 'CU= |QDmJwm
Cr=L xU R= swO Cr=L |=Q@ R}v |OOa VwQ x@ CmQL p}Uv=Qi}O CqO=at 'xOt;

"OwW|t pL jwi

|OOa |R=Ux}@W "4
w 2 p}Uv=Qi}O CqO=at 'Tvq=@ l}vwtQ=y VwQ R= xOt; CUO x@ G}=Dv O}}-=D |=Q@
C=Q}}eD '|HQ=N Qw=DWo p=ta= =@ TBU "CU= xOW pkDvt Cr=L |=[i x@ =OD@= 4
|R=Ux}@W u}= QO "CU= xOt; CUO x@ lU}O u=QwO |x} w=R w x}=B C}akwt |v=tR
?} Q[ w u=R}t=v sQH w xOW xO=iDU= 8 |x]@=Q QO xOW x�=Q= |OOa Q}O=kt R=
xOW xO=O Q=Qk cb = 0 2 w m2 = 0 2 Q@=Q@ ?}DQDx@ R}v x}=B RwmU} w |}=Q}t
xv}W}@ |}=tv CQwYx@ w ,=H} QOD QwDwt Qw=DWo xm CU= u; Q@ ZQi u}vJty "CU=

%Ovm C}a@D 9 |x]@=Q R= xm |}xvwo x@ 'OwW|t
Tv = Tf (1� e�st) (9)

"CU= Qw=DWo V}=Ri= MQv w |}=yv Qw=DWo ?}DQDx@ s w Tf u; QO xm
|=OD@= QO sDU}U w Tf = 1 2 xm CU= u; Q@ ZQi |R=Ux}@W u}= QO
w 7 pmW x@ xHwD =@ |}=yv Qw=DWo Q=Okt "OW=@ uwmU Cr=L QO |R=Ux}@W
�y � 0 46 Cw=iDt w Q=O}=B MU=B wO |=Q=O sDU}U xm xOW ?=NDv= |}xvwox@
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Ovyt lU}O u}= R= xO=iDU= "Ovm u=QwO xv=O=R; Ov=wD|t xm CU= xOW xO=O Q=Qk sDU}U

QO "OvR@ sy x@ =Q x}=B V=aDQ= s_v 'OwN C=W=aDQ= =@ Ov=wD@ xm CU= Qw_vt u=O@
|SQv= ?PH x@ ẁQW w O};|tQO CmQL x@ R}v lU}O u}= 'x}=B V=aDQ= =@ Ck}kL
Qo = "OR Oy=wN syQ@ =Q x}=B V=aDQ= s_v 'OW=@ s_vt=v lU}O |=yCmQL Qo = "Ovm|t
l} Ovv=ty 'OW=@ |rY= lU}O hr=Nt R=i QO =t= s_vt |k=Lr= lU}O CmQL
Oy=wN xOyax@ =Q V=aDQ= |xvt=O Vy=m xH}DvQO w sDU}U Tvq=@ '|k=Lr= sQH
V}=Ri= Ea=@ 'OW=@ |rY= u=R}t=v sQH =@ R=isy w s_vt u; C=mQL Qo = =t= "CiQo
u=wD|t R}vCr=L u}= QO "OW Oy=wN |v=QL@ Ot=U@ R= QPo |Q=wWO w V=aDQ= |xvt=O
|xR=H= lU}O x@ O}OWD |oOWpik u=tR QO =yvD OvtWwy |=yVwQ R= xO=iDU= =@

"OQm |Q}owrH u; CmQL R= 'lU}O uDU@ =@ =yu=tR Qo}O QO w O=O CmQL
=Q �4 w 2 \@=wQ� sDU}U CmQL CqO=at 'u=R}t=v lU}O l} uOW xi=[= =@

%OQm |U} wvR=@ u}vJ u=wD|t

mb�y + cb _y + kby +md1
�

�y + r1 �'1 cos('1)� r1 _'21 sin('1)
�

+md2
�

�y + r2 �'2 cos('2)� r2 _'22 sin('2)
�

= 0 (10)

JC1 �'2 + cm1 _'1 +md1 �yr1 cos('1)� T = 0 (11)

JC2 �'2 + cm2 _'2 +md�yr2 cos('2) = 0 (12)

sQH |@]k Qw=DWo w |k=Lr= lU}O u=QwO |x} w=R ?}DQDx@ JC2 w '2 u; QO xm
JC2 = JG2 + Md2r22 w JC1 = JG1 + Md1r21 OvDUy lU}O RmQt pwL
O=R; lU}O '|v=R}t=v Q=Okt w x}rw= \}=QW x@ xDU@ OvyO|t u=Wv |v=tR |=ypL
|UQQ@ |=Q@ xt=O= QO "Ovm u=Uwv VNQJ uwO@ =} w Ovm u=Uwv w ONQJ@ CU= umtt
Q_v QO xr�Ut |=Q@ |rm pL l} =OD@= 'sDU}U C=W=aDQ= Q@ O=R; lU}O |v=R}t=v QF=

%CU= xOW xDiQo
'1 =!t+A1 sin(!t) +B1 cos(!t) +A2 sin(2!t) +B2 cos(2!t)

+A3 sin(3!t) +B3 cos(3!t) + :::

y =y0 + C1 sin(!t) +D1 cos(!t) +C2 sin(2!t) +D2 cos(2!t)
+ C3 sin(3!t) +D3 cos(3!t) + :::

'2 ='0 + !t+ P1 sin(!t) +Q1 cos(!t) + P2 sin(2!t)
+Q2 cos(2!t) + P3 sin(3!t) +Q3 cos(3!t) + ::: (13)

u=QwO x@ ẁQW 'x}=B C=W=aDQ= p}rO x@ O=R; lU}O xm CU= xOW ZQi u; QO xm
hqDN= |=Q=O |rY= lU}O x@ C@Uv =t= 'CU= ! Q@=Q@ u; u=QwO CaQU w Ovm|t
|=[i QO |OOa |=ypL R= xO=iDU= =@ |NU=B u}vJ OwHw u=mt= "CU= '0 R=i
|=Q@ lJwm |=y|v=R}t=v QO OvyO|t u=Wv |OOa |=ypL "CU= xOW O}}-=D u=tR
"OW=@ xDW=O OwHw ?U=vt |x}rw= \}=QW O}=@ |k=Lr= lU}O uOt;QO VNQJ x@
|oO=Ux@ |k=Lr= lU}O 'x}=B nQR@ C=W=aDQ= p}rO x@ nQR@ |=y|v=R}t=v QO =t=
ZQi 'Tvq=@ l}vwtQ=y VwQ |=QH= |=Q@ VN@ u}= QO "O};QO VNQJ x@ Ov=wD|t
R}J=v =yv; u=Uwv |xvt=O w OvNQJ@ C@=F ,=@} QkD CaQU =@ =ylU}O xm CU= xOW

%OW=@
cos('1) � cos(!t); sin('1) � sin(!t);

cos('2) � cos(!t+ '0); sin('2) � sin(!t+ '0): (14)

's = 0 5� u=tR ?ULQ@ x}=B C=W=aDQ= w QwDwt x@ xOW p=ta= Qw=DWo "10 pmW
"�cb = 0 2 w m2 = 0 2

O=R; u=R}t=v lU}O l} uOwRi= =@ C=W=aDQ= pQDvm "5
|=yMU=B |=Q=O sDU}U '|a}@] Ot=U@ |m}ORv QO OW xO}O p@k VN@ QO xmu=vJ
u=wD Qo = 'sDU}U |R=Ov=x=Q s=ovy QO "CU= Cw=iDt |W=aDQ= |=yxvt=O =@ xv=oOvJ
l}ORv =@ w O@=}|t V}=Ri= |Ovmx@ w ,=H} QOD lU}O u=QwO CaQU OW=@ sm QwDwt
COW x@ sDU}U |W=aDQ= |xvt=O '�|v=QL@ QwO� |a}@] Ot=U@ |xOwOLt x@ uOW
"OQ}o|t u; R= =Q CaQU V}=Ri= u=mt= 'QwDwt u=wD uOQm hQYt =@ w O@=}|t V}=Ri=
=@ MU=B Cr=L QO 'Cw=iDt |=yMU=B u=mt= OwHw =@ sDU}U Cr=L u}= QO `k=w QO
xDW=O |O=} R u=wD QwDwt O}=@ =} Cr=L u}= R= QPo |=Q@ "OQ}o|t Q=Qk nQR@ |xvt=O
|DL �� V=aDQ= nvy; w xvt=O 'Qo}O |@} QND Q=mwR=U Qy =} x@ Q[ p=ta= =@ =} OW=@
hQY QwDwt u=wD 'V=aDQ= |xvt=O Vy=m =@ =D OwW xOR syQ@ �� OwOLt |DOt |=Q@

"OwW |v=QL@ Cr=L R= QPo w QwO V}=Ri=
?P=H u=wvax@ x}=B x@ xOW pYDt Qvi w sQH l} R= u=wD|t 'xO}= l} u=wvax@
?=NDv= |}xvwox@ u=wD|t =Q |k=Lr= sDU}U |DNU w sQH "OQm xO=iDU= |W=aDQ=
C=W=aDQ= pt=m CQwYx@ |k=Lr= sDU}U 'sDU}U |r@k |v=QL@ Ot=U@ QO xm OQm
uOwRi= =t= "OQPo@ QwO u}= R= |oO=Ux@ Ov=wD@ QwDwt xH}DvQO w Ovm ?PH =Q x}=B
Ot=U@ uwt=Q}B 'sDU}U |=Q@ O}OH |a}@] Ot=U@ wO O=H}= Ea=@ |tDU}U u}vJ
|=yOt=U@ u}= R= l} Qy QO xm O};|t OwHw x@ u=mt= u}= w OwW|t |r@k |a}@]
|=yQ=mwR=U R= u=wD|t |Dr=L u}vJ QO "OwW O}OWD |oOWpik Q=JO sDU}U O}OH
O=R; Q_v OQwt Ot=U@ |m}ORv QO =Q |k=Lr= sDU}U CmQL w OQm xO=iDU= OvtWwy

"CW=O xov xDU@ =} pik Cr=L QO =Q u; =yOt=U@ Qo}O QO w OQ=Po
|wQ Qo}O u=R}t=v lU}O l} '|@} QND Q=mwR=U l} O=H}= |=Q@ VN@ u}= QO

9
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(m12 = m22 = |k=Lr= lU}O w |rY= lU}O u}@ R=i hqDN= "12 pmW
"0 02)

"(m12 = m22 = 0 02) x}=B u=Uwv |xvt=O "13 pmW

wO '(T = 1 N:m) |v=QL@ QwO x@ \w@ Qt Qw=DWo |m}ORv QO u}vJty "OwW|tv
O}OWD|Dv; Q=JO u=Uwv |xvt=O w ('0 = �) Ov=xDiQo Q=Qk sy p@=kt R=i QO lU}O
R=i QO lU}O wO Qw=DWo u}= QO 'Qo}O CQ=@ax@ "CU= xDi=} Vy=m COW x@ w xOW
|D@=F CaQU =@ w u=Uwv uwO@ 'xawtHt uOQm u=R}t ut[ w xDiQo Q=Qk sy hr=Nt
x@ lU}O wO R=i hqDN= 'QDnQR@ Q}O=kt x@ |r=ta= Qw=DWo V}=Ri= =@ "OvNQJ|t
|R=Ux}@W "OwW|t `tH sy =@ lU}O wO |v=R}t=v w O@=}|t V}=Ri= '0 = 2�
|@=wH u}vJ u=mt= '?U=vt |x}rw=\}=QW OwHw CQwY QO xm OyO|t u=Wv |OOa

"OQ=O OwHw
m12 = 0 04 kg Cw=iDt w lJwm |v=R}t=v =@ lU}O wO 'swO |R=Ux}@W QO
CU= u; Q@ ZQi |R=U x}@W u}= QO "CU= xOW xDiQo Q_v QOm22 = 0 02 kg w
Cr=L QO w OQ=O OwHw R}v |k=Lr= lU}O VNQJ |=Q@ ?U=vt |x}rw= \}=QW xm
sDU}U MU=B u}=Q@=v@ "Ovm|t u=QwO |rY= lU}O CaQU =@ R}v lU}O u}= Q=O}=B
|xvt=O w u=QwO CaQU 14 pmW QO "CU= xOW xDiQo Q_v QO 13 |x]@=Q j@=]t
"CU= xOW xO=O u=Wv Q=O}=B Cr=L QO |r=ta= Qw=DWo ?ULQ@ |rY= lU}O u=Uwv
x}=B |}=Hx@=H |xvt=O w lU}O wO u}@ R=i hqDN= R}v 16 w 15 |=ypmW QO
�|v=QL@ QwO� |a}@] Ot=U@ |m}ORv QO '14 pmW j@=]t "CU= xOW xO=O u=Wv
"OwW|t xO}O |}x} w=R CaQU � Qw=DWo |vLvt QO |]N Cr=L R= h=QLv= |mOv=
|xvt=O '|}x} w=R CaQU u}= x@ \w@ Qt Qw=DWo QO pmW u}= x@ xHwD =@ u}vJty
Ovv=t Qo}O w OUQ|t OwN Q=Okt u} QDW}@ x@ w xOW O}OWD Q=JO CaQU u=Uwv

"OvNQJ|tv C@=F CaQU =@ =ylU}O p@k Cr=L
xOW O}OWD Q=JO u=Uwv |xvt=O |v=QL@ QwO |m}ORv QO '16 pmW x@ xHwD =@

QwDwt Qw=DWo ?ULQ@ CaQU u=Uwv |xvt=O w lU}O u=QwO CaQU "11 pmW
"(m12 = m22 = 0 02)

swO w pw= |=ylU}O xm CU= xOW ZQi R}v =ylU}O |v=R}t=v |R=Ux}@W |=Q@
w m12 u=R}t=v sQH w 'R2 w R1 `=aW 'm21 w m11 u=R}t sQH |=Q=O ?}DQDx@

%xH}Dv QO w 'OvW=@ RmQt R= d2 w d1 |xrY=i QO m22

Md1 = m11 +m12; Md2 = m21 +m22;

r1 = m12d1=(m11 +m12); r2 = m22d2=(m21 +m22);

JC1 = m11R21=2 +m12d21; JC2 = m21R22=2 +m22d22;

�JA = MbL2
b=3 +Md1L2

b +Md2L2
b: (15)

|OOa Q}O=kt w l} QDt |=yC}tm R= 'O};|t xt=O= QO xm |}=y|R=Ux}@W s=tD QO
%CU= xOW xO=iDU= Q} R

Md1 = Md2 = 0 25 kg; Mb = 0 5kg;

R1 = R2 = d1 = d2 = 0 05 m

lJwm w u=Um} u=R}t=v sQH |=Q=O lU}O wO xm OW ZQi |R=Ux}@W u}DUNv QO
R= xOt; CUO x@ |Q@H CqO=at pL =@ TBU "OvW=@ m12 = m22 = 0 02 kg

11 pmW "Ov= xOW x@U=Lt 13 |x]@=Q pwyHt |=yQDt=Q=B 'Tvq=@ l}vwtQ=y VwQ
Cr=L QO |r=ta= Qw=DWo ?UL Q@ =Q |rY= lU}O u=Uwv |xvt=O w u=QwO CaQU
|xvt=O wlU}O wO u}@ R=i hqDN= R}v 13 w 12 |=ypmW QO "OyO|t u=Wv Q=O}=B
OwW|t x_Lqt 13 =D 11 |=ypmW x@ xHwD =@ "CU= xOW xO=O u=Wv x}=B|}=Hx@=H
V}=Ri= S=Drw Q}}eD =@ w |]N ,qt=m CQwYx@ lU}O u=QwO CaQU Cr=L u}= QO xm
xO}O (!n = 10 rad=s) |a}@] Ot=U@ |m}ORv QO |Q=DiQ Q}}eD xvwoI}y w xDi=}
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1|
xQ=t

W'
33

�3
|xQ

wO'
�13

96
Q=y@

�h
}QW

l}
v=mt

|U
Ovyt KQW |@ wN x@ =Q ẁ[wt u}= p}rO 15 pmW "OUQ|t OwN Q=Okt u} QDW}@ x@ w

u}@ R=i hqDN= '|v=QL@ QwO x@ uOW l}ORv =@ w 'pmW u}= x@ xHwD =@ "OyO|t
R=i hqDN= u; R= QDq=@ |=yCaQU QO w OUQ|t �=2 x@ lU}O wO u=QwO |x} w=R
x@ l}ORv |=yCaQU QO 'u}=Q@=v@ "Ovm|t p}t � CtU x@ lU}O wO u=QwO u}@
'u; R= QDq=@ |=yCaQU QO w Ovm|t C} wkD =Q C=W=aDQ= |k=Lr= lU}O '|v=QL@ QwO
QO O}OWD|Dv; Cr=L u}= QO xH}DvQO "OQ}o|t xOyax@ =Q C=W=aDQ= h}a[D Vkv
|Qo}O Q=Okt Qy |=Q@ |Q=DiQ u}vJ 'lJwm |=y|v=R}t=v QO "OwW|tv xO}O G}=Dv
u=Um} |rY= sQH =@ |k=Lr= sQH |v=R}t=v xm |Dr=L RHx@ '|k=Lr= sQH |v=R}t=v R=

"OwW|t xO}O 'CU=
xOW xO=O V}=Ri= m12 = 0 15 nQR@ Q=Okt x@ |rY= sQH |v=R}t=v 'xt=O= QO
sQH QF= |UQQ@ |=Q@ "O}; OwHw x@ sDU}U C=W=aDQ= QO O}OWD |oOWpik u=mt= =D
"CU= xOW xO=O Q=Qk m22 = 0 15 Qo}O Q=@ w m22 = 0 Q=@l} '|k=Lr= u=R}t=v
Ea=@ Ov=wD|tv x}=B C=W=aDQ= w CU= Tvq=@ ,qt=m |k=Lr= lU}O pw= Cr=L QO
p=YD= |=Q=O x}=B sQH =@ |k=Lr= lU}O xm CU= u; pO=at Cr=L u}= "OwW u; u=QwO
C=W=aDQ= |xvt=O w |rY= lU}O u=QwO CaQU C=Q}}eD 17 pmW QO "OW=@ ?rY
u=QwO CaQU C=Q}}eD R}v 18 pmW QO "CU= xOW xO=O u=Wv pw= Cr=L |=Q@ x}=B
|=Q@ "CU= xOW xO=O u=Wv swO Cr=L |=Q@ x}=B C=W=aDQ= |xvt=O w |rY= lU}O
QO R}v |k=Lr= lU}O w |rY= lU}O u=QwO CaQU u}@ R=i hqDN= 'swO Cr=L

"CU= xOW xO=O u=Wv 19 pmW
u=Wv swO w pw= |=yCr=L QO Qw=DWo?ULQ@|}x} w=RCaQU C=Q}}eD |xU}=kt
xt=O=T = 1 15 N:m Qw=DWo =D Ov=wD|t O}OWD|oOWpik pw=Cr=L QO xm OyO|t
T = 1 11 N:m Qw=DWo =D Ov=wD|t O}OWD|oOWpik swOCr=L QO =t= "OW=@ xDW=O

m12 =� QwDwt Qw=DWo?UL Q@ x}=B u=Uwv xvt=O wlU}O u=QwOCaQU "17 pmW
"�m22 = 0 w 0 15

QwDwt Qw=DWo ?ULQ@ CaQU u=Uwv |xvt=O w lU}O u=QwO CaQU "14 pmW
"�m22 = 0 02 w m12 = 0 04�

w m12 = 0 04� |k=Lr= lU}O w |rY= lU}O u}@ R=i hqDN= "15 pmW
"�m22 = 0 02

"�m22 = 0 02 w m12 = 0 04� x}=B u=Uwv |xvt=O "16 pmW
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pik

|r}
rLD

|U
QQ@Ot=U@ |m}ORv QO lU}O u=QwO CQwY QO w Q=O}=B Cr=L QO Cio u=wD|t ?}DQD

|x}L=v uOWOwOLt ?Hwt w xDW=O |D@Ft OQmrta |k=Lr= lU}O u}= '|a}@]
V=aDQ= xvt=O V}=Ri= ?Hwt '|a}@] Ot=U@ R= QDQwO |L=wv QO =t= 'xOW |oOWpik
|m}ORv QO RH Ov=wD|tv O=R; lU}O '|}=Q}t OwHw p}rOx@ pta QO "CU= xOW x}=B
xH}DvQO w ONQJ@ |DL=Qx@ 'CU= nQR@ x}=B V=aDQ= |xvt=O u; QO xm O}OWD |x}L=v
"OwW|t Q=yt V=aDQ= |xvt=O V}=Ri= QO u; QF= |a}@] Ot=U@ R= QDQwO |L=wv QO
R}v OvtWwy CQwYx@ |a}@] Ot=U@ R= QDQwO |L=wv QO |k=Lr= lU}O Q=yt u=mt=

"OQ=O OwHw
|r=ta= Qw=DWo xm xOt; CUO x@ ZQi u}= =@ 'OW x�=Q= =Hv}= QO xm |H}=Dv
"Ovm CmQL x@ ẁQW uwmU Cr=L R= sDU}U w O@=} V}=Ri= |m}D=DU=x@W CQwYx@
CQwYx@ =} OwW OQ=w sDU}U x@ |v=yo =v CQwYx@ QwDwt Qw=DWoCU= umtt pta QO
QiY |x}rw= \}=QW |=Q=O R}v sDU}U w Ovm p}t OwN |}=yv Q=Okt CtU x@ |}=tv
xN=W x@ ?=wH R= xN=W l} R= VyH =@ sDU}U CU= umtt CQwY u}= QO "OW=@v

"Ovm QPo O}OWD |oOWpik R= R}v |QDsm |=yQw=DWo QO '=y?=wH R= |Qo}O
w sDU}U |=QPoCr=L Q=DiQ Q@|k=Lr= sQH Q}F-=D|UQQ@ |=Q@ ' ẁ[wt |xt=O= QO
Qw_vtu}O@ "CU= xDiQo CQwY |OOa |xar=]tl} 'O}OWD|oOWpik R= QPo u=mt=
ZQi =@ TBU "Ov=xOW pkDvt Cr=L |=[i x@ 12 =D 10 CmQL CqO=at =OD@=
Q=Okt x@ s = 0 3 MQv =@ w �9 |xrO=at� |}=tv CQwYx@ QwDwt Qw=DWo xm u;
sQH |v=R}t=v hrDNt Q}O=kt |=Q@ CqO=at |v=tR MU=B 'O@=} V}=Ri= Tf = 1 1
R=e; QO xm CU= u; Q@ ZQi =y|R=Ux}@W u}= QO "CU= xOW x@U=Lt |k=Lr=
uwmU Cr=L R= QwDwt w xOw@ _y(0) w y(0) x}rw= \}=QW |=Q=O x}=B C=W=aDQ= CmQL
xOW xO=iDU= Rt=O; VwQ R= CqO=at |OOa pL |=Q@ "Ovm|t CmQL x@ ẁQW
\}=QW xm =Hv; R= "CU= xOW xDiQo Q_v QO x}v=F 60 Q@=Q@ |R=Ux}@W u=tR w CU=
s=tD |OQwt |UQQ@ u=mt= 'pta QO w xDiQo Q=Qk |UQQ@ OQwt |O=} R Q=}U@ |x}rw=
xOW xDiQo Q_v QO |Q=}at '|oOWpik X}NWD |=Q@ 'OQ=Ov OwHw |v=tR |=ypL

%CU=

v = j! � !nj
!n

; ! =

vuutR tfts _y2dtR tf
ts
y2dt

(16)

|x]@=Q QO Qo = "CU= sDU}U |a}@] Ot=U@ !n w u=Uwv |@} QkD Ot=U@ ! u; QO xm
Ovm p}t C}=yv|@ CtU x@ p=QoDv= u}}=B OL w q=@ OL u}@ |v=tR hqDN= 16
Q@=Q@ ,=k}kO u; |ak=w Ot=U@ =@ u=Uwv |@} QkD Ot=U@ 'OW=@ l}vwtQ=y `@=D l} y w
|xQwO Q@=Q@ xO R= QDW}@ p=QoDv= u}}=B w q=@ OL u}@ |xrY=i Qo = pta QO "OwW|t
|ak=w Q=Okt =@ OYQO 1 R= QDsm |iqDN= ! |=Q@ xOt; CUO x@ Q=Okt 'OW=@ u=Uwv
,=@} QkD u=Uwv Ot=U@ 'OwW|t O}OWD |oOWpik Q=JO sDU}U xm |t=ovy "OQ=O u;
|mJwm OOa �16 |x]@=Q QO� v Q=Okt OwQ|t Q=_Dv= w CU= Q@=Q@ |a}@] Ot=U@ =@

"OyO u=Wv =Q
p=QoDv= OwOL u=wvax@ |OOa |=y|R=Ux}@W QN; |x}v=F 15 j}kLD u}= QO
|oOWpik Q=}at u=wvax@ v < 0 015 Q=Okt w 'xOW xDiQo Q_v QO 16 |x]@=Q
|OOa |R=Ux}@W u}OvJ |OQwt |xar=]t R= TB OOa u}= "CU= xOW ?=NDv=
QO "CU= O}OWD |oOWpik X}NWD QO |@U=vt CkO |=Q=O w xOW ?=NDv=
'OwW O}OWD |oOWpik ?Hwt Ov=wD|t xm |}x}rw= \}=QW 21 w 20 |=ypmW
=@ x}rw= \}=QW 20 pmW s}UQD |=Q@ "CU= xOW xO=O u=Wv nvQ x=}U \=kv =@
RwmU} w |}=Q}t ?} Q[ w xOW xO=O Q}}eD d _y0 = 0 02 w dy0 = 0 02 |=ys=o
x_Lqt "CU= xOW xDiQo Q_v QO cm2 = 0 Q@=Q@ |k=Lr= lU}O QwLt |wQ R}v

m12 =� QwDwt Qw=DWo?UL Q@ x}=B u=Uwv xvt=O wlU}O u=QwOCaQU "18 pmW
"�m22 = 0 15 w 0 15

w m12 = 0 15� |k=Lr= lU}O w |rY= lU}O u}@ R=i hqDN= "19 pmW
"�m22 = 0 15

|xOwOLt CU= xOW ?Hwt |k=Lr= sQH |v=R}t=v Qo}O CQ=@ax@ "OW=@ xDW=O xt=O=
"OwW QDlJwm O}OWD |oOWpik

R=i hqDN= 'Qw=DWo |H} QOD V}=Ri= =@ OwW|t xOy=Wt 19 pmW QO xm u=vJ
QwO� |a}@] Ot=U@ |m}ORv QO xm u; =D O@=}|t V}=Ri= G} QODx@ R}v lU}O wO u}@
x@ lU}O wO u=QwO |x} w=R u}@ R=i hqDN= 'lJwm |v=R}t=v Cr=L Ovv=t '�|v=QL@
R=i hqDN= 'O}OWD |oOWpik |v=yo =v uOWR=@ =@ w u; R= TB =t= "OUQ|t �=2
CtU x@ 'Qw=DWo QDW}@ V}=Ri= =@ w xDi=} Vy=m |v=yo =v CQwYx@ lU}O wO u}@
l} uOW xOwRi= =yQw=DWo QDW}@ QO 'Q=O}=B Cr=L QO xH}DvQO "Ovm|t p}t QiY
x}=B C=W=aDQ= |xvt=O V}=Ri= ?Hwt '|rY= lU}O Q@=Q@ |v=R}t=v =@ |k=Lr= lU}O
u}= x@ "OwW|tv xOy=Wt |O}OWD|Dv; 18 pmW QO '13 pmW hqNQ@ "OwW|t
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"OwW O}OWD |oOWpik x@ QHvt Ov=wD|t xm |}x}rw= \}=QW "21 pmW

u=tR ?UL Q@ x}=B u=Uwv |xvt=O w |rY= u=R}t=v lU}O u=QwO x} w=R "22 pmW
"�Tf = 1 1 w s = 0 3 'm22 = 0 'm12 = 0 15�

|oOWpik R= QPo p=tDL= '|k=Lr= lU}O u=R}t=v sQH x@ uOW xOwRi= =@ OwW|t
|x}rw= \}=QW R}v 21 pmW QO "CU= xDi=} V}=Ri= |Q}otWJ pmW x@ O}OWD
cm2 = 0 001 w m22 = 0 05 Cr=L |=Q@ O}OWD |oOWpik |=Q@ ?U=vt
|}=Q}t |tm Q=}U@ Q=Okt OwHw OwW|t x_Lqt Cr=L u}= QO "CU= xOW s}UQD
|O=} R Q=}U@ u=R}tx@ =Q |oOWpik R= QPo u=mt= '|k=Lr= lU}O QwLt |wQ RwmU} w
Cr=L wO |=Q@ cm2 = 0 001 |}=Q}t ?} Q[ QO xm =Hv; R= "CU= xO=O V}=Ri=
Ci=} |}x}rw= \QW I}y '|UQQ@ OQwt |=[i QO m22 = 0 15 wm22 = 0 10
sUQ 21 pmW QO Cr=L wO u}= x@ \w@ Qt |=yQ=Owtv 'OwW O}OWD x@ QHvt xm OWv

"CU= xOWv
lU}O u=QwO |x} w=R 22 pmW QO '|OOa |=y|R=Ux}@W R= |}xvwtv u=wvax@
\QW w |k=Lr= lU}O uwO@ Cr=L |=Q@ u=tR ?ULQ@ x}=B C=W=aDQ= w |rY= "OwW O}OWD |oOWpik x@ QHvt Ov=wD|t xm |}x}rw= \}=QW "20 pmW
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QQ@u=R}t=v lU}O uOwRi= R= TB R}v 23 pmW QO "OyO|t u=Wv QiY |x}rw=

|xvt=O w |k=Lr= lU}O u=QwO |x} w=R '|rY= lU}O u=QwO |x} w=R '|k=Lr=
u=Wv cm2 = 0 001 w QiY |x}rw= \QW =@ w u=tR ?ULQ@ x}=B C=W=aDQ=
xi=[= R= V}B xm OyO|t u=Wv 23 w 22 |=ypmW |xU}=kt "CU= xOW xO=O
x@ ẁQW |k=Lr= lU}O 'x}=B |xvt=O V}=Ri= =@ 'u=R}t=v |k=Lr= lU}O uOW
=@ u; R= TB w CU= xOW O}OWD |oOWpik |Q}opmW `v=t w xOQm u=QwO
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