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⎩
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X(t) = β�m�(t) + β�m�(t) + ε(t),

m�(t) = cos

(�πt
�u

)
+ sin

(�πt
�u

)
, m�(t) = cos

(�πt
�
)
+ sin

(�πt
�
)
,

ε(t) = u(t) + θu(t− �), u(t) ∼ N(K, σ�).
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MSPE
{
ZJ
n+�|n(t), Zn+�(t)

}
= E

{
ZJ
n+�|n(t)− Zn+�(t)

}�

�U8�'� E{ZJ
n+�|n(t)} @��?& 
��H UH � :$�)' ��

MSPE
{
ZJ
n+�|n(t), Zn+�(t)

}
= E

[
ZJ
n+�|n(t)− E

{
ZJ
n+�|n(t)

}
+ E

{
ZJ
n+�|n(t)

}
− Zn+�(t)

]�

= E
[
ZJ
n+�|n(t)− E

{
ZJ
n+�|n(t)

}]�

+ E
[
E
{
ZJ
n+�|n(t)

}
− Zn+�(t)

]�

+ �E
( [
ZJ
n+�|n(t)− E

{
ZJ
n+�|n(t)

}]
×
[
E
{
ZJ
n+�|n(t)

}
− Zn+�(t)

] )
.

�,I' ��� ��M @��?& :H �1��%# :"!�/ %B��I�:�
E
([
ZJ
n+�|n(t)− E

{
ZJ
n+�|n(t)

}] [
E
{
ZJ
n+�|n(t)

}
− Zn+�(t)

])
= K
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E
[
ZJ
n+�|n(t)− E

{
ZJ
n+�|n(t)

}]�
� E

[
sup
x∈S

∣∣∣ZJ
n+�|n(t)− E

{
ZJ
n+�|n(t)

}∣∣∣
]�

= E

(
O

[{
log(n)

n

} �
�+�J

])�

:H ���� ��1p �f �J `VI �� +�!R# C8'�) %��-G :H ,I' �'����.$ ��:&1�"# �3 S 
M �� :H
:� N�/'�9 =�'� @��?& �n → ∞ %�A� 
1G 0Zn = (Zn(t�), . . . , Zn(tP ))

′ � minS f > K
��FH�%# =!# ��� ,�I

JiL E
[
ZJ
n+�|n(t)− E

{
ZJ
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E
{
ZJ
n+�|n(t)

}
− Zn+�(t)

]� @��?& 4�*

E
{
ZJ
n+�|n(t)

}
= E

⎧⎨
⎩

�J−�∑
k=K

ξ
(J,k)
n+�|nφJ,k(t)

⎫⎬
⎭

=
�J−�∑
k=K

E
{
ξ
(J,k)
n+�|n

}
φJ,k(t)

a.s−→
�J−�∑
k=K

E
[
E
{
ξ
(J,k)
n+� |Ξn

}]
φJ,k(t)

=

�J−�∑
k=K

ξ
(J,k)
n+� φJ,k(t)

= Zn+�(t)J	L
��<$ ��� �3Zn+� �81k� SA'� �� �3ξ(J,k)n+� 
1G :H �1��%# :�$�B :"!�/ �"F8' (' ��M ���
� %�I��

@�1��:� J�qqqL @7�# �� :H VJ
VJ = Span{φJ,k},

�1� :� %��8(�� (' [9 :"!�/ �� ��3��%# 
�./ '� %��8(�� =�& N!/ J	L @��?& � �����%# ��1��%# �8���
�U8�'� � U!I��%# Zn+�

E
{
ZJ
n+�|n(t)

}
a.s−→ Zn+� ⇒ E

{
ZJ
n+�|n(t)

}
− Zn+� a.s−→ K,

JqL E
[
E
{
ZJ
n+�|n(t)

}
− Zn+�

]� −→ K.
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