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41#�$ �� �!!h� E8' 4��&' �� 0�����%# 
�#( �-/�!� 4�' ��:���# '�8( ���B�%# =8�?� c(τ) :� c(z, τ) ��8'

�U!I��%# �8( 41#�$ :� �JuL
t−�∑
m=K

b
(�)
t−�−m;T c(m− n) = c(t− n), ∀n = K, . . . , t− �,

�c(m − n) (' �1bF# 
M �� :H �F����%# ��8' ��3���I �� �H'�P418 @7���# 
��3 �@7���# E8'
0�����%# γ(m− n) @��?&

���+)G��h �6"��]"% 05-5:
0U!I��%# �'�:;*�#Ph %F!��g!9 @7���# :� � ��3�F8'�$ �� �'�:;*�#�Z8 %F!��g!9 @7���# U!��� ��

@�1��:� ,��* E8' ��

MSPE(X̂t−�+h;T , Xt−�+h) = b′t−�+hΣt−�+h;T bt−�+h,

≈ b′t−�+hBt−�+h;T bt−�+h

0�1��%# :��1/

	������ V	�� �� 	�� ���	% c	a <� 05-5>
�� ,��* E8' �� :"!�/ �� U8�'� (�!/ [/�8�'�1H1�' S��� ���'�� :� ��8'�/ ��3���I �� %F!��g!9 �'��
@'�3�.# �'��� �B' 0,I' %F!��g!9 :� l1��# ��-8� � ���'�� :� l1��# %X8 :H ���'� �1 � �V� t1/
n� %/�#( 
M [X& 0�1��%# ��8( ���'�� ��V� %�� UH %F!��g!9 ��V� ����� ��8( (T ) %/�#(���I

@��?& �� ,I' ���� 7�� a*�?# :� : 1� �� 0���� UH @'�3�.# �'��� :H �3��%#

J}L X̂
(p)
t,T =

t−�∑
s=t−p

b
(�)
t−�−s;TXs,T ,

41#�$ 0J�KK� �
'��X�3 � [X81�N8�$L �1� �'�A�� 4���� �V� �� E!� :H U!FH o�m�/' ��1p '� p ��&
(p, g) ��#'��9 �� %;H �1p�:� 0�����%# ��8' ��3�F8'�$ �'�� AR(p) C8�R� (' �����I' ����8' �F/�# J}L
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S��� %I��� :� : 1� �� p ��& :H ,I' �Hz :� 2(7 0�/1��%# �����I' �F8'�$ [/�8�'�1H1�' S���
�'�� 0�/1��%# o�m�/' ��=��R�# %"FI��?�&' Q�� (' �����I' �� g ��& � %/�#( ��I %-�?�3�1�
J�KK�L U-;��
¯� � J�KK�L 
'��X�3 � [X81�N8�$ �J�KK�L [X81�N8�$ :� �!/'1��%# ����g!� @�!¤N 

0�!FH :� '�#

R9��.<�� �D�	� ��	����F� P�� 050
�'�� 
M (' � ��1� ���#'��9�/ %��� :H ,I' ��� :8'�' J�KK�L 
'��X�3 � [8��!/1�/M sI1� Q�� E8'
n :� '� [K, T ] ���(�� �� ������3�.# ��I =H '���' :H @�1�� E8' :� 0�1��%# �����I' �(�� Z8 %F!��g!9
�U!3��%# �'�A Z�, Z�, . . . , Zn '� �3�
M 2�/ � ���H U!R� �8( 41#�$ (' �����I' �� ����# :;��$ �� �(��

Zi(t) = X{t+ (i− �)δ}, i ∈ N, ∀t ∈ [K, δ),

Zi �3 ��� '� o�8�
��� Z 1# =8�?� �Zn+� %F�8 [T, T + δ] ���(�� �� ��I %F!��g!9 �'�� [\I
�� � ����M ,I�� :� '� Zi �2'J `VI �� +�!R# C8'�) � U!FH�%# :?I�>#
Ξi =

{
ξ
(J,k)
i : k = K, . . . , �J − �

}
0,I' ������I ��I �1� �� �:� Z 1# C8�R� C8'�) �� 
��H ��H '�8( ]U!3��%# 
�./

0,I' ��� :8'�' o�8�
��� ��3�Z 1# (' ��k�m# ~�� �8( �8��� ��
�,I' �8( s8'�� �� �� ϕ +�!R# S��� �'�'� �(R,D) o�8�
��� Z 1# Z8 &0 J��D�

0�FH %��8�
��� `!>� l�R/ �� '� �X/��H ��:��?/� �8�� ϕ S��� �%��8�
��� •

M ��:�$�8 
�X# � +�!R# �!!h� (' %V� C!H�� C* �� �/'1��%# ϕ �3 �`VI �� E!� ��:V�'� •

��1� :��1/
ϕ(x) =

∑
k

ϕ

(
k

�
)
ϕ(�x− k).


'1��%# '� D ��: �� ��3��'�:;� �FG 2��� �D � K `!>� ��& �'�� ��3��'�:;� �FG �!�1� •
0,�1/ ∑k βkϕ(t− k) t1�"# @�1��:�

0���� R ��:?��# (' ���13 ��:�I1!9 ϕ :H ��'� �1 � R > K %R!R* ��& ���'1�3 •
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|ϕ(m)(x)| � Al.(� + |x|)−l, x ∈ R, l > K, K � m � R�.

0�!FH :� '�# J�qq�L 13�/'� ��:��R# :� �3�Z 1# E8' ��1# �� ���g!� @�>!)1� �'��
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��3

(� ����� :��'� ����UH ��:;��$ ��M ���(���8( �� :H �(���8( �3 :� :H @�1�� E8' :� 0�����%# ������3�.#

���H 
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0�/1��%# �m.#
0U!FH�%# %F!��g!9 %�)1# %/(� E!-/�!# Z8 (' �����I' �� � ���H �����I' �3�
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�8��� �8( @�1��:� ��!�# E8' 0�1� �8��� Q�� E8' �'�� %�3�?� ��!�# �8�� �=?A ��:;*�# �� :� : 1� ��
��1��%#

2'k 
�X# � 2'j `VI �� ���I :�B Z 1# =8�?� C8'�) �θ(i)jk , i = �, � :H U!FH 5�$ �B'
�8( @�1��:� �3�
M Z 1# C8'�) E!� ��:;��$ +�I' �� ��(���8( �� E!� ��:;��$ ��!B��('�/' ��!�# �����

��1��%# 
�!�
D
(
θ(�), θ(�)

)
=

J−�∑
j=jK

�−j
� dj

(
θ(�), θ(�)

)
,

�,I' �8( @�1��:� 2'j `VI �� :;��$ 
M �� :H

dj

(
θ(�), θ(�)

)
=

⎧⎨
⎩

�j−�∑
k=K

(
θ
(�)
jk − θ(�)jk

)�
⎫⎬
⎭

�
�

.

�'��(�� C8�R� C8'�) � �1��%# �����I' Z 1#P=/�H %���� �(�I�'1�3 Q�� (' �:;��$ ��!B��('�/' (' ���
�U8��M�%# ,I�� :� �U!FH %F!��g!9 U!3'1��%# :H '�

Ξn+�|n =

∑n−�
m=� K

[
D{C(Ξn),C(Ξm)}

hn

]
Ξm+�

�
n +

∑n−�
m=� K

[
D{C(Ξn),C(Ξm)}

hn
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��� o�8�
��� Z 1# =8�?� [X& (' �����I' �� ,8��/ �� 0�F����%# Ξi C8'�) ��� :�B Z 1#

��1��%# =��* o1;V# ���(�� �� ��I %F!��g!9 �C8'�)

J�L ZJ
n+�|n(t) =

�J−�∑
k=K

ξ
(J,k)
n+�|nφJ,k(t), ∀t ∈ [K, δ),

�8( 41#�$ (' �����I' �� 0�����%# +�!R# S��� �φJ,k(t) � Ξn+�|n %F!��g!9 �'��� ��3�:���# �ξ(J,k)n+�|n
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ˆMSPE =
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m
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0�!8��/ :� '�# J�KK�L 
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0�1��%# :��'��9 =?A gm� ��3�Q�� �� �3�Q�� E8' ��:8�R# :� N!/ 
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,I' %;8�?� �Z 1#P=/�H %���� �(�I�'1�3 %F!��g!9 Q�� �� ���������I' o�8�
��� Z 1# =8�?�
�� ��^& � @^8�?� 0�/1��%# =��* ��!B�:/1�/ (' �����I' �� 
M Z 1# C8'�) :H
:� 
'1��%# �3�
M ��:;� (' :H �F����%# ��-8� : 1� =��A j'1� �'�'� ��� 
�!� :#�R# �� :H %�'1�
E!FG E��'� =!���:� 0��H ����' �u
�1� �8�9 4�R�/' ,>� ,!��� � ��3�:8�9 
�1� �#���#
�(�I�'1�3 Q�� �� �U!FH�%# ���F.!9 :��R# E8' �� �@^8�?� E8' �������I' �-8� �!�# j'1� � j'1�
Q�� �� ��:8'�' :� �"F# :H U!FH �����I' �3�
M (' o�8�
��� Z 1# =8�?� �� :� Z 1#P=/�H %����

�,I' ��8��B �8( ����F.!9
:� �3Zi (' 2'�H �3 ��� 
M �� :H ��1� K−W Q�� (' %�!��� Q�� E8' �dK − W�e ��� P��
0U!#�/�%# Ξi �'� 
M (' =��* C8�R� C8'�) � ���H �����I' (' o�8�
��� Z 1# =8�?� �� 
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0�1��%# �����I' %F�8
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��V� @����# E!-/�!# �JnL :/1�/ �'��� g8'N$' �� :H �1��%# ��'� 
�./ ��1_� @�1��:� ,�A E8' ��

0�FH�%# =!# ��� ,�I :� %F!��g!9

'��X�3 � [8��!/1�/M �� ����:8'�' Q�� Z 1# =8�?� �!!h� �� :��R# E8' �� �1HW# ��3�Q�� �+ '<
E!�3�:� 0�F����%# �'�A�� N!/ :��R# E8' �� �3�
M @�?e' � �8�<A 2��� :"!�/ �� � �/'���#M �1 � :� J�KK�L
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�	 �3)4456 7�����, � 8�(������$ �.'9��� �-��* �( (�:�� ;��<!" ���!=!	  !" �	 - ��+"�K

%���.
� ��� !>? ��- '	 
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	��P�� ��+[�	,� 450
��3���'� ��� '� �8( ��3�Q�� � � ��3�'N$'�2�/ (' �����I' �� U8'���1�/ %�I gm� E8' ��

�(' �/'�@��?& �3�Q�� 0U!FH :8�R# U3 �� %�A'� ��3���'� � ��8'�/ � ��8' ��3���I (' �����(�I�:!?�
J0,I' ��� �1;/'� �8( ,8�I (' Q�� E8' :� l1��# ��3�:#�/��L ��3�F8'�$ %V� %F!��g!9 •

� Z!I^H 4�# Q('�� •
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AR(i) 4�# (' �����(�I�:!?� ��3���'� %F!��g!9 �'�� �Q�� �FG %F!��g!9 ��V� E!-/�!# &- ���9
(MSE) �6"��]"% �	bB �6"��]"% P��

�� K	�� AR(i)
�� }qi	 LSW

�� qiK� K−W

�� }}�� K−W�
�� ��	u K−W�

��� �� ��	��+"7/ 4505-
U!3��%# 2�"/' %F!��g!9 AR(i) 4�# (' �����(�I�:!?� ����'� ��I�Z8 ��� �1HW# ��3�Q�� (' �����I' ��
�U!/'��%# :H �1p�
��3 '�8( ]U!FH�%# :8�R# ���I :� 4�# E!�3 Q('�� (' =��* %F!��g!9 ��V� �� �

0�����%# %F!��g!9 E8���� ��3���'� E8' �'�� AR(i) 4�# �� %F!��g!9
0U!FH�%# �!�1� ��'� �q�K 
M (' � :�$�B �b/ �� '� �8( 4�#

Xt = −K� �Xt−� + K� uXt−� + K� KqXt−� + K� �Xt−u + K� KiqXt−} − K� �uXt−�

+ K� KqXt−i.

[\I 0U8�!B�%# �b/ �� @'�3�.# 
'1F&�:� '� 4�' ��������3�.# ����'� �	}� � U!FH�%# ,�A �� '� �3���'�
%F!��g!9 ��V� �,8��/ �� � U!FH�%# %F!��g!9 '� ��I ��M ��������3�.# ����'� �u %F�8 2�� ,�A

'�8( ]U!3��%# �'�A i �� �p � h �'�&' �� �:� � 4�# Q('�� Q�� �� 0U!FH�%# :?I�># '�
:� � [/�8�'�1H1�' S��� ���'�� (' [9 0�FH�%# �m.# U��3 �!�f� �� '� �3���'� %-��'� �4�#

0U8('��9�%# J�L 41#�$ (' �����I' �� %F!��g!9 :� �JuL 41#�$ �� b(h)t−�−m C8'�) 
���M ,I��
�3L ���# 41p �� �(�� �K :� '� ��I =H '���' �K−W� � K−W� � K−W ��3�Q�� ��
l1��# Z 1# =8�?� (' =��* Z 1# C8'�) ��:?I�># (' [9 � ���H U!R� J,I' ��'� �u �'�'� �(��
2'�q ���(�� �� '� �	 �� � ��3��(�� C8'�) E!� =�'1$ ��� ��'� `!)1� =?A gm� �� :H Q�� 
M :�
��� :!��' Z 1# =8�?� [X& �'� ' (' [9 0U8('��9�%# 2'�K ���(�� %F!��g!9 :� � U8��M�%# ,I�� :�
:8'�' � 4�� �� 7�� =*'�# %#��� �8��/ 0U!I��%# ��M ���(�� �� ��I %F!��g!9 :� ���#M ,I�� :� C8'�)

0,I' ���
],I' ���UH :�3 (' AR(i) 4�# Q('�� %F!��g!9 ��V� �,I' �m.# � 4�� �� :H �1p�
��3
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(MSE) �6"��]"% �	bB �6"��]"% P��

K� KK}i AR(��)
�� ��iK LSW

K� Ku}K K−W

K� K�K� K−W�
K� KKqu K−W�

�� '� � 4�� �� �1 1# ��3�Q�� 
'1��%# [9 0�F�3 AR(i) 4�# (' ������(�I�:!?� ��3���'� '�8(
:8�R# �� K−W� � K−W� ��3�Q�� �U!F!��%# :H �1p�
��3 0��H :8�R# AR(i) 4�# Q('��
Q�� �� � @^8�?� (' �����I' C!����:� :"!�/ �� � �/'���1�/ =�& ���� K−W ��
Q�� %F!��g!9 ��V� 0�����%# o�8�
��� Z 1# =8�?� (' ���CI�F# Z 1#P=/�H %���� �(�I�'1�3
�%F!��g!9 Q�� E8' '�8( ]�����%# AR(i) 4�# Q('�� :� Z8�N/ ����* �� �N!/ 4�# Q('��
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0��'� 4�# Q('�� :� :!?�

���6"� ��� R� �� ��	��+"7/ 45050
0U!FH�%# �!�1� ��'� �q�K �8( 4�# ('

X(t) = β�m�(t) + β�m�(t) + ε(t),

m�(t) = cos

(�πt
�u

)
+ sin

(�πt
�u

)
, m�(t) = cos

(�πt
�
)
+ sin

(�πt
�
)
,

ε(t) = u(t) + θu(t− �), u(t) ∼ N(K, σ�).
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�� � � �p � h �'�&' �� �:� � 4�# Q('�� Q�� �� 0U!FH�%# :?I�># '� %F!��g!9 ��V� �,8��/
,��* �F/�# N!/ K−W� � K−W� � K−W ��3�Q�� 0U!FH�%# =�& =?A �F/�# � ��'� �'�A '�
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��� u�u × �K� AR(��)
�i� }� × �K� K−W

�K� ii × �K� K−W�
�u� ��	 × �K� K−W�

:� : 1� �� �#' 0�/�'� '� %F!��g!9 �8��R# E8���� K−W� Q�� � AR(��) 4�# �� 4�� r?p
��3�Q�� �=?A 4�� �F/�# N!/ 4�� E8' �� 0,!/ CI�F# Q�� E8' �AR(��) �� �3��#'��9 ��8( �'���
:� Z 1# @^8�?� ³81�� �� ,�B 
'1��%# � �/'���1� K−W Q�� (' ���� K−W� � K−W�
� :!R� :� ,?/ ����g!� �'�'� N!/ Q�� 0U!3� 2�"/' ����� %F!��g!9 U!�/'1� :�$� ��H
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����'� u	 %F�8 2�� ,�A [\I 0U8�!B�%# �b/ �� @'�3�.# 
'1F&�:� '� 4�' ����'� ���� � ���H ,�A
E8' �� 0U!FH�%# :?I�># '� %F!��g!9 ��V� �,8��/ �� � U!FH�%# %F!��g!9 '� ��I ��M ��������3�.#
��3�:#�/�� �'� ' 
�#( � ��'� �3�Q�� ��:!R� �� %.*�$ @���� 4�# Q('�� %F!��g!9 ��V� 4�Y#
E8���� N!/ 4�# Q('�� �� 0U8'����X/ �Hz 4�� �� '� 
M ,;& E!�3�:� ������%# %/71p 
M :� l1��#

0,I' ��� :8'�' � 4�� �� 7�� =*'�# �8��/ 0,I' ��1� AR(��) �Q('��
0��'� =?A 4�'� �� :��.# %"8��/ N!/ � 4�� 

d e �	� LE�� �DK�� ������ 45058
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0U8�!B�%# �b/ �� @'�3�.# 
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%�A'� ��3���'� �'�� �Q�� �FG %F!��g!9 ��V� E!-/�!# &8 ���9
(MSE)�6"��]"% �	bB �6"��]"% P��

�K� �q AR(�})
K� �}K� K−W

K� ��	i K−W�
K� ���� K−W�

,��* �� :H %;!�� �p�� :� 4�# Q('�� Q�� N!/ �"F8' �� 0U!FH�%# :?I�># '� %F!��g!9 ��V�
0,I' ��1� AR(�}) �Q('�� E8���� N!/ 4�# Q('�� �� 0�1��%�/ �Hz 4�� �� �U8��H 
�!� =?A

0,I' ��� :8'�' u 4�� �� 7�� =*'�# �8��/
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L��"%
�U!81/�%# �8( @�1��:� '� %F!��g!9 ��V� @����# E!-/�!# - ��+"�K �	���

MSPE
{
ZJ
n+�|n(t), Zn+�(t)

}
= E

{
ZJ
n+�|n(t)− Zn+�(t)

}�

�U8�'� E{ZJ
n+�|n(t)} @��?& 
��H UH � :$�)' ��

MSPE
{
ZJ
n+�|n(t), Zn+�(t)

}
= E

[
ZJ
n+�|n(t)− E

{
ZJ
n+�|n(t)

}
+ E

{
ZJ
n+�|n(t)

}
− Zn+�(t)

]�

= E
[
ZJ
n+�|n(t)− E

{
ZJ
n+�|n(t)

}]�

+ E
[
E
{
ZJ
n+�|n(t)

}
− Zn+�(t)

]�

+ �E
( [
ZJ
n+�|n(t)− E

{
ZJ
n+�|n(t)

}]
×
[
E
{
ZJ
n+�|n(t)

}
− Zn+�(t)

] )
.

�,I' ��� ��M @��?& :H �1��%# :"!�/ %B��I�:�
E
([
ZJ
n+�|n(t)− E

{
ZJ
n+�|n(t)

}] [
E
{
ZJ
n+�|n(t)

}
− Zn+�(t)

])
= K

�� 0�FFH�%# =!# ��� ,�I :� n g8'N$' �� N!/ ,I'� ,�I �� ��/�#�%A�� @'��?& :H U!3��%# 
�./ 4�*
�U8�'� J�KK�L 
'��X�3 � [8��!/1�/M ��:��R# �� � ��:!<A (' �����I'

E
[
ZJ
n+�|n(t)− E

{
ZJ
n+�|n(t)

}]�
� E

[
sup
x∈S

∣∣∣ZJ
n+�|n(t)− E

{
ZJ
n+�|n(t)

}∣∣∣
]�

= E

(
O

[{
log(n)

n

} �
�+�J

])�

:H ���� ��1p �f �J `VI �� +�!R# C8'�) %��-G :H ,I' �'����.$ ��:&1�"# �3 S 
M �� :H
:� N�/'�9 =�'� @��?& �n → ∞ %�A� 
1G 0Zn = (Zn(t�), . . . , Zn(tP ))

′ � minS f > K
��FH�%# =!# ��� ,�I

JiL E
[
ZJ
n+�|n(t)− E

{
ZJ
n+�|n(t)

}]� −→ K
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�3�Z 1# (' �����I' �� %/�#( ��3���I %F!��g!9 �'�� �8� %8�3�Q�� ��:8'�'q�

�U8�'� J�L 41#�$ (' �����I' �� 0U!FH�%# %I��� '� E
[
E
{
ZJ
n+�|n(t)

}
− Zn+�(t)

]� @��?& 4�*

E
{
ZJ
n+�|n(t)

}
= E

⎧⎨
⎩

�J−�∑
k=K

ξ
(J,k)
n+�|nφJ,k(t)

⎫⎬
⎭

=
�J−�∑
k=K

E
{
ξ
(J,k)
n+�|n

}
φJ,k(t)

a.s−→
�J−�∑
k=K

E
[
E
{
ξ
(J,k)
n+� |Ξn

}]
φJ,k(t)

=

�J−�∑
k=K

ξ
(J,k)
n+� φJ,k(t)

= Zn+�(t)J	L
��<$ ��� �3Zn+� �81k� SA'� �� �3ξ(J,k)n+� 
1G :H �1��%# :�$�B :"!�/ �"F8' (' ��M ���� %�I��

@�1��:� J�qqqL @7�# �� :H VJ
VJ = Span{φJ,k},

�1� :� %��8(�� (' [9 :"!�/ �� ��3��%# 
�./ '� %��8(�� =�& N!/ J	L @��?& � �����%# ��1��%# �8���
�U8�'� � U!I��%# Zn+�

E
{
ZJ
n+�|n(t)

}
a.s−→ Zn+� ⇒ E

{
ZJ
n+�|n(t)

}
− Zn+� a.s−→ K,

JqL E
[
E
{
ZJ
n+�|n(t)

}
− Zn+�

]� −→ K.
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