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�./ J�KK�L 
'��X�3 � �B�� 0,�1/
�3 �'�� ��I ��3�E!.!9 �E!
9 
�1� ��I (' 
�F!�p' �1bF#�:� 'W� 0���B ��I�/ ,I' EX�# uN8�� E!.!9
�����I' �� 
'1��%# '� �3��#'��9��' �8��R# :H ,I' �Hz :� 2(7 0�1��%# :�$�B �b/ �� 4�# ��3��#'��9 (' Z8
��8( �3�
M �'��� 4�# E8' �� :H�E8' =!���:� %�� 0J�KKq �('18� � �����L �1�/ E!!�� %��"� N!� Q�� ('
�3 �'�� 4�* 0�1��%# ��!��' �3�
M �'�� :8�9 �8��R# 'W� ������%# �'1�� �3�
M ���'�� E8' �� �F� �,I' ��1�

0�1��%# %$��# 
�����F�# E!.!9 S8(1� �3��#'��9 (' Z8
@�1��:� 4�#�/ }U�?# E!.!9 Z8 ��F�
3 �'�R# %R!R* 
M ��3�:���# :H β ��#'��9 �'�� •
CI�F# %F!.!9 �B' 0,I' %B�N� �'1m�� �'�R# c� 
M �� :H ��1��%# ��!��' β ∼ Nk(K, c�Ik)
���N# �-8� @��?&�:� �8 ����� �3�S8(1� (' ��'1/�� 
��3 (' N!/ E!
9 :H ,I' 
M ��b�/' ��1� ��!��'
0,I' ��� �����I' β ��#'��9 �'�� S8(1� E8' (' �4�#�/ E!.!9 
�1� ���N# :� : 1� �� 'W� 0����
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'��� �'13 %B�1�M ��3���'� �'1�I' �N!� %81-.!9 �'�� %I��B O�P%I��B %8�<$ 4�# �����H � %��8(�'i

�b/ �� σ−� ∼ Ga(c�, c�) 2�$ :� �#�B U�?# ���N# E!.!9 Z8 σ−� ,?Y# ��#'��9 �'�� C;D' •
0�F�
3 %3'1m�� ZG1H �8��R# c� � c� 
M �� :H ��1��%# :�$�B

��1��%# ��!��' ω� ∼ GIG(γ, cu, c}) @�1��:� �:�$�8�U!��� +1X�# %I��B E!.!9 ω� �'�� •
Py��/'�� sI1� S8(1� E8' :H ,I' �Hz :� 2(7 0�F�
3 %3'1m�� �8��R# (γ, cu, c})� c 
M �� :H

@�1��:� J�q	�L 
'��X�3 � E
;!/

GIG(γ, cu, c}) =

(
c}
cu

)γ
�κγ(cuc})

(ω�)γ−�e− �
�{c�u(ω�)−�+c�}ω�} cu, c} ∈ R+, γ ∈ R

: 1� �� 0�FH�%# γ ��:?��# (' 21I t1/ ������~^�' =
� S��� :� ,�7� κγ 
M �� :H ��8��B %$��#
�8��R# �7�� [/�� 671��# � ,I' ��!B �('�/' ��V� �-/�8��/ ω� �'�R# %�F#�/ ��#'��9 :H�
M :�
�'�� '� +1X�# ��#�B � �#�B �F/�# ,I'� :� :�1G ��3�S8(1� �,I' ��b�/' ��1# ��#'��9 E8' ZG1H
%;H ��!
� :�$�8�U!��� +1X�# %I��B ��3�S8(1� ����'1/�� 
1G 0,$�B �b/ �� 
'1��%# ��#'��9 E8'
S8(1� γ < K � c} = K ,��* �� � �#�B S8(1� γ > K � cu = K j�� ,��* �� ��^&�:� � ��1�
,��* �� E!FT�3 S8(1� E8' 0���� %RVF# �/'1��%# 
M ��!B��H�:� ���'��� �� '� +1X�# ��#�B
%��-G ��3�2�$ c} � cu ��3��#'��9 �!!h� �� � ��1� �'��1��� %87�� ��8W9�y�V�/' (' N!/ γ = K
:H %8�3��#'��9 E!.!9 
'1F&�:� 
M (' �����I' 'W� 0J�KK� �E
/�1I � %?!�L �FH�%# :8'�' %&1F�#

0�I��%# �b/ :� �8W9�:! 1� ����� ,I'� :� :�1G ,I' EX�# �3�
M S8(1� � ��1� ,?Y#

�U!FH�%# �����I' ν ∼ GIG(K, c�, ci) S8(1� (' ω� �� :��.# 47��I' �� N!/ ν ,?Y# ��#'��9 �'�� •
0�F�
3 %3'1m�� �8��R# (c�, ci) 
M �� :H

�� �!!h� �� :H �'�:/1B :� ��F����%# :�
�'� �-8�X8 :� θ� � θ� ��3��#'��9 �'� 
�./ J�qqqL E!��' •
E8' 
�1�/ ��>� �'�� 0�FH�%# �!!h� N!/ %8�<$ %-�
?�3 t��� �8 :F#'� �
'�!# ��'1�3 ��: ��
ρ = �θ�

√
θ� @�1��:� θ� (' �-8� ��F���#'��9 �' �θ = (θ�, θ�) 2�1� E!.!9 �� %-�
?�3

��#'��9 E!FT�3 0��'� θ� ��#'��9 �� ����UH %-�
?�3 �8� ��#'��9 E8' �'� 
�./ � ��H ���F.!9
�3�� ||h|| g8'N$' �� :H �'�:/1B :� ��'� ||h|| %I�!;A' ��:;��$ �� %I1X�# l�?��' θ� ��:F#'�

@�1��:� (θ�, θ�) 2�1� E!.!9 S8(1� +�I' E8' �� 0U!�
3 %8�<$ %-�
�'� g3�H
π(θ�, θ�) = π(θ�|θ�)π(θ�) = exp

{
c	
√�θ�

med(||h||)
}
exp(cq)
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��!��' %8��/ S8(1� 0,I' �3���'� E!� =�'1$ 2��� ��:/�!# med(||h||) 
M �� :H ��1��%# ��!��'
@�1� ��3�%I��� ��^&�:� � ��1� S8(1� E8' 2�$ 
�1� ���I =!���:� π(θ�) � π(θ�|θ�) �'�� ���
[/�� (' ��N� �8��R# :� ,?
/ ��'1�3 � %-�
?�3 ZG1H �8��R# 671��# �F3��%# 
�./ :�$�B

0�F�
3 �'��1��� ���7�� t1A�

�!"� ��	�� ���#$"% 45-
�� 
'1��%# S8(1� E8' E!!�� �� 0�1� E!!�� �N!� �1-.!9 S8(1� ,I' 2(7 �N!� Q���:� %81-.!9 �'��

0��H l�?F�I' :/��IM �'�R# Z8 (' (��"� 4���*' =!?A (' �-8� ��:A^& ��1# ��3�:?F �� l�?��'
S8(1� @�1� E8' �� �U8�!-� �b/ �� xK 
�X# �� �I�9 �!h�# �'�R# 
'1F&�:� '� ZK = Z(xK) �B'

�� ,I' ��'�� 1-.!9

JuL f(zK|z) =
∫
f(zK|z, η, λ, λK)p(λK|z, λ, η)π(λ, η|z)dη dλ dλK,

�� ���F�# ����/N!#M �!h�# λK � 4�# ���� p+ } ��3��#'��9 �'��� η = (β, σ�, ω�, θ, ν)′ 
M �� :H
E8' �� �F� �,I' %I��B %p�� �1p�:� 
'�!# :H�E8' :� : 1� �� �#' 0,I' xK ,!�A1#

f(zK, z|η, λ, λK) = Nn+�
(
μ∗, σ�λ∗

��
C∗θλ

∗ ��
+ τ �In+�

)

��^&�:� � ��1� λ∗ = diag(λK,λ) 
M �� :H �,I'
μ∗ =

⎛
⎝f ′(tK)β

Xβ

⎞
⎠ C∗θ =

⎛
⎝ � r′θ
rθ Cθ

⎞
⎠

� E!-/�!# �� 4�#�/ S8(1� �'�'� ZK|z,η,λ, λK :"!�/ �� 0,I' r′θ = (Cθ(||xK − xi||)) �'��� �
�,I' �8( [/�8�'�

E(ZK|z, η, λ, λK) = f ′(tK)β + λ
− �

�K r′θλ
− �

�
(
λ−

�
�Cθλ

− �
� + ω�In

)−�
(z −Xβ)

var(ZK|z, η, λ, λK) = σ�
{
λ−�K + ω� − λ−�K r′θλ

− �
�
(
λ−

�
�Cθλ

− �
� + ω�In

)−�
λ−

�
� rθ

}
.

%$��k� 
'�!# 
�1� %I��B :� : 1� �� :H ,I' p(lnλK|λ, z, η) = p(lnλK| lnλ, ν) E!FT�3
[/�8�'� � E!-/�!# �� 4�#�/ lnλK|λ, ν %p�� S8(1� �lnλ(·)

E(lnλK|λ, ν) = −ν� + r′θC
−�
θ

(
lnλ+

ν

� �
)
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var(lnλK|λ, ν) = ν(�− r′θC−�
θ rθ)

@�1��:� �N!� %8�<$ �1-.!9 E8' �� �F� 0�����%#
J}L ẐK = E(ZK|z) =

∫
E(ZK|z, η, λ, λK)p(λK|z, λ, η)π(λ, η|z)dη dλ dλK

�N!� %8�<$ �1-.!9 
M 4�?/� :� � JuL �N!� 1-.!9 S8(1� %;!;>� ��:?I�># :H � �
M (' 0�1� �3'1�
S8(1� (' %$1H��# �!"/( �1���H ,/1# ��3�Q�� (' �����I' �� �,I' %/�./ ��<�� � �'1�� ��!
� J}L
p(λK|z, λ, η) S8(1� �� ��#M ,I� :� ��3�:/1�/ 
�'� �'�A �� [\I � ���H ��!B�:/1�/ p(λ, η|z) E!
9
��!B�:/1�/ � f(zK|z, η, λ, λK) �� ��#M ,I� :� ��3�:/1�/ %F8N-8� �'��"# � S8(1� E8' (' ��!B�:/1�/ �
�F� 0��H �!�1� {z(k)K }lk=� @�1��:� f(zK|z) �N!� �1-.!9 S8(1� (' %8�3�:/1�/ 
'1��%# �S8(1� E8' ('

@�1��:� %81-.!9 [/�8�'� � �N!� %8�<$ %81-.!9 (' %?8�R� E8' ��
ẐK =

∑l
k=� z

(k)K
l

var(ZK|z) ≈
∑l

k=�(z
(k)K )�

l
−
{∑l

k=� z
(k)K

l

}�

Z8 0,I' �'1�� ��!
� �F8'�$ E8' 2�"/' 
M 4�?/� :� � π(λ, η|z) E!
9 S8(1� (' ��!B�:/1�/ �#' 0�� �3'1�
ε = (ε�, . . . , εn)′ 
M �� :H �����%# π(λ, ε, η|z) E!
9 S8(1� (' ��!B�:/1�/ �:;_
# E8' �'�� =* �'�
{λ(i), ε(i), η(i)}mi=� �B' +�I' E8' �� 0�����%# x�, . . . , xn ��3�,!�A1# �� =��* ��3���/�#
(' ��� �!�1� %8�3�:/1�/ {λ(i), η(i)}mi=� ��F��� π(λ, ε, η|z) E!
9 S8(1� (' ��� �!�1� ��3�:/1�/

0�F����%# π(λ, η|z) E!
9 S8(1�
Z8 �1bF# E8' �'�� 0�1��%# '� ' π(λ, ε, η|z) (' ��!B�:/1�/ �'�� �c�c U�8�1-�' Z8 4�*

0�1��%# z�m�' =#�H %p�� ��3�S8(1� E!!�� �� N?!B ��!B�:/1�/ Q�� �� %F�?# o1G��G
di =

σ{Zi−f ′(xi)β}
τ �√λi

�� d = (d�, . . . , dn) :H�
M 5�$ �� �ε =#�H %p�� S8(1� ��:?I�># �'�� '���'
U8�'� �����

π(ε|z, λ, η) ∝ f(z|λ, ε, η)f(ε|θ)

∝ e
− �

�

[∑n
i=� �

τ�
{
zi−f ′(xi)β−σ εi√

λi

}�
+εC−�

θ ε

]

∝ e−
�
� (ε
′−W−�

� d)W�(ε−W−�
� d)
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E8' �� �F� 0,I' W� = C−�
θ + ω�Λ−� 
M �� :H

J�L p(ε|z, ε, λ, β, σ�, ω�, θ, ν) = Nn(W
−�� d,W−�� )

0,I' �8W9�
�X#' %B��I�:� 
M (' ��!B�:/1�/ :"!�/ ��
ai =

�
τ (zi−σ εi√

λi
) �� a = (a�, . . . , an) :H�
M 5�$ �� β =#�H %p�� S8(1� ��:?I�># �'��

U8�'� �����

π(β|z, ε, λ, β, σ�, ω�, θ, ν) ∝ f(z|λ, ε, η)π(β)

∝ e
− �

�

[∑n
i=�
{
ai− f ′(xi)β

τ

}�
+ �

c� β
′β

]

∝ e
− �

�
[∑n

i=�
{
β′ f

′(xi)f(xi)
τ� β

}
− �

τ
β′
∑n

i=�{f(xi)ai}+ �
c� β

′β
]

= e
− �

�
{
β′
(

X′X
τ� + �

c� Ik
)
β− �

τ
β′X′a

}

∝ e−
�
� (β−W−�

� X′a)′W�(β−W−�
� X′a)

=?A ��:V�'� :� : 1� �� 0,I' W� = �
c� Ik +

�
τ �X ′X 
M �� :H

JiL p(β|z, ε, λ, σ�, ω�, θ, ν) = Nn

( �
τ
W−�� X ′a,W−��

)

0,I' �8W9�
�X#' %B��I�:� N!/ 
M (' ��!B�:/1�/ :"!�/ �� � �����%#
�� ,I' CI�F�# γ = σ−� =#�H %p�� S8(1�

π(γ|z, ε, λ, β, ω�, θ�, θ�, ν) ∝ f(z|λ, ε, η)π(γ)

∝ γ
n
� e
− �

�
∑n

i=�
γ
ω

{
zi−f ′(xi)β− εi√

γ
√
λi

}�

π(γ).

��!B�:/1�/ �'�� ������%�/ %km.# %;!;>� @�1� �'�'� =?A =#�H %p�� S8(1� :H�E8' :� : 1� �� :"!�/ ��
�'�R# γ(t) �B' N-F!�
3P[!;9���# Q�� �� 0��H �����I' N-F!�
3P[!;9���# U�8�1-�' (' 
'1��%# 
M ('

M [\I � ����M ,I�� q(γ∗|γ(t)) �N#�/ S��� (' '� �8� ��:/1�/ ����� 2't ��:;*�# �� �����(�I�:!?�
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'��� �'13 %B�1�M ��3���'� �'1�I' �N!� %81-.!9 �'�� %I��B O�P%I��B %8�<$ 4�# �����H � %��8(�'��

4���*' �� '�

r =
γ∗

n
� e
− �

�
∑n

i=�
γ∗
ω�
(
zi−f ′(xi)β− εi√

γ∗√λi

)�

π(γ∗) �
γ(t)

γ(t)
n
� e
− �

�
∑n

i=�
γ(t)

ω�

(
zi−f ′(xi)β− εi√

γ(t)
√

λi

)�

π(γ(t)) �
γ∗

0����%# ��H :� %���.# U�8�1-�' N!/ ω� =#�H %p�� S8(1� (' ��!B�:/1�/ �'�� 0U8�8W9�%#
�� CI�F�# θ� =#�H %p�� S8(1�

π(θ�|z, ε, λ, β, ω�, σ�, θ�, ν) ∝ f(z|ε, λ, η)f(ε|λ, θ�, θ�)p(λ|θ�, θ�, ν)π(θ�|θ�)

∝ f(ε|θ�, θ�)p(λ|θ�, θ�, ν)π(θ�|θ�)

∝ |Cθ|−
�
� e−

�
� ε
′Cθε|Cθ|−

�
� e−

�
� (lnλ+ ν

� I)C
−�
θ (lnλ+ ν

� I)

× e−
c	
√�θ�

med(d)
θ�


'1��%# σ−� =#�H %p�� S8(1� �� :��.# �1p�:� θ� =#�H %p�� S8(1� (' ��!B�:/1�/ �'�� 0�����%#
0��� ��X� '� N-F!�
3P[!;9���# U�8�1-�'

@�1��:� θ� =#�H %p�� S8(1�
π(θ�|z, ε, λ, β, ω�, σ�, θ�, ν) ∝ p(ε|θ�, θ�)p(λ|θ�, θ�, ν)π(θ�|θ�)π(θ�)

0U!FH�%# =�& θ� %p�� S8(1� �� :��.# �%p�� S8(1� E8' (' ��!B�:/1�/ �'�� 0�����%#
�� ,I' CI�F�# ν =#�H %p�� S8(1�

π(ν|z, ε, λ, β, ω�, σ�, θ�, θ�) ∝ f(z|ε, λ, η)f(ε|λ, θ)p(λ|θ, ν)π(ν)
∝ p(λ|ν, θ)π(ν)

∝ �
ν

n
�
e−

�
� (lnλ+ ν

� I)C
−�
θ (lnλ+ ν

� I)π(ν).

0��H �����I' N-F!�
3P[!;9���# U�8�1-�' (' 
'1��%# 
M (' ��!B�:/1�/ �'��
��:/1�/ ���('�/' �'�� λ ��� %B�N� ��^&�:� � λ�, . . . , λn ��3�!h�# E!� %-�
?�3 �1 � =!���:�
�;�m# ��3��1;� :� '� λ ���F& =X.# E8' S$� �'�� 0,I' �'1�� p(λ|z, ε, η) (' �(�I��:!?� ���N�
%-�
�'� ���g!� =�& E8' �� 0�/�!B �'�A �1;� Z8 �� E-�3 ���?
/ ���F& :H U!FH�%# ('�$' �'�:/1B :�
%F�?# �λ =#�H %p�� S8(1� (' ��!B�:/1�/ 4�* 0�1��%# ���># �3�:�1� �� SA'� ���F& :� �3λi E!�
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������� ���� �!"# � ��$ %&�'( �)��!�*

,�7� λ(i) �!FH 5�$ t1)1# E8' `!)1� �'�� 0��8W9�%# @�1� N?!B ��!B�:/1�/ o1G��G Z8 ��
@�1��:� λ �'��� 0�FH ���F& ��:!R� :� ,�7� λ−(i) � �FH 2'i ��:�1� �� SA'� E-�3 �kF& ni :�

@�1��:� %-�
?�3 [8���# ���F�# �1p�:� � ��� :�$�B �b/ �� λ′ = (λ−(i), λ(i))′

Cθ =

⎛
⎝C�� C��
C�� C��

⎞
⎠

@�1��:� λ(i) =#�H %p�� E!
9 S8(1� @�1� E8' �� 0�1��%# ('�$'

J	L p(λ(i)|z, λ(−i), ε, η) ∝ e
−�
�τ�
∑

i∈(i)

{
zi−f ′(xi)β−σ εi√

λi

}�

p(λ(i)|λ(−i), θ, ν)

'�8( ��1� �3'1�
p(λ(i)|z, λ(−i), ε, η) =

p(λ(i), λ(−i), ε, z, β, σ�, ω�, θ, ν)
p(λ(−i), ε, z, β, σ−�, ω�, θ, ν)

∝ p(λ(i)|λ(−i), θ, ν)
p(z, ε, β, σ−�, ω�|λ, θ, ν)
p(λ(−i), z, ε, β, σ−�, ω�, ν)

∝ p(z|ε, λ, β, σ−�, ω�, θ, ν).p(λ(i)|λ(−i), θ, ν)

∝ e
−�
�τ�
∑

i∈(i)

{
zi−f ′(xi)β−σ εi√

λi

}�

.p(λ(i)|λ(−i), θ, ν)

�� J	L ��:V�'� �� =#�& E!��' 0�FH�%# ,�7� 2'i ��:�1� �� SA'� @'�3�.# ��:�3 :� i ∈ (i) 
M �� :H
@�1��:� ��� �� i������8�� 4�#�/ ��3�S8(1� o�)�=��* �� CI�F�# SA'�

λ
− �

�
i |zi, εi, β, σ, ω ∼ NT

{
zi − f ′(xi)β

σεi
,
ω�
ε�
i

}
E!!�� J�L ��:V�'� �� λ E!.!9 S8(1� :� : 1� �� :H ,I' %p�� E!.!9 p(λ(i)|λ(−i), θ, ν) 0,I'

E8' �� �F� 0�1��%#
lnλ(i)|λ(−i), θ, ν ∼ N(w(i), R(i))


M �� :H ������%#
w(i) =

ν

� (C��C−��� j − j) + C��C−��� lnλ−i

R(i) = ν(C�� − C��C−��� C��).


M (' ��!B�:/1�/ �'�� ������%�/ %km.# %;!;>� 2�$ �'�'� λ(i) =#�H %p�� S8(1� :XF8' :� : 1� ��
0��H �����I' N-F!�
3P[!;9���# U�8�1-�' 
'1��%#

www.SID.ir

www.SID.ir


Arc
hive

 of
 S

ID


'��� �'13 %B�1�M ��3���'� �'1�I' �N!� %81-.!9 �'�� %I��B O�P%I��B %8�<$ 4�# �����H � %��8(�'��

��	 ����� �	������ ��	�	6/ 450
%&1/ :� � �/�!B �'�A E!-/�!# ��:8�� (' ��� �/�'� =8��� ZG1H ��3λi �� @'�3�.# 4�# ��
,?
/ �����N� �'�:/1�/ [/�8�'� �� �'�:!*�/ :� @'�3�.# E8' �-8� @��?&�:� 0�/1��%# o1
># ����$'���
�F�
3 
�1� ����$'��� :� �1X.# :H %8�3���'� %8�I�F� �'�� E8' �� �F� 0�F�
3 r;��# @'�3�.# �8�I :�

��3�:!)�$ 
1#(M (' 
'1��%#⎧⎪⎨
⎪⎩
HK : λi = �
H� : λi �= �

�N!� =#�& J�KK�L =!�I' � +1!I7�9 ,��* E8' �� 0�1�/ �����I'

JqL Bi = α
p(λi|z)
p(λi)

|λi=�

�F#�/�%# %X8� � �'��I %��-G ,?
/ '� p(λi|z)
p(λi)


M �� :H ��/�1�/ ���F.!9 �3�:!)�$ E8' 
�1#(M �'�� '�
,I�� λ �kF& E!#'i yW* (' λ−i 
M �� :H �,I' α = E

{
p(lnλ−i)

p(lnλ−i|λi=�)
}

��FFH�`!>k� =#�& �
: 1� �� α E!!�� �'�� 0�1��%# :?I�># p(λ−i|z, λi = �) S8(1� +�I' �� %)�8� �!#' E8' 0,I' ��#M

�'� 
�./ 
'1��%# %B��I�:� J�L ��:V�'� :�
lnλ−i|λi = � ∼ Nn−�

(
−ν� (�− ci), ν(C

−i
θ − cic′i)

)
�Cθ(||xi−xj ||) ���F& (' �'��� Z8 ci � �8M�%# ,I��Cθ 
1�I � �VI E!#'iyW* ('C−iθ 
M �� :H
E!
9 S8(1� (' {λ(j)−i}mj=� ��3�:/1�/ =?A gm� �� :��.# @�1��:� �B' E8' �� �F� 0�����%# �j �= i

@�1��:� ��FFH�`!>k� =#�& ���'�� ��/1� �!�1� p(λ−i|z, λi = �)

J�KL α̂ = Ê

{
p(lnλ−i)

p(lnλ−i|λi = �)
}

=

m∑
j=�

p(lnλ
(j)
−i )

p(lnλ
(j)
−i |λi = �)

�p(λi|z)
p(λi)

|λi=� = f(z|λi=�)
f(z) ��:V�'� :� : 1� �� %X8� � �'��I %��-G ,?
/ ��:?I�># �'�� 0�����%#

+�I' �� C!����:� f(z) � f(z|λi) �1bF# E8' �'�� 0��� ��X� 
'1��%# '� J�qquL ���$� � E�1!/ Q��
E!
9 S8(1� (' =��* ��3�:/1�/

π(λ−i, ε, β, σ�, θ, ω�, ν|λi = �, z) � π(λ, ε, β, σ�, θ, ω�, ν|z)
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(' :/�B'� ��3��(�I�:!?� 2N;�
# ��3�.# �3 �'�� �N!� =#�& ��:?I�># C!��� E8' :� 0�1��%# ���'��
����� �����N� :/1�/ ���('�/' :G �3 'W� 0�����%# π(λ−i, ε, β, σ�, θ, ω�, ν|λi = �, z) E!
9 S8(1�
�3'1� ���
�#( � �'1�� ��!
� =#�& ��:?I�># ,��* E8' �� 0���8�%# ����g!� g8'N$' N!/ @�?I�># U"*
��:!*�/ Z8 0�1��%# ���F.!9 vwx ��:!*�/ (' �����I' ��b/ ��1# 5�$ 
1#(M �'�� :��R# E8' �� 0�1�

@�1��:� λi �'�� ��KK(�− α) vwx

J��L Ri(πα) = {λi : π(λi|z) � πα}

0���� p(λi ∈ Ri(πα)) � �−α 
M �'(' :� :H ,I' ��'�R# E8�����N� πα 
M �� :H ��1��%# �8���
%B{8� �� E��'� =!���:� :!*�/ E8'

��F�
3 :;��$ 
��!� l�R/ :� ,?
/ %F!
9 %��-G E8���g!� �'�'� vwx ��:!*�/ 
��� l�R/ P
�,I' 5���# 4���*' Z8 �'�� :;��$ E8������1H vwx ��:!*�/ P

�m.# =!���:� %;!;>� ��3�Q�� �� vwx ��:!*�/ E!!�� 671��# :H � �
M (' �#' 0,I' : 1� ��1# ��!
�
��3�:/1�/ ��:8�9 �� %��� J�qqqL 1� � EG ,��* E8' �� �,I' EX�# �!D E!
9 S8(1� ��:�
� 2�$ 
�1?/
,I�� �c�c ��3�:/1�/ {λij}nj=� �B' Q�� E8' �� 0�/��H :8'�' E!
9 S8(1� (' =��* �c�c
�'�� vwx ��:!*�/ Z8 ����� %?!��� �����#M E!#'j �-/�!� λi(j) � ���� π(λi|z) E!
9 S8(1� (' ��#M

@�1��:� λi
Ri

k∗(n) = (λi(k∗) , λi(k∗+[(�−α)n])
)

o�m�/' �'�:/1B :� k∗ � �����%# (� − α)n `!>� �N �-/�!� [(� − α)n] 
M �� :H ��8M�%# ,I��
:H �1��%#

λi(k∗+[(�−α)n])
− λi(k∗) = min��k�n−[(�−α)n](λi(k+[(�−α)n])

− λi(k)).

��B�
M ����� :��'� o'1 Z8 ��F� :V�'� E8' �B' :H �/�'� 
�./ E!FT�3 J�qqqL 1� � EG
Ri

j∗(n) −→ Ri(πα) a.s. as n −→∞

�U!FH�%# =�& �8( U�8�1-�' +�I' �� vwx :!*�/ E!!�� �'�� 
1FH'
0�1��%# ����M ,I�� {λij , j = �, �, . . . ,m} @�1��:� π(λi|z) (' �c�c ��:/1�/ Z8 0�
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'��� �'13 %B�1�M ��3���'� �'1�I' �N!� %81-.!9 �'�� %I��B O�P%I��B %8�<$ 4�# �����H � %��8(�'�}

@�1��:� {λij , j = �, �, . . . ,m} �8��R# �%?!��� ��3����#M E!!�� �'�� 0�
λi(�) � λi(�) � · · · � λi(m)

0�/1��%# UbF#
@�1��:� �3λi (' Z8 �3 �'�� ��KK(�− α) ��F#���� ���(�� 0�

Ri
k(n) = (λi(k) , λi(k+[(�−α)n])

) k = �, �, . . . , n− [(�− α)n]
0�/1��%# :?I�>#

vwx ��:!*�/ 
'1F&�:� ����� �1$ =�'1$ %#��� 
�!# �� 41p E8���UH �'�'� :H �'�:;��$ 0u
0�1��%# ���� ��X� λi �'�� ��KK(�− α)

���A �π(λ|z) E!
9 S8(1� (' :/1�/ �!�1� :?��# Z8 �� :H ,I' �m.# ~1)��:� U�8�1-�' E8' :� : 1� ��
��3���'� %8�I�F� �'�� :!*�/ E8' (' �����I' 'W� 0U!�
3 @'�3�.# 2��� �'�� vwx ��:!*�/ ��:?I�># :�
E8' �� :H ,I' �Hz :� 2(7 0�1��%# 
�#( �� �!-�.G %81 �:$�� :� �"F# ��^&�:� � ��1� ���I �����$'���

0�1��%# ��!��' α = K� K} :��R#

��	��+"7/ ����� 8
0�1��%# %��8(�' �'1�I' %81-.!9 �� ��� 4�# ��X;�& � vwx ��:!*�/ E!!�� ���1>/ �%I��� E8' ��
�'�:/1�/ ,!�A1# }K � ��!��' [K, �]× [K, �] S��# @�1��:� D ��:���V# ��1# ��:!*�/ �1bF# E8' �'��
�β� = } �/�� ��#'��9 �� %I��B %$��k� 
'�!# Z8 [\I 0,I' ��� o�m�/' 
M �� %$��k� �1p�:�
(' �����I' �� �'�:/1�/ ��3�,!�A1# �� θ� = θ� = K� } ��'1�3 � %8�<$ %-�
?�3 �σ� = � [/�8�'�
�� ����3�.# :I ���� ��:;*�# �� 0�1��%# �(�I�:!?� � �'N$'�2�/ (' ������ ������ s!># grf S���
:$�)' �*'� �� } ����3�.# :� � UH �*'� �� � ����3�.# (' � ���H o�m�/' %$��k� �1p�:� '� uu � }
,��* ���^&�:� 0U8�!#�/ U8^# ����$'��� ��3���'� '� ,��* E8' 0U8��H :$�)' �*'� Z8 uu ����3�.# :� �
����3�.# :� �*'� ���G 
��H :$�)' � � ����3�.# (' �*'� ���G 
��H UH �� �1A ������$'��� ��3���'�
��3�S8(1� (' [/�8�'� � �/�� ��3��#'��9 �'�� 0�8��B ��"8' uu ����3�.# :� �*'� �F9 
��H :$�)' � }
0�8��B �����I' c� = c� = �K−� � c� = �Ku U�?# ,��* �� ���F�# 21I gm� �� ��� �!�1�
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������� ���� �!"# � ��$ %&�'( �)��!�*

��� o�m�/' @'�3�.# �'�� �N!� =#�& &- ���9

��3�.# �������
λi = � �'�� vwx λi = � �'�� vwx

� K� � (K� KKi, �� �) K (K� KKK�, K� �)
} K� Kiq (K� KK	, K� q�) K (K� KKKu, K� �i)
uu K� � (K� K�, �� }) K (K� KK�, K� �})

��w� ��!�# +�I' �� �'1�I' �N!� %81-.!9 �'�� ��� � %I��B 4�# %��8(�' &0 ���9

@�9 ��3���'� �1<* `VI %I��B 4�# 4�#
d� ���¡� ����¡� � K� �� K� ��

d� ���¡� � ¡��¢ K� 		 K� ��

N!/ %-�
?�3 S��� ��3��#'��9 � ��/N!#M �!h�# ��#'��9 ��'�:�VA �e' U�I E!.!9 ��3�S8(1� ��3��#'��9��'
E8' �� �F� 0�F��� %VI1�# �8��R# E!.!9 S8(1� [/�8�'� � E!-/�!# :H �� :�$�B �b/ �� �'�:/1B :�

(cu, c}) = (K� �, �), (c�, ci) = (K� }, �)
c	 = K� q, cq = K� }

�'��� :H�
M E�) 0�� ��!��' �KKKKK 
�!D'� ������ 
�!D'� 
�#( ��3�'�1�/ :� : 1� �� 0U!FH�%# ��!��'
��3�:/1�/ E!� �1 1# %-�
�'� g3�H �'�� 0�� :�$�B �b/ �� �KKKKK 
�!D'� 
�#( (' ��� ��3�'�X�

�!D'� 
�#( (' ��� ��3�'�X� (' :/1�/ E!�"F9 �3 ����CI�F# =!;>� 2�"/' � �c�c U�8�1-�' (' =��*

0�1��%# �'�m�I'
�� 0��H %I��� '� ����$'��� ��3���'� �1<* 
'1��%# �N!� =#�& � �q} vwx ��:!*�/ (' �����I' ��
��� ����M �1A � U8^# ������$'��� ��3���'� ,��* �� �� uu � } �� ��3�.# �'�� �3��!�# E8' � 4�� 
����$'��� :� ,�7� ��!�# �� �3 �1A ������$'��� ��3���'� ,��* �� �4�� E8' �8��/ :� : 1� �� 0,I'
:8'�' '� %���.# �8��/ ��!�# �� �3 N!/ U8^# ������$'��� ��3���'� ,��* �� 0�FFH�%# �b/ �# @'�3�.# 
�1�
����$'��� 
'�FG (' 
�./ :H ,I' K� � � K� � C!��� :� �N!� =#�& uu � � ����'� �'�� SA'� �� 0�/'����H
,�7� %&1/ :� :H ���!B�%# �� �� '� λi = � �'�R# ��'� �� E8' �'�� N!/ vwx ��:!*�/ 0��'� �� E8' 
�1?/
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'��� �'13 %B�1�M ��3���'� �'1�I' �N!� %81-.!9 �'�� %I��B O�P%I��B %8�<$ 4�# �����H � %��8(�'�i

:8'�' '� �8��/ E8' ����UH ��!
� 
�#( y�� �� vwx ��:;��$ :H ,I' %��*�� E8' 0��'� t1)1# E8' ��
0,I' ���H

��3�@�k�m# :� UbF# ��:X?� Z8 ��� �� �-8� ��:VR/ �� �1-.!9 ��X;�& %��8(�' �'��
{K� �, K� u, K� �, K� 	} × {K� �, K� u, K� �, K� 	}

%81-.!9 ��V� ��W"# E!-/�!# ��!�# [\I 0�8��B �(�I�:!?� �3�,!�A1# E8' �� �3���'� � o�m�/'
��:X?� (' 2'i ,!�A1# %�A'� �'�R# Zi 
M �� :H ��� :?I�># MSPE = �

��
∑��

i=�(Zi − Ẑi)
�

�1��%# ��3�.# ��!�# E8' :� : 1� �� 0�3��%# g8��/ '� ,!�A1# E8' �� ����%81-.!9 �'�R# Ẑi � UbF#
�1A ������$'��� ��3���'� ,��* �� �{8� :� t1)1# E8' :H ,I' :��'� ����� ��!
� ��X;�& ��� 4�# :H
�� %81-.!9 �#' 0,I' :�$�8 �!!h� @�� :� %I��B 4�# %81-.!9 ��X;�& :H�
M E�) 0,I' ����m.#

0,I' ��1� �'1�I' � :�$�-/ �'�A ����$'��� ��3���'� �!ef� ,>� ��� 4�#

����� ���� �
���� �	������ .")3� :

�#(�I sI1� :H ��	} 4�I :� l1��# :� ,b;D 
'N!# %-��3 ��3�sI1�# �gm� E8' ��
� ��!B��('�/' '13 ��3���F87M g"FI ��-�
8' �� �� 
'��� �'13 ,!�!H 4��FH ,H�� � ,
8( s!>#
�1 � ,?e ��V� � ��!B��('�/' ��V� �3���'� ���M�S� �� 
1G 0��!B�%# �'�A =!;>� ��1# ��/'���� ,?e
�3 �'�� '� %-��3 ��3�sI1�# �� 4�� 0�/1� 5�$ �'��:$1/ @'�3�.# :H ,I' %RVF# 'W� ���'�
2(7 0�3��%# 
�./ ��# � :R!A�P: �� C
* �� �3�
M %8�!$'�h 5�& � 41p �'��3 :� �3���-�
8' (' Z8
��?# ���F�'��k/ Sp�R� @�k�m# ��?# :� ,?
/ ���# C
* �� �3���-�
8' @�k�m# :H ,I' `!)1� :�
��-�
8' �� %B�1�M 
'N!# �1��%# ��3�.# 4�� E8' (' :H �1p�
��3 0�/'���� :8'�' '1�I' s� � J£81F8�BL
0,I' ���UH �3���-�
8' �-8� (' �'�:b*^# =��A �1p�:� �%;-F 
�X# Z8 �� 
M ��!B�'�A =!���:� ��k* n�I

@�1��:� �/�� %���� 4�# 0�I��%# �b/ :� %RVF# ��� 4�# ��!B��X� E8' �� �F�
x = (x�, x�)

J��L μ(x) = f ′(x)β = β� + β�x� + β�x�� + βux� + β}x�x� + β�x��

,I' �Hz :� 2(7 0�F�
3 %8�!$'�h 5�& � 41p �-/�!� C!����:� x� � x� 
M �� :H ��1��%# :�$�B �b/ ��
E�) 0�1��%# �����I' �/�� ��F��4�# �'�� 
M (' =�& �� 671��# �J��L %���� 2�$ 
�1� %;H ���?
/ =!���:�
����� NH�# (' �('�/' �3 � ��1� �3�
�X# �8�I :� ,?
/ �����1�M ��� NH�# �
'��� �'13 %B�1�M ��:;_
# �� :H�
M
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