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��3�%F!��g!9 ��V� 0�1� Q('�� 4�# �� ��!B�%# �'�A �����I' ��1# n − um 41p�:� @'�3�.# �'���'
���'�� �1bF#�:� n − �m 41p�:� @'�3�.# [\I 0�1��%# :?I�># ���� ����3�.# m �'�� ��� 2�B
���B�%# :?I�># ���� ��3�.# m �'�� ��� 2�B ��3�%F!��g!9 ��V� � �/�!B�%# �'�A �����I' ��1# �S�'1�
��3��#'��9 (' %���� APE %;H ,��* �� 0,I' �3�V� E8' 2�� ��3�
'1� E!-/�!# �APE 0��M %�' �

0,I' (�I�'1�3
(' �����I' �� ��� ���'�� C8'�) {âj,q(·)} �!FH 5�$ �%���� C8'�) �� 1!I�B�1�' 4�# ��1# ��
��F�9 �'(' :� {(Yt−d,Y t, Yt), p + � � t � T − qm} ��I�8( (q = �, �, . . . , Q) E!#'q

0���� h �'1/
�,I' �8( @�1��:� ��I�8( E!#'q �'�� %F!��g!9 ��V� E!-/�!#

APEq(h) =
�
m

T−qm+m∑
t=T−qm+�

{
Yt −

p∑
j=�

âj,q(Yt−d)Yt−j
}�
.

��1��%# :?I�># �8( @�1��:� N!/ APE ,8��/ �� �

J�L APE(h) =
�
Q

Q∑
q=�

APEq(h).
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��#1�& �����H �� 0�1��%# ���F.!9 �'1/ ��F�9 
'1F&�:� �,I' APE(h) �'�R# E8���UH :� l1��# :H �h
0�1��%# :�$�B �b/ �� Q = u � m = [K� �n]

�1 � @'�3�.# ��1# �� %F!.!9 @�&^p' �B' �1bF# E8' :� 0��'� ,!�3' ��!� N!/ d CI�F# E!!��
%8�3��!�# (' 
'1��%# @�1� E8' �!D �� 0�1� �3'1� �!�# ��!� �FH Z�H do�m�/' �� �# :� :H ���� :��'�
E!-/�!# APE(h, d) �!FH 5�$ 4�Y# 
'1F&�:� 0, ���� ��!D � APE �=��R�# %"FI��?�&' �F/�#
�* ����I � %;�& Q�� Z8 0���� Yt−d ��!�f� �!h�# (' �����I' �� J�L �� �����8��� %F!��g!9 ��V�
{�, �, . . . , p} ��:&1�"# ��� d � E!�# ��:F#'� Z8 �� h �'�� 
�#N�3 �1p�:� APE(h, d) 
��H =A'

0�'� U!��� �����I E!�3 �� N!/ �JpL 1!I�B�1�' ��:?��# E!!�� �1bF#�:� 
'1��%# '� APE 0,I'

�6"��]"% :
%V� ��3�4�# (' ���=X.# �'�:b*^# =��A �1p�:� %V��/ %/�#( ��3���I ��3�4�# Z�H�:� %F!��g!9
%-/1-G 
�!# E8' �� 0U!FH�%# %$��# '� FAR ��3�4�# Z�H�:� %F!��g!9 Q�� �FG gm� E8' �� 0,I'
4�# :� : 1� �� 0�/1��%# %$��# U!R�# � 2�B :� 2�B @�1��:� ��� 2�B �FG %F!��g!9 ���� 2�B %F!��g!9

��1��%# �8��� �8( @�1��:� ��� 2�B Z8 %F!��g!9 J�L

JiL Ŷt+� = â�(Yt+�−d)Yt + · · ·+ âp(Yt+�−d)Yt−p+� .

0�1��%# =��* 2�B :� 2�B @�1��:� ��� 2�B �� %F!��g!9 ��8( ��:V�'� �� �Ŷt+� �'�R# 
��H E8N-8� ��

J	L Ŷt+� = â�(Y ∗t+�−d)Ŷt+� + â�(Y ∗t+�−d)Yt + · · ·+ âp(Y
∗
t+�−d)Yt−p+�.


M �� :H
Y ∗t+�−d =

⎧⎪⎨
⎪⎩
Yt+�−d, d > �
Ŷt+�, d = �

0��H :?I�># '� ��� ��3�2�B �'�� 2�B :� 2�B ��3�%F!��g!9 
'1��%# C!��� E!�3�:�
FAR 4�# �,I' y���# U!R�# %F!��g!9 Q���:� :H ��� 2�B �� %F!��g!9 �'�� �-8� ���1!� ��

0�1��%# Q('���8(
Yt+� = b�(Yt+�−d)Yt + · · ·+ bp(Yt+�−d)Yt−p+� + ε′t,
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�Q('�� (' =��* �'�R# (' ,I' @��?& ��� 2�B �� %F!��g!9 ,��* E8' ��

JqL Ŷt+� = b̂�(Yt+�−d)Yt + · · ·+ b̂p(Yt+�−d)Yt−p+�.

(' ���� 4�' Q�� ��X;�& �F3��%# 
�./ J�KKKL 
'��X�3 � ��H sI1� ����2�"/' ��3��(�I�:!?�
0,I' U!R�# %F!��g!9 Q��

Q�� E8' 0,I' 
'��B�1� Q�� ��'� ���8( �����H %V��/ ��3���I %F!��g!9 �� :H ��-8� Q��
E8^\I' (�I�'1�3 (' �����I' �� ����Q('�� FAR 4�# %F!��g!9 �'�� J�KKuL E� � O/'1!3 sI1�

1!I�B� (' �����I' �� ����Q('�� FAR 4�# %F!��g!9 �'�� Q�� E8' (' :��R# E8' �� 0,I' ��� ���F.!9

0U!FH�%# �����I' %�)1# %V�
YT+k %F!��g!9 y�3 � �/'���� =��* FAR 4�# Z8 (' �{Y�, . . . , YT }@'�3�.# �!FH 5�$
4�# (' �����I' �� 0U!FH�%# o�* '� �3���/�# ��'� Q('�� '� FAR 4�# '���' ��1bF# E8' �'�� 0,I'

�U!FH�%# �(�I�:!?� �8( @�1��:� '� YT+�, . . . , YT+k ����3�.# k ����Q('��
Yt+� = â�(Yt+�−d)Yt + · · ·+ âp(Yt+�−d)Yt+�−p + ε̂t+�, t = T, . . . , T + k − �

0,I' �3���/�# (' ��'W-8� �� %$��k� ��:/1�/ Z8 ε̂T+�, . . . , ε̂T+k 
M �� :H
�������(�I�:!?� �8��R# E!-/�!# @�1��:� ���� 2�B k %F!��g!9 �U!FH �'�X� ��� B '� ��H E8' �B'

'1��%# �����(�I�:!?� ��3���I (' E!FT�3 Q�� E8' �� 0�1��%# �8��� {YT+k,�, . . . , YT+k,B}
�'�:/1�/ ��� �K < α < � �'(' :� �B' �1bF# E8' �'�� 0��H �����I' �'�:;��$ %F!��g!9 ,��I �'��
YT+k �'�� �'�:;��$ %F!��g!9 Z8 ��1� ��'� 
�./ Y α

T+k �� {YT+k,�, . . . , YT+k,B} �2'�KK×α
0(Y α

�
T+k, Y

�−α
�

T+k ) �� ,I' ��'�� �KK(�− α)� 
�F!�p' C8�) ��

Z"#6� ^	B LC< LF"K ?���	$� ��6����� �� FAR ��� ����	� >
�����

��1.H @'���� U�I (' ���� qK �� 	K E��'� ��!��' �� �� 
'�8' %�'���� �7�H E8����# 
'1F&�:� ,�/
0��'� �1.H ��k�A' �� U!R�# �!e�� �
M @�/�I1/ � ,�!A @'�!!h� � :��'� 
'�8' ��k�A' �� %��# gR/
=X.# ��!� ���H 
M @�#�F;� � r!A� %F!��g!9 ��/�'� ,���� ,�/ ,�!A �� :H �����# =#'1& :� : 1� ��
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M �����H � %����PC8�) 1!I�B�1�' 4�#�}

0h �'�R# � d �p ��:?��# E!!�� �'�� �APE �^# �8��R# &- ���9
p d h APE

� � �� �K� K� K�u
� � �� �}� K� K�}
� � �� uK� K� K�u
� � �� �K� K� K�u
� � �� �K� K� K�u
u � �� �K� K� K�i
u � �� �K� K� K��
u � �� �K� K� K��
u u �� �K� K� K�}
} � �� �K� K� Ku}
} � �� �K� K� Ku�
} � �� �K� K� Ku�
} u �� �K� K� Ku�
} } �� �K� K� KuK

�����I' �FH�%�/ ���!9 %�bF# ���$� (' ,�/ ,�!A :H�E8' :� : 1� �� 0�I��%# �b/ :� EX�# �!D ���* �� �
0�I��%# �b/ :� CI�F# �F�3 �3���I ��'�/��I' �!D ��3���$� �!ef� ,>� ���UH :H ���#'��9�/ ��3�Q�� ('
sI1�# %/�#( ��I 
��H� 4�# �'�� %�)1# %V� 
1!I�B� Q�� � FAR 4�# (' gm� E8' ��

0U!FH�%# �����I' �KKi �?#�I� �� �qqu �71 (' 
'�8' E!-FI 2�� ,�/ ,�!A
�3����� (' %��� �� �1��%# :b*^# :H �1p�
��3 0,I' ��� UI� �(a)−� =X� �� ��I E8' �'�1�/
�1p�
M �-8� ��3����� �� ,�!A �!!h� �� �1��%# C?I :;_# E8' � ��1� ��8( ��!� ,�/ ,�!A �!!h� �'�R#

0�I��%# �b/ :� CI�F# %��8��-� =8�?� =!�� E!�3�:� �1./ ��8� �8�� :H
�'('�:� APE �8��R# 0 U!FH�%# �����I' APE �^# (' �h �'�R# � d �p ��:?��# E!!�� �1bF#�:�
APE(h) �d � p (' :?��# �3 �� :H ,I' �Hz :� 2(7 0,I' ��� :8'�' � 4�� �� h � d �p�;�m# �8��R#
�� 
M �� ���F�# APE �'�R# � APE(h) �'�R# E8���UH :� l1��# h � :?I�># h �8��R# (' �'�:X?� ��

0,I' ��� ��� 4�� 
0U!FH�%# o�m�/' :F!�� 4�# 
'1F&�:� '� h = �� � �� FAR(�, �) 4�# � 4�� �8��/ :� : 1� ��
� (c)−� =X� �� y1X!FT/�9' ��:�3 (' �����I' � J}L � JuL s�'�� sI1� ��� ���'�� S�'1� �'�1�/
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(b)−� ��3�'�1�/ �� � :?I�># �3�
M U�8��-���9 � ����Q('�� �8��R# �3�
M Z�H�:� 0�/'���� UI� (d)−�
0�/'���� UI� E!G�:VR/ �� C!����:� (a)−� �

�1 � �b/ (' ����Q('�� 4�# ��3���/�# � �� 2�"/' N!/ ����Q('�� 4�# %��8(�' ,� �3���/�# ��:���V#
(' =��* �8��/ :H �F�$�B �'�A %I��� ��1# [/�8�'� @�?e � 
�1� 4�#�/ �%¤N %-�?�3 � %-�?�3
=X� �� @'�3�.# U�8��-� %�A'� �8��R# � :�$�8�Q('�� �8��R# r��V� E!FT�3 � ����Q('�� 4�# %��8(�'

0,I' %�1� 4�# ����Q('�� 4�# :H ,I' 
M (' %H�* �(a)−�
�����I' �� � :��'WB ��FH '� ��I ��M ����3�.# � �����Q('�� 4�# %F!��g!9 ,!;��A %I��� �1bF#�:�
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'�8' E!-FI 2�� ,�/ ,�!A %/�#( ��I �'�1�/ (a) &- .'/
4�# (' �����I' �� �JE!G�:VR/L 
M ��:�$�8�Q('�� �8��R# �'�1�/ � Js�L 
'�8' E!-FI 2�� ,�/ ,�!A U�8��-� %/�#( ��I �'�1�/
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�KKi� �K K� K}u� K� ��q K� �u� �� 	�K u� }�q
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