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|v@ Qm |=yxrwrwv=v w =yTvQrw}i '|Oa@l} w |Oa@ QiY |v@ Qm |=yxR=Uwv=v |=yxwQo
xmCU=|tD=T=}kt QO |Qw@vRxvq |xm@Wl}ui=Qo [1]"OQm s}UkDui=QoC=LiYw
u} QDlR=v =yvDxv sD=l}Ct=N[ =@ xLiY u}= [2]"CU= xOW xDN=U u@ Qm |=ysD= R=
|DN=vWQwv w |DQ=QL '|m}v=mt '|m} QDmr= X=wN xmr@ [2]CU= uwvm =D OwHwt xO=t
s=mLDU= '1 TPa OwOL l}DUq= pwOt |=Q=O ui=Qo `k=w QO "OQ=O R}v |}xDUHQ@
w 5 � 103 Wm�1K�1 pO=at |DQ=QL |}=v=UQ '125 GPa OwOL CUmW
p}rOx@ Qo}O |wU R= [3]"CU= 2630 m2g�1 pO=at XwYNt K]U CL=Ut
QO x}=B O}OWD |=yOt=U@ |=Q=O wQm}t T=}kt QO ui=Qo 'sQH x@ |DNU |q=@ C@Uv
|=Q@?U=vt ORt=vl} x@ =Q ui=Qo 'X=wN u}= [3]"CU= RDQy=ot 170 =D 1 |xOwOLt
[4]'ui=Qo |x}=B =@ =yC} RwBt=mwv=v '|}=}t}W |=yQoTL 'K]U VWwB QO xO=iDU=
[5]|DU} R |=yx=oDUO w |Qwv |=RwQ}v |=ypwrU '=tv=QD |=yOwQDmr= '=yuR=N jwi=t

"CU= xOQm p}O@D
|xrwrwv=v Q@|vD@t xm |QwD=}v}t |=yx=oDUO =@|HvUCy=@W T=U=Q@ 'ut[ QO
C=LiY |B wmUrD u=Uwv Q@ |vD@t RDQy=o}o Qou=Uwv |L=Q] u=mt= 'OvDUy |v@ Qm
Q@ |vD@t QoO}OWDwv=v w ui=Qo |=yx}q |B wmUrD CmQL Q@ |vD@t |xrwrwv=v 'ui=Qo

[1]"CU= xOW O=yvW}B R}v ui=Qo C=LiY lJwm |@Uv C=W=aDQ=

"1395 1 24 VQ}PB '1394 9 24 x}LqY= '1394 6 28 Ci=} QO %M} Q=D



"""xO
=iDU

==@
x}q

lD
ui=Q

oC
=LiY

O=R;
V=

aDQ=C=LiY Vv=tm AwQDwDQ= lR=v jQw |rLtQ}e |x} Q_v R= xO=iDU= =@ [20]R}v |Qo}O
Cr=L Q}_v |Wv=tm Q=@ xm OyO|t u=Wv =yv; G}=Dv "Ov=xOQm p}rLD =Q ui=Qo x}qOvJ
xDU@=w |Ur=wQOv=w Vvm =w x@ R=isy Cr=L Q}_v |Wv=tm Q=@ hqNQ@ R=isy Q}e
|rLtQ}e QDt=Q=B |Wy=m QF= R= xm OyO|t u=Wv Kw[wx@ =yv; |=yxDi=} [20]"CU=
xDU=m Tr=wQOv=w Vvm =wuOW QD|wk =@ R=isy Q}e Cr=L Q}_v |Wv=tm Q=@ |wQ
|v=QL@ Q=@ O}OW |oDU@=w R}v [21]|Qy_= w |v=WwQi � |t=QU |xar=]t [20]"OwW|t
lJwm T=}kt |rLtQ}e QDt=Q=B x@ =Q ui=Qo |x}qlD |xLiY |a}@] Ot=U@ w
=Q |rLtQ}e QDt=Q=B w |O=a@= C@Uv '|RQt \}=QW Q}F-=D u}vJty =yv; "OyO|t u=Wv
w |Q=Yv= [22]"Ov=xO=O Q=Qk |UQQ@ OQwt x}qOvJ ui=Qo C=LiY |a}@] Ot=U@ Q@
uwJty jQw hrDNt |=yx} Q_v w uov} Q}= |rLtQ}e |x} Q_v ?}mQD =@ [23]|vtyU
|WQ@ pmW Q}}eD w pw= x@DQt |WQ@ pmW Q}}eD |x} Q_v 'l}Uqm jQw |x} Q_v
=Q |vi=Qo |x}qlD |xLiY |QwLtwO Vv=tm Q=@ Q@ sm =L |xrO=at 'QDq=@ x@DQt
=@ xOt; CUO x@ |xrO=at j@=]D =@ =yv; "CU= xOW u}B OwN |wUQ=yJ QO xm OvDi=}
|rLtQ}e QDt=Q=B QF-wt Q=Okt |rwmrwt l}t=v}O VwQx@ |R=Ux}@W R= pY=L G}=Dv
G}=Dv wQ}B "OvOQm u}}aD n =Ro} R w Q}JtQ; C=LiY |=Q@ =Q jQw |x} Q_v Qy Q}_v
R= pkDUt =t= Ovm|t Q}}eD xO=iDU= OQwt jQw pOt `@=D |rLt Q}e QDt=Q=B Q=Okt =yv;

[23]"CU= |D}r=Q}=m
|W=aDQ= MU=B |rLtQ}e l}DUq= |x} Q_v R= xO=iDU= =@ [24]u=yO=QB w wtQwt
xm OyO|t u=Wv =yv; |OOa G}=Dv "Ov=xOQm xar=]t =Q x}qlD ui=Qo |xLiYwv=v
=@ [25]u=Q=mty w uW "CU= xDU@=w lJwm T=}kt ?} Q[ x@ ,=O}OW x}=B |=yOt=U@
|]NQ}e x@ |]N |x}=B Ot=U@ C@Uv Q@ =tO Q}F-=D |rLtQ}e jQw pOt R= xO=iDU=
G}=Dv j@=]D R= =yv; "Ov=xOQm |UQQ@ =Q xO=U |RQt \}=QW =@ x}qlD ui=Qo C=LiY
QDt=Q=B Q=Okt '|rLtQ}e jQw pOt G}=Dv =@ |rwmrwt l}t=v}O |R=Ux}@W R= pY=L
|]NQ}e C=W=aDQ= [26]u=Q=mty w uW 'x@=Wt |WwQ x@ "Ov=xOR ?} QkD =Q |rLt Q}e
"Ov=xOQm |UQQ@ |DQ=QL \}Lt QO =Q xO=U |RQt \}=QW =@ x}qwO ui=Qo C=LiY
C=LiY |]NQ}e V=aDQ= Q@ |O=a@=C@Uv w =tO C=Q}}eD xm OyO|t u=Wv =yv; G}=Dv
u}vJty =yv; [26]"CU= QDQ}otWJ =tO C=Q}}eD Q}F-=D xm OvJQy OQ=O Q}F-=Dui=Qo |x}qwO
|]NQ}e V=aDQ= MU=B Q@ ,=@} QkDTr=wQOv=wVvm =w |]NQ}e?}=Q[ xm OvO=O u=Wv
R= |rLtQ}e jQw VwQ x@ |R=UpOt QO u=wD|t w OvQ}F-=D|@ ui=Qo x}qwO C=LiY
w ui=Qo |x}qlD C=LiY O=R; V=aDQ= Q@ |RQt \}=QW Q}F-=D [26]"OQm Q_vhQY =yv;
|Q=Yv= \UwD |rLtQ}e lR=v jQw |x} Q_v QO xO=iDU= OQwt lJwm T=}kt QDt=Q=B
|rLtQ}e QDt=Q=B |oDU@=w =yv; G}=Dv "CU= xDiQo Q=Qk xar=]t OQwt [27]u=Q=mty w
R= pY=L G}=Dv j@=]D R= R}v =yv; [27]"OyO|t u=Wv |RQt \QW w |D}r=Q}=m x@ =Q
T=}kt QDt=Q=B u}}aD |=Q@ |rwmrwt l}t=v}O w xDUw}B \}Lt VwQ wO x@ |R=UpOt
Q@ ui=Qo C=LiY |xOvvmQwYLt l}DUq= \}Lt Q}F-=D "Ov=xOQm xO=iDU= lJwm
"CU= xOW |UQQ@ R}v =yv; [29]xDW=O=w V=aDQ= w [28]O=R; V=aDQ= |]NQ}e MU=B
C=LiY |m}v=mt Q=DiQ |v}@V}B |=Q@ xOW s=Hv= C=ar=]t u=}t QO OwHw u}= =@
xO=iDU= R}v Qo}O l}UqmQ}e |xDUw}B \}Lt |=yx} Q_v R= u}kkLt R= |NQ@ 'ui=Qo

[31w30]"Ov=xOQm
u=vJty OW=@ u}kkLt |woMU=B xm |Ot;Q=m w QF-wt VwQ u}}aD xm u}= x@ Q_v
|=yx} Q_v Q}F-=D |UQQ@ ut[ xOW |aU Q[=L |xar=]t QO 'CU= R}ov=Q@ Vr=J
|v}@V}B |=Q@ =yv; R= |Q}oxQy@ u=mt= 'pw] T=}kt u=R}t Q@ l}UqmQ}e hrDNt
|x} Q_v R= `}Uw |xO=iDU= x@ xHwD =@ "OwW sy=Qi x}qlD ui=Qo jQw |a}@] Ot=U@
w xDi=}Ow@y@ pB wm VvD |x} Q_v wO R= u; G}=Dv uOw@ OwHwt w uov} Q}= |rLtQ}e
|WvQm |SQv= h} QaD QO pw] T=}kt l} =@ x} Q_v wO u=wvax@ T}Dv=i}; |x} Q_v

xmr@ 'p}Uv=DB |SQv= =yvDxv u}rO}t |=yx} Q_v QO xm CU= QmP u=}=W [7]"O@=}|t
"OwW|t xDWwv |B wmUwQm =t w |B wmUwQm}t |=yC}tm ?ULQ@ R}v |W@vH |SQv=
s=Hv= |]NQ}e |xD}U}DUq= w xD}U}DUqB |xRwL QO xmT}Dv=i}; C=ar=]t T=U=Q@
pw] l} =@ |Qo}O |xD}U}DUq= u=}O=Qo |x} Q_v Vv=Q=mty w T}Dv=i}; 'Ow@ xOW
VvQm u}UqBq w VvQm R= |a@=D x} Q_v u}= sm =L |xrO=at [7]"OvO=O O=yvW}B |rN=O
=@ O}OH C@=F wO u}rO}t |xOW xO=U |x} Q_v QO Qo = O=O u=Wv u=wD|t "CU=
xD}U}DUq= u=}O=Qo |x} Q_v x@ u}rO}t xOW xO=U |x} Q_v 'OvwW ZQi |w=Ut sy

[10]"OwW|t p}O@D T}Dv=i};
xm xDi=} Ow@y@ VvQm u=}O=Qo |x} Q_v 'u}rO}t VvQm u=}O=Qo |x} Q_v T=U=Q@
u}= QO [11]"CU= xOW O=yvW}B CU= O}OH pw] T=}kt QDt=Q=B 3 |xOvQ}oQ@ QO
CU= uQ=kDt=v VNQJ u=}O=Qo QwUv=D R= pkDUt pmW Q}}eD |SQv= |r=oJ pm x} Q_v
VWm u=}O=Qo QwUv=D '`=UD= u=}O=Qo Q=OQ@ 'uQ=kDt VvQm QwUv=D R= |a@=D \ki w

[11]"CU= uQ=kDt VNQJ u=}O=Qo QwUv=D w |i=QLv=
|=yx} Q_v Qo}O R= xDi=}Ow@y@ pB wmVvD |x} Q_v wl}Uqm pB wmVvD |x} Q_v
QDt=Q=B [13]l} w [12]wO ?}DQDx@ xm OvDUy q=@ x@DQt |xDUw}B \}Lt |xOW xDN=vW
u=}O=Qo |x} Q_v QO Qo = xm CU= xOW xO=O u=Wv "OvQ}o|t Q@ QO =Q O}OH pw] T=}kt
pB wm VvD |x} Q_v 'OvwW QiY pw] T=}kt |=yQDt=Q=B R= =D wO xDi=}Ow@y@ VvQm
R= |Y=N Cr=L xDi=}Ow@y@ pB wm VvD |x} Q_v u}=Q@=v@ "OwW|t O=H}= xDi=}Ow@y@

[14]"CU= xDi=}Ow@y@ VvQm u=}O=Qo |x} Q_v
sHL u}ov=}t =yv; QO xm |r=QoDv= pmW x@ |rLtQ}e |=yx} Q_v u=}t QO
|x} Q_v [7]"OQm xQ=W= uov} Q}= |x} Q_v x@ u=wD|t OwW|t x@U=Lt Cr=L |=yQ}eDt
=@ p=QoDv= u; QO xm xOW u} wOD uov} Q}= \UwD R}v |Qo}O |rLtQ}e |xD}U}DUq=
xDiQo Q=m x@ pw] T=}kt QDt=Q=B l} \ki x} Q_v u}= QO "CU= xOW u} Ro}=H u=}O=Qo
u=}@ VvD QwUv=D TqBq w |rLtQ}e VvD QwUv=D T=U=Q@ sm =L |xrO=at w xOW

[7]"OwW|t
T=U=Q@ u=wD|t =Q T}Dv=i}; |x} Q_v xm OvO=O u=Wv [15]u=Q=mty w T=mU=
|U} wvR=@ OwW|t xO}O uov} Q}= |rLtQ}e |x} Q_v QO xm xJv; |va} VvD u=}O=Qo
"CU= [16]Qw=DWo pO=aD CqO=at pmW QO uov} Q}= w T}Dv=i}; |x} Q_v Cw=iD "OQm
u=}@ |rLtQ}e VvD QwUv=D ?=aWv= T=U=Q@ uov} Q}= |x} Q_v QO CqO=at u}=
|x} Q_v j@] xm |r=L QO OwW|t pO=aD CqO=at uOW GwRtt x@ QHvt xm OwW|t
CqO=at w |rLt VvD QwUv=D ?=aWv= R= |a@=D Qw=DWo pO=aD CqO=at 'T}Dv=i};
OwOLt <=RH= p}rLD |=Q@ =Q T}Dv=i}; pOt syt u}= xm CU= GwRttQ}e pO=aD
R= xO=iDU= 'xOW xDN=vW l}UqmQ}e |=yx} Q_v u=}t QO [16]"OR=U|t QD?U=vt
|v@ Qm |=yQ=DN=Uwv=v |m}v=mt Q=DiQ |R=Ux}@W |=Q@ uov} Q}= |rLtQ}e |x} Q_v

"CU= pw=ODt Q=}U@
x@DQt |WQ@ pmWQ}}eD w |rLtQ}e l}DUq= |x} Q_v R= xO=iDU= =@ [17]s=yO=QB
xOQw; CUO x@ =Q ui=Qo x}qlD ?}a|@ C=LiY l}DUq= Vv=tm |wQ}v 'q=@
|UQQ@ =Q ui=Qo xLiY Q=@ ptLD C}iQ_Q@ |O=a@= C@Uv w |RQt \}=QW Q}F-=D w
Q=@ CLD ui=Qo |}xQ}=O C=LiYwv=v Vv=tm [18]u=Q=mty w QwB |HQi "CU= xOQm
"Ov=xOQm xar=]t |rLtQ}e |xDUw}B jQw pOt R= xO=iDU= =@ =Q |a=aW � |Q=Wi
R= xO=iDU= =@ =Q ui=Qo |W=aDQ= Q=DiQ w |QwLtwO Vv=tm [19]u=Q=mty w |Q=Yv=
|yD ?w}a Q}F-=D |UQQ@ "Ov=xOQm |UQQ@ |rLtQ}e |}=QosD= x}=B Q@ jQw |x} Q_v
[2]T=DU}D=w w TB QD \UwD ui=Qo x}qlD C=LiY Vv=tm |v=QL@ Q=@ Q@ 1|=H
TB QD "O@=}|tVy=m ?w}a |r=oJV}=Ri= =@Vv=tm |v=QL@VvD xm OyO|t u=Wv
u}kkLt "OvOQm xO=iDU= OwN |xar=]t |=Q@ OwOLt <=RH= pOt R= [2]T=DU}D=w w

30



1|
xQ=t

W'
33

�3
|xQ

wO'
�13

96
Q=y@

�h
}QW

l}
v=mt

|U
Ovyt �hr=2� w �hr=1� CqO=at QO ?}DQDx@Kmnpq wMmnpq Q}O=kt 4 |xrO=at QO

xOW s=Hv= |=yVywSB |t=tD QO xm CU= QmP u=}=W "Ov=xOW h} QaD xt}t[ QO
QO 3 |xrO=at QO l1 pw] T=}kt [33w32'30]xDi=}Ow@y@ pB wm VvD |x} Q_v T=U=Q@
T=}kt l} pt=W 'x} Q_v u}= Q@ sm =L CqO=at ?}DQD u}O@ "OwW|tv xDiQo Q_v
p}Uv=Qi}O CqO=at xDUO l} OwWv Q_v hQY l1 R= Qo = xm |r=L QO CU= pw]

"OwW|t pY=L pw] T=}kt wO =@ |rwtat
%Ovm|t Q}}eD u}vJ 2 |xrO=at 'T}Dv=i}; |x} Q_v R= |Q}oxQy@ CQwY QO

�U =
Z
V
�ij�"ijdV (5)

%R= Ov=CQ=@a u; QO VvD QwUv=D |=yxir-wt xm
�ij = Cijkl

�
"kl � l2"kl;mm

�
(6)

|xrO=at pmWx@ |DNU T} QD=t ?}DQDu}O@ "CU= VvQm QwUv=D u}UqBq "kl;mm
"Ovm|t Q}}eD hr= |xt}t[ QO OwHwt hr=3

u=v}tQDO uDW=Po QiY =@ w '4 CqO=at QO Wpq = e�!t �Wpq h} QaD =@
u}}aD =Q ui=Qo |xLiY|a}@] |=yOt=U@ u=wD|t ����!2Mmnpq +Kmnpq

���
"OQm

|OOa G}=Dv "3
=@ n =Ro} R w Q}JtQ; ui=Qo C=LiY x}=B |a}@] Ot=U@ R= xO=iDU= =@ VN@ u}= QO
lJwm |=yT=}kt [27]'|rwmrwt l}t=v}O |R=Ux}@W R= pY=L xO=U |RQt \}=QW
"OwW|t u}}aD '4 |xrO=at G=QNDU= |=Q@ xOW xO=iDU=l}UqmQ}e |x} Q_v wO Q}_v
hr=3 =} hr=2 'hr=1 CqO=at QO xO=iDU= |=Q@ Q} R |D=FrFt `@=wD R= Qw_vt u}O@

"CU= xOW xDiQo xQy@
�i = sin

�
i�x
a

�
; 'i = sin

�
j�y
b

�
i = m; p; j = n; q

(7)

CU= u; Qou=Wv ui=Qo C=LiYl}DUq= X=wN uwt=Q}B xOW s=Hv= C=ar=]t xJQo =
|xD}U}DUq= X=wN u=}t hqDN= [25]OQ=O =Q AwQDwDQ= |xO=t l} X=wN ui=Qo xm
R= |NQ@ QO xm |}=H =D CU}v xHwD p@=k u=OvJ n =Ro} R w Q}JtQ; =@ CyHsy u;
[27]AwQDwR}= O=wt pOt R= ui=Qo C=LiY |m}v=mt Q=DiQ |R=Ux}@W |=Q@ =yVywSB
w 'xOW |R=Ux}@W AwQDwR}= CQwYx@ ui=Qo R}v xar=]t u}= QO "CU= xOW xO=iDU=

"CU= xOW xDiQo xQy@ [27]xO=iDU= OQwt O=wt X=wN R=
xDi=}Ow@y@ pB wm VvD |x} Q_v QO pw] T=}kt V}=Ri= Q}F-=D 1 pwOH QO
xOW CUQyi xO=U |RQt \QW =@ lR=v |xLiY l} pw= Ot=U@ xU Q@ (l1 = 0)

"CU= xDiQo Q=Qk xO=iDU= OQwt |HvUQ=@Da= |=Q@ [30]xOW G=QNDU= |xrO=at "CU=
xHwD =@ "Ovm|t OWQ |a}@] Ot=U@ (l) pw] T=}kt V}=Ri= =@ xm OwW|t x_Lqt
|WtN |DNU V}=Ri= RH |r}rO I}y 'D x@ B uOW xOwRi= p}rO x@ w '6 pwtQi x@
'x} Q_v u}= =@ xOW |v}@V}B |a}@] Ot=U@ CU= |y}O@ "OQ=Ov OwHw u; |=Q@ jQw

"OwW|t pY=L (l = 0) l}Uqm |x} Q_v =@ xm CU= |R}J R= QDnQR@
|x} Q_v x@ ?=DW u=}O=Qo uOW xi=[= xm CU= xOW xO=O u=Wv 2 pwOH QO
|Q}F-=D xJ lR=v jQw wv=v/wQm}t |a}@] Ot=U@ |v}@V}B Q@ xDi=}Ow@y@ pB wm VvD
Ot=U@ |xOW |v}@V}B Q=Okt l1=l C@Uv V}=Ri= =@ xm OwW|t xOy=Wt "OQ=Po|t

VvD |x} Q_v x@ ?=DW u=}O=Qo uOQm xi=[= Q}F-=D ut[ QO "CU= xOW xDiQo xQy@
u}O@ "CU= xDiQo Q=Qk EL@ OQwt ui=Qo |a}@] Ot=U@ |v}@V}B QO xDi=}Ow@y@ pB wm
CU= QmP u=}=W "CU= xOW xDiQo xQy@ [27]OwHwt |rwmrwt l}t=v}O G}=Dv R= Qw_vt
Q=DiQ |R=Ux}@W |=Q@ T}Dv=i}; |x} Q_v R= uwvm =D xOvU} wv C=ar=]t x@ xHwD =@ xm

"CU= xOWv xO=iDU= ui=Qo C=LiYwv=v |W=aDQ=

ui=Qo jQw |@v=H V=aDQ= Q@ sm =L CqO=at "2
CqO=at xDUO RD} Q-|r} Q VwQ R= xO=iDU= w uwDr}ty pY= R= xO=iDU= =@VN@ u}= QO
QF= j}irD |=Q@ "OwW|t G=QNDU= ui=Qo xLiY |@v=H V=aDQ= Q@ sm =L p}Uv=Qi}O
xDi=}Ow@y@ pB wm VvD |x} Q_v R= hyWQ}m jQw |x} Q_v Q@ sm =L C=}[Qi =@ xR=Ov=

%s} Q=O uwDr}ty pY= wQ}B "CU= xOW xO=iDU= T}Dv=i}; |x} Q_v wZ t1

0
(�T � �U) dt = 0 (1)

p}Uv=DB |SQv= hQat U w 'ui=Qo |xLiY pm |W@vH |SQv= hQat T u; QO xm
"CU= u; pm

h} QaD Q} R CQwYx@ p}Uv=DB |SQv= 2VOQw 'xDi=}Ow@y@ pB wmVvD |x} Q_v j@]
%OwW|t

�U =
Z
V

�
�ij�"ij +mij��ij

�
dV (2)

'VvD QwUv=D |=yxir-wt ?}DQDx@ �ij w mij = 2l2G�ij '"ij '�ij u; QO xm
[30]"OvDUy <=vLv= uQ=kDt QwUv=D w pB wm VvD QwUv=D |i=QLv= VN@ 'VvQm QwUv=D

"CU= C}@rY pwOt G w Ovm|t XNWt =Q jQw sHL V u}vJty
T=U=Q@ =Q 2 |xrO=at u=wD|t 'hyWQ}m jQw |x} Q_v Q@ sm =L C=}[Qi j@]
QO(x; y; 0) C=YDNt =@ �u0; v0; w0 |va}� x]kv Qy |}=Hx@=H Q=OQ@ |=yxir-wt
xOW QmP [30]Q=DWwv u}= |}=yDv= `@=vt QO QDW}@ C=}�RH "CWwv jQw |v=}t |xLiY

"CU=
Q} R CQwYx@ u=wD|t =Q |W@vH |SQv= VOQw u}rO}t xOW xO=U |x} Q_v wQ}B

%OQm u=}@
�T =

Z
V

(� _u� _u+ � _v� _v + � _w� _w) dV

+
Z
V

�
�l21 ( _u;i� _u;i + _v;i� _v;i + _w;i� _w;i)

�
dV (3)

(x; y; z) C=YDNt x@ jQw R= x]kv Qy|}=Hx@=H Q=OQ@ |=yxir-wtw w v 'u u; QO xm
|}=Hx@=H Q=OQ@ |=yxir-wt ?ULQ@ u=}@ p@=k hyWQ}m jQw C=}[Qi j@] xm CU=
jDWt hQat ();i w u=tR x@ C@Uv |�RH jDWt (_) "CU= |v=}t |xLiY QO x]kv
T=}kt l1 ,=D}=yv w CU= (x; y; z) C=YDNt |=yxir-wt R= l} Qy x@ C@Uv |�RH

[7]"CU= p}Uv=DB |SQv= VOQw QO xOW h} QaD pw] T=}kt R= =OH |rw]
Q=OQ@ |=yxir-wt ?} QkD w 1 |xrO=at QO 3 w 2 CqO=at uOQm u} Ro}=H R= Oa@
j@]� Ovvm|t <=[Q= =Q |UOvy |RQt \}=QW xm |a@=wD =@ |v=}t |xLiY |}=Hx@=H
V=aDQ= Q@ sm =L |rwtat p}Uv=Qi}O |xrO=at xDUO u=wD|t �RD} Q � |r} Q VwQ

%CU= jQw |xLiY QO |}=Hx@=H R= pkDUt ,qt=m xm Ci=} =Q jQw |@v=H
Mmnpq �Wpq +KmnpqWpq = 0 (4)
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=iDU
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x}q

lD
ui=Q

oC
=LiY

O=R;
V=

aDQ=xO=U |RQt \QW =@ n =Ro} R w Q}JtQ; ui=Qo |xLiYwv=v |a}@] Ot=U@ "3 pwOH
"|rwmrwt l}t=v}O w l}Uqm |x} Q_v R= pY=L

x}=B |a}@] Ot=U@ (THz) x}=B |a}@] Ot=U@ jQwwv=v pw]
T=U=Q@ (THz) |rwmrwt l}t=v}O T=U=Q@ |a@ Qt
l}Uqm |x} Q_v [27]Q}JtQ; [27]n=Ro} R (nm)

0 0657908 0 0595014 0 0587725 10
0 0292558 0 0277928 0 0273881 15
0 0164594 0 0158141 0 0157524 20
0 0105349 0 0099975 0 0099840 25
0 0073162 0 0070712 0 0070655 30
0 0053753 0 0052993 0 0052982 35
0 0041155 0 0041017 0 0040985 40

'Q[=L |R=UpOt R= pY=L Q}O=kt =@ �3 pwOH� [27]|rwmrwt l}t=v}O |R=Ux}@W
"�5 w 4 pw=OH� CU= xOW xOR?} QkD x} Q_v Qy Q}_v T=}kt pw] Q}O=kt

|v}@V}B |=Q@ 'T}Dv=i}; |x} Q_v QO xm OyO|t u=Wv xOt; CUO x@ G}=Dv
|SQv= QO pw] T=}kt uDUv=O Q@=Q@ =@ u=wD|t ui=Qo C=LiYwv=v |x}=B Ot=U@
|rw@kt G}=Dv x@ R}J=v |}=]N =@ '|W@vH |SQv= QO pw] T=}kt =@ |WvQm
[27]"CU= xOW pY=L uov} Q}= |x} Q_v R= xO=iDU= =@ xm xJv; Ovv=ty &O}UQ
QmP u=}=W "CU}v Q}PBu=mt= xDi=}Ow@y@ pB wm VvD |@}mQD |x} Q_v QO syt u}=
CN=U QO uov} Q}= |x} Q_v |Q}oQ=mx@ u=mt= 'T}Dv=i}; |x} Q_v hqNQ@ xm CU=
QO xOW xDiQo Q=mx@ |x} Q_v wO Qy wQ}B [34]"OQ=Ov OwHw |OQ@ Q=m |SQv= l}
Q}}eD ui=Qo |xLiYwv=v |xR=Ov= w |D}r=Q}=m R= |a@=D pw] T=}kt 'xar=]t u}=

"Ovm|t
xO=iDU= =@ 'pw] T=}kt Q=Okt Q@ V=aDQ= Cr=L Q}F-=D sOa ZQi =@ 1 pmW QO
|x} Q_v R= pY=L x}=B |a}@] Ot=U@ j@=]D T=U=Q@ xOW x@U=Lt pw] T=}kt R=
|v}@V}B u=R}t Q@ l}UqmQ}e |=yx} Q_v Q}F-=D '|rwmrwt l}t=v}O w l}UqmQ}e
MCS pmW u}= QO "CU= xOW xO}O ui=Qo C=LiYwv=v QDq=@ x@DQt |=yOt=U@ |xOW
QO xm 'xDi=}Ow@y@ pB wm VvD |x} Q_v |=Q@ OvDUy |}=yQ=YDN= ?}DQDx@ C.MCS w
xm xDi=}Ow@y@ pB wm VvD w 'xOW u} Ro}=H |ivt Q=Okt l} =@ pw] T=}kt QwPHt u;
|@ wN j@=]D OwHw =@ OwW|t xOy=Wt xm u=vJ "CU= xOW ?}mQD ?=DW u=}O=Qo =@
|=yOt=U@ u=R}t QO 'xOW O=H}= x} Q_v xU u}= \UwD x}=B Ot=U@ |v}@V}B QO xm
jQwwv=v pw] V}=Ri= =@ hqDN= u}= OvJQy "OvQ=O hqDN= sy =@ QDq=@ x@DQt |a}@]

"OwW|t sm ui=Qo |a@ Qt

|Q}oxH}Dv "4
|R=Ux}@W |xv}tR QO u}kkLt |woMU=B xm Ot;Q=m w QF-wt |WwQ u}}aD xm u}= x@ Q_v
ut[ xOW |aU xar=]t u}= QO 'CU= R}ov=Q@ Vr=J OW=@ =yxR=Uwv=v |m}v=mt Q=DiQ
|Q}oxQy@ u=mt= 'pw] T=}kt u=R}t Q@ l}UqmQ}e hrDNt |=yx} Q_v Q}F-=D |UQQ@
wO R= Qw_vtu}O@ "OwW xar=]t x}qlD ui=Qo jQw |a}@] Ot=U@ |v}@V}B |=Q@ =yv; R=
ut[ QO "CU= xOW xDiQo xQy@ T}Dv=i}; |x} Q_v w xDi=}Ow@y@ pB wm VvD |x} Q_v
Ot=U@ |v}@V}B QO xDi=} Ow@y@ pB wm VvD |x} Q_v x@ ?=DW u=}O=Qo uOQmxi=[= Q}F-=D
|rwmrwt l}t=v}O G}=Dv R= Qw_vt u}O@ "CU= xDiQo Q=Qk EL@ OQwt ui=Qo |a}@]

%xm OyO|t u=Wv G}=Dv "CU= xOW xDiQo xQy@ TQDUO QO `@=vt QO OwHwt

\QW =@ lR=v jQwwQm}t l} |=Q@ �MHz� pw= Ot=U@ xU |xU}=kt "1 pwOH
"(a=b = 1; a=h = 30) xO=U |RQt

[30] OwHwt pOt pw] T=}kt xQ=tW
�QDtwQm}t� (l) Cr=L

0 5912 0 5912 0
2 9115 2 9115 5 !11

5 7322 5 7322 10

1 4761 1 4761 0
7 2687 7 2687 5 !12

14 3109 14 3109 10

2 3585 2 3585 0
11 6141 11 6141 5 !22

22 8662 22 8662 10

Ot=U@ xU Q@ xDi=}Ow@y@ pBwm VvD |x} Q_v QO VvD u=}O=Qo Qw[L Q}F-=D "2 pwOH
"(a=b = 1; a=h = 30; l = 17 6�m) jQwwQm}t pw=

OwHwt pOt T=}kt C@Uv xQ=tW
(MHz) (l1=l) pw] Cr=L
10 0534 0
7 3941 0 5 !11
4 7957 1

25 0206 0
14 2165 0 5 !12
8 1652 1

39 8533 0
19 1235 0 5 !22
10 5124 1

l1=l C@Uv ?U=vt s}_vD =@ u=wD@ CU= umtt ?}DQD u}O@ w O@=}|t Vy=m |a}@]
C}ty= "OQm QDsm l}Uqm |x} Q_v R= pY=L Q=Okt R= =Q xOW |v}@V}B Ot=U@ u=R}t
xm OOQo|tR=@ lR=v jQwwv=v/wQm}t |a}@] |=yOt=U@ |ak=w Q}O=kt x@ ẁ[wt u}=

"CU= QDsm =} QDW}@ l}Uqm |=yx} Q_v \UwD xOW |v}@V}B Q=Okt R=
n =Ro} R w Q}JtQ; ui=Qo jQwwv=v |x}=B |a}@] Ot=U@ Q}O=kt R}v 3 pwOH QO
jQw l}Uqm |x} Q_v \UwD xOW |v}@V}B Q}O=kt x=Qtyx@ xO=U |RQt \}=QW =@
Q=Okt R= |QOk ui=Qo jQwwv=v |a}@] Ot=U@ xm OwW|t xO}O "CU= xOW CUQyi
OUQ|t Q_v x@ 1 pwOH R= pY=L |xH}Dv wQ}B =Pr "CU= QDlJwm u; l}Uqm
jQwwv=v O=R; V=aDQ= p}rLD |=Q@ xDi=}Ow@y@ pB wm VvD |x} Q_v R= |Q}oxQy@ |=Q@ xm
=Q |ivt |Q=Okt sm =L CqO=at QO l2 pw] T=}kt O}=@ xO=U |RQt \}=QW =@ ui=Qo

"�4 pwOH� OQ}PB@
R= pY=L ui=Qo C=LiYwv=v x}=B |a}@] Ot=U@ Q}O=kt u=}t j@=]D j} Q] R=
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Q=y@
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}QW

l}
v=mt

|U
Ovyt "l2 < 0 xm u; ZQi =@ xDi=}Ow@y@ pBwm VvD |x} Q_v T=U=Q@ xO=U |RQt \}=QW =@ ui=Qo C=LiYwv=v |x}=B Ot=U@ "4 pwOH

Q}JtQ; pw] T=}kt QwPHt C@Uv n =Ro} R pw] T=}kt QwPHt C@Uv jQwwv=v pw]
(THz) (l2=h) Ct=N[ x@ (THz) (l2=h) Ct=N[ x@ (nm) |a@ Qt

0 0595055 �(0 19)2 0 0587862 �(0 2)2 10
0 0277732 �(0 14)2 0 0273535 �(0 158)2 15
0 0158088 �(0 124)2 0 0157428 �(0 13)2 20
0 0100010 �(0 14)2 0 0099852 �(0 142)2 25
0 0070769 �(0 113)2 0 0070682 �(0 115)2 30
0 0052988 �(0 0749)2 0 0052986 �(0 075)2 35
0 0041017 �(0 0365)2 0 0040972 �(0 042)2 40

"l}UqmQ}e |=yx} Q_v T=U=Q@ xO=U |RQt \}=QW =@ ui=Qo C=LiYwv=v |x}=B Ot=U@ "5 pwOH
xDi=}Ow@y@ pBwm VvD (l=l1 = 1) T}Dv=i}; |x} Q_v jQw xR=Ov=

Q}JtQ; l=l1 l1 n=Ro} R l=l1 l1 Q}JtQ; pw] T=}kt n =Ro} R pw] T=}kt (nm) |a@ Qt
0 059541  05  92 0 058785 0 05  99 0 059532 0 965 0 0587786 1 045 10
0 027726  05 1 45 0 027347 0 05 1 69 0 027788 0 99 0 0273919 1 15 15
0 015814  04 1 9 0 015763  04 2 0 015816 1 165 0 0157568 1 23 20
0 010125  03 2 0 010125 0 03 2 0 0099973 1 823 0 009990 1 84 25
0 0070701  025 2 2  0070607 0 025 2 25 0 0079716 1 705 0 007068 1 72 30
 0053058  025 2 5  0053058  025 2 5 0 0052993 1 195 0 005298 1 2 35

0 00410168  023 2 2  0041005 0 023 2 3 0 0041017 0 642 0 004099 0 7 40

"jQw O=a@= V}=Ri= =@ ui=Qo C=LiYwv=v swU w swO Ot=U@ |vR?} QkD Q@ xD}U}DUq= u=}O=Qo |x} Q_v ẁv Q}F-=D "1 pmW
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aDQ=R= xDi=}Ow@y@ pB wm VvD |x} Q_v xJQo = 'xR=Uwv=v |W@vH |SQv= |x@U=Lt
'OwW|t p}O@D pw] T=}kt wO =@ |}x} Q_v x@ 'pw] T=}kt l} =@ |}x} Q_v
V}=Ri= l}Uqm |x} Q_v x@ C@Uv |a}@] Ot=U@ |xOW |v}@V}B Q}O=kt xR=@

"OQ}o|tv Q@ QO =Q l}Uqm |x} Q_v R= QDnQR@ Q}O=kt \ki w O@=}|t
xD}U}DUq= u=}O=Qo |=yx} Q_v R= pY=L G}=Dv u}@ x]kv x@ x]kv j@=]D x@ xHwD =@ "4
|D}r=Q}=m 'l}UqmQ}e |x} Q_v R= |a@=D pw] T=}kt Q=Okt '|rwmrwtl}t=v}O w

"CU= u; R}=U w ui=Qo |xLiYwv=v
|v}@V}B QO 'CkO u} QDq=@ =@ x}=B Ot=U@ |v}@V}B |=Q@ xOW T=}kt |=yx} Q_v "5
jQwwv=v pw] V}=Ri= =@ =yv; hqDN= w OvQ=Ov j@=]D sy=@ QDq=@ Cq=L |=yOt=U@

"O@=}|t Vy=m |a@ Qt

|DNU V}=Ri= x@ QHvt xDi=}Ow@y@ pB wm VvD |x} Q_v QO pw] T=}kt OwHw "1
|v}@V}B |a}@] Ot=U@ V}=Ri= x@ QHvt OwN |x@ wvx@ xm OwW|t xR=U |WtN
|a}@] Ot=U@ Q=Okt xJv=vJ =Pr "OwW|t l}Uqm |=yx} Q_v x@ C@Uv xOW
OW=@ QDu}}=B OwW|t u}}aD l}Uqm |x} Q_v \UwD xm xJv; x@ C@Uv xR=Uwv=v

"CU= Ot;Q=m =v |R=Ux}@W |=Q@ x} Q_v u}= R= xO=iDU=
|ivt Q=Oktl} =@ xDi=} Ow@y@ pB wmVvD |x} Q_v QO pw] T=}kt QwPHt xJv=vJ "2
|v}@V}B |a}@] Ot=U@ xR=Uwv=v |WtN |DNU Vy=m ?@Ux@ OwW u} Ro}=H
|SQv= 'pta u}= QF= Q@ "OwW|t l}Uqm |x} Q_v R= pY=L Q=Okt R= QDsm xOW

"Ow@ Oy=wNv u}at C@Ft Qo}O |WvQm
s=ovy x@ CaQU u=}O=Qo uOQm xi=[= w u}rO}t xOW xO=U |x} Q_v R= |wQ}B =@ "3

=yCWwv=B
1. vacancy
2. variational
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