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1#'�!9 l�?F�I' :� �F#�:A^& �!FH 5�$ 4�Y# �'��
�(�I�U�!H�# �F8'�$ �� �����I' ��1# �!A � ��� �8��� g(x, μ) = x̄ − μ @�1��:� C8�'�/ ���'��
� =R�# ��3���3�.# :� �:8�b/ E8' U!��� �'�� E!FT�3 0�1��%# E8N-8� ∑n

i=� pixi = μ S��� ��
0J�KKu ���L ,I' ��� t'��' 
�(1# %��"� %8��F�I�� �%/1!I�B� =!;>� �� i[/�8�'��U3�/

	+<	"� ��"��
� ��� 4

�#( �!h�# 
�!# %��# E�$�B �b/ �� �� 671��# %¶�· ��3�!h�# @�&^p' (' �����I' �'�� �R� =!;>� ��
%F!��g!9 :� %��� ��3�l�� E�$�B �b/ �� �� �1 1# ��3���'� :� 4�# Q('�� � %¶�· ��3�!h�# � ,¶�
:/�!# 
1!I�B� 4�# ��'� �1 � :F!#( E8' �� :· %8�3�Q�� 2��� 
�!# �� 0�1��%# :��'��9 ,¶� 
�#(
�3�4�# E8' �� 0,I' E!-/�!# 
1!I�B� �'�� %?I�F# E8N-8� �,I' :�1G ,¶� 
�#( S8(1� :· %/�#(
��:V�'� r?p '� 
M � :�$�B �b/ �� �I�9 �!h�# 
'1F&�:� '� J�3�
M E!-/�!# �� �:�L ,X� 
�#( ��:/�!#

�8( %V�
mi = med(Ti|Zi) = β′Zi + εi

����Pp + � �'��� Zi = (�, Xi) :V�'� E8' �� 0�F3��%# �'�A Zi %¶�· ��3�!h�# �'��� �� l�?��' ��
%$��k� ��3�!h�# εi ��3�V� 0,I' 
1!I�B� 21;�#�/ ��3��#'��9 �'��� β � %X�H ��3�!h�# =#��
0�F����%# ��� ��:/�!# � fε(εi|zi) 21;�#�/ %��-G �'�'�Zi = zi 
�1� 21;�# 5�$ �� :H �F�3 =R�#
@�1��:� ���H ��3�.# =�& �� 
'1��%# :H '� :G�
M E8' �� �F� ]�/1��%# �1/�I �3�*'� (' %��� :H � �
M ('

��1��%# ��'� g8��/ �8(
Yi = min(Ci, Ti), δi = I{Ti � Ci}, i = �, . . . , n
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�R� =!;>� �� 
M �����H� %��"� %8��F�I�� ,$�!3���i

�B�
�./ S��� � ,I' �−G(·) ��R� S��� � G(·) 21;�#�/ S8(1� �� 2'i �*'� �1/�I 
�#( �Ci 
M �� :H

�#( � ,X� 
�#( �1��%# 5�$ E!FT�3 0�FH�%# �m.# '� 2'i �*'� ,X� �8 �1/�I ,!�)� δi
%B�.�B 4�# E8' �� �3���'� �1/�I �-8� @��?& :� 0JCi⊥Ti L �F�3 =R�# �-8�X8 (' ��� �1/�I
'� �8( C8�'�/ ���'�� S��� %��"� %8��F�I�� Q�� (' �����I' �'�� 0�1��%# :�$�B �b/ �� q%$��k� ¼^#�H

�J�KK� �1¤�� � E!T�L U8�!B�%# �b/ ��

J�L Sn(β) =

n∑
i=�

Zi

{
I(Yi ≥ β′Zi)

�− Ĝ(β′Zi)
− �

�
}
≈ K

��8M�%# ,I� :� �8( @�1��:� � ,I' �1/�I �!h�# ��R� S��� �'�� �8�:#P
^9�H ���'�� �−Ĝ(·) 
M �� :H

�− Ĝ(t) = ∏
u≤t

{
�− ΔN c(u)

Y (u)

}
,


M �� :H

ΔN c(u) =
n∑

i=�
I(Yi � u, δi = K),

Y (u) =
n∑

i=�
I(Yi � u).

�1"� Q�� Z8 ��!B��H�:� �� JS��� ��:.8�L β̂ �'�:VR/ ���'�� �Sn(β) S��� %-�I1!9�/ =!���:�
:H ,I�3��#'��9 �'��� (' ��'�R# 
���M ,I� :� 4���# S��� E8' ��:.8� E�$�8 0�8M�%# ,I� :� �K�'�:X?�
��3�'�R# Q�� E8' �� 0J�qq} �
'��X�3 � OF!8L �1��%# U�!F!# Sn(β) ��'��� S��� 2�/ 
M �'(' :�
�;�m# ��3�'�R# �'(' :� [\I 0�1��%# :�$�B �b/ �� [a, b] ��:X?� Z8 @�1��:� β ��#'��9 �'�� EX�#
:F!�� '� S��� :H�
M �β �;�m# ��3�'�R# 
�!# (' 0U!FH�%# :?I�># '� �b/ ��1# S��� �'�R# �:X?� E8' 
���
%��"� %8��F�I�� S��� 0,I' �b/ ��1# �I�9 �J�3��%# '� Sn(β) S��� 2�/ �'�R# E8���UH � �E8' ��L �FH�%#
��1��%# �8��� �8( @�1��:� Jβ ��#'��9 %�A'� �'�R#L βK �'(' :� J�L ���'�� ��:����# E�$�B �b/ �� ��

L(βK) =
{
sup

n∏
i=�

pi : pi � K,
n∑

i=�
pi = �,

n∑
i=�

piWni = K
}
,

Wi(βK, Ĝ) =Wni = Zi

{
I(Yi � β′KZi)

�− Ĝ(β′KZi)
− �

�
}
.
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��	�19�o'1/ �)��!�* � g!H��� :e�>#

,I� :� �8( ��:V�'� (' pi �{/'�B7 ��3�C8�) E$ (' �����I' �� =?A gm� �� :�$� ��H :� Q�� :��.#
��8M�%#

pi =
�
n
(� + λ′Wni)

−�, i = �, . . . , n,
0�8M�%# ,I� :� 
1$'�PE�1!/ U�8�1-�' (' �����I' �� �8( ��:����# =* (' λ {/'�B7 ��3�C8�) �'��� �

n∑
i=�

piWni =

n∑
i=�

�
n

(� + λ′Wni

)−�
= K.

��8M�%# ,I� :� �8( @�1� :� %��"� %8��F�I�� S��� U�8��-� %�F# ��'�� J�L C8�) =?A gm� :��.#

�(βK) = −� log
n∏

i=�
(� + λ′Wni)

−�

= �
n∑

i=�
log(� + λ′Wni).

E!T�L ,I' S8(1��U3 �8( @�1��:� ���%� %$��k� ��3�!h�# (' 
�(1# t1�"# �� ��* ,��* �� S��� E8'
�J�KK� �1¤�� �

�(βK) L−→
p+�∑
i=�

k̂iχ
�
i,�

=R�# %$��k� ��3�!h�# χ�
i,� � �F�3 Γ̂−�� Γ̂ ��* [/�8�'�1H [8���# ��3�'�R#��{8� �3k̂i 
M �� :H

��/1��%# �8��� �8( @�1��:� Γ̂ � Γ̂−�� ��3�[8���# 0�F����%# ��'(M ��: �� Z8 �� 2'�H �3 ���%�

Γ̂� =
�
n

n∑
i=�

{
I(Yi � β̂′Zi)

�− Ĝ(β̂′Zi)
− �

�
}�

ZiZ
′
i,JuL

Γ̂� =
�

un
n∑

i=�
(�− δi)

{∑n
j=� ZjI(β̂′Zj � Yi)∑n

j=� I(Yj � Yi)

}⊗�

Γ̂ = Γ̂� − Γ̂�J}L
4�# ��3��#'��9 �'��� �'�� 
�F!�p' ��:!*�/ E8' �� �F� 0a⊗� = aa′ �U8�'� a �'1m�� �'��� �3 �'�� :H

�J�KK� �1¤�� � E!T�L �8M�%# ,I� :� �8( ��:V�'� @�1��:� %/1!I�B�
J�L Rα(β) = {β : �(β) � cα} ,
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�R� =!;>� �� 
M �����H� %��"� %8��F�I�� ,$�!3���q

(' �'1m�� ��:&1�"#�8( ��:���V# �1bF#�:� E!FT�3 0,I' ∑p+�
i=� k̂iχ�

i,� S8(1� 2'� − α ��FG cα :H
��1��%# �8��� �8( @�1��:� n��U!/ %��"� %8��F�I�� ,?/ �����#M �β(�)q×� �F/�# 4�# ��3��#'��9

�s(β
(�)) = min

β(�)∈N
�(β(�), β(�)),

N =

{
β(�) :

∥∥∥∥β(�) − β̂(�)
∥∥∥∥ = O

( �
�√n

)}


��� ��H :� �� :H ,I' β(�)(p−q)×� �'��� �8( �'�� �'�:VR/ ���'�� β̂(�) � %I�!;A' 2�/ ‖ · ‖ 
M �� :H
S8(1� �'�'� ���#M E8' 0�8M�%# ,I� :� Sn(β(�), β(�)) = K ��:����# =* (' �'�:X?� �1"� Q��
�'�� CI�F# ���'�� �1?/ =!���:� %�� ,I' =R�# ����%� %$��k� ��3�!h�# (' 
�(1# t1�"# ��*
(' �����I' �� '� ���#M E8' ��!B�:/1�/ S8(1� J�KKiL 
�!/�#'��1I ���* [/�8�'�1HP[/�8�'� [8���#
:?I�># '� 
�F!�p' ��:!*�/ E���I �'�� (�!/ ��1# %/'�>� �'�R# 
M ��� (' � ���H �!�1� 
'��B�1� Q��

0�8M�%# ��� gm� �� 
�F!�p' ��:!*�/ E���I %-/1-G 0�FH�%#

����6<���
��B l��N"< ���;� ��	F6 ��� 45-
��:/1�/ (' H� : β(�) �= β

(�)K %;H 5�$ ��'�� �� HK : β(�) = β
(�)K 5�$ 
1#(M 2�"/' �'��

:� :/1�/ ��� b �'��� :� ��'W-8� ��� �����I %$��k� Q���:� �i = �, . . . , n �(Yi, δi, Zi) %;�'
��3�'�R# ��:?I�># (' [9 0U!3��%# g8��/ (Y ∗i , δ∗i , Z∗i ) �� '� ��'�X� ��3�:/1�/ � :�$�B n ���('�/'
��:��?/� ],I' 
'��B�1� ��:/1�/ ��F?# �� �8�:#P
^9�H �B���'�� Ĝ 
M �� :H �W ∗

i ((β
(�)K , β(�)), Ĝ)


��H U�!F!# �� ��� 2�B �� 0U!FH�%# :?I�># 
'��B�1� ��:/1�/ �3 �'(' :� '� �∗(β(�)K , β(�)) ��3�'�R#
� ��:/1�/�(�� �3 �'�� ��s(β(�)) 
'��B�1� n��U!/ %��"� %8��F�I�� ,?/ �β(�) ∈ N :� ,?/ �∗(·)
n��U!/ %��"� %8��F�I�� ,?/ �����#M ��!B�:/1�/ S8(1� �3�'�R# E8' 
�'� �'�A U3 ��FH (' 0�8M�%# ,I� :�
'� 2'b(�−α) �'�R# �%.8'N$' C!��� Z8 �� ��#M ,I� :� ��3�'�R# 
��H C��# (' [9 0�1��%# =��*
2'(�−α) ��FG 
��3 �b/ ��1# %/'�>� �'�R# SA'� �� 0U!3��%# 
�./ b(�−α) ���/ �� � ����M ,I� :�
β
(�)
q×� �'��� �8( �'�� 
�F!�p' ��:!*�/ E8' �� �F� 0,I' n��U!/ %��"� %8��F�I�� ,?/ ��!B�:/1�/ S8(1�

�J�KKi �
�!/�#'��1IL �1��%# =��* �8( @�1��:�
Rα(β

(�)K ) =
{
β(�) : �s(β(�)) � b(�−α)

}
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��K�19�o'1/ �)��!�* � g!H��� :e�>#

����	� 8
��� �!�1� ��
'1m�I' Nh# �/1!9 ���3���'� ��:&1�"# ��� ,X� 
�#( ��:/�!# 
1!I�B� 4�# gm� E8' ��
���!� u� :� l1��# @�&^p' =#�� �3���'� 0��!B�%# �'�A %I��� ��1# J�qq�L 
'��X�3 � +7'�M sI1�
%���8' ��-./'� 
'1m�I' Nh# �/1!9 �*'� �� :H ,I' �u�#1��!� 2�/ :� 
'1m�I' Nh# 
�p�I %&1/ :� ^�?#

0�/'�:�$�B �'�A %I��� � :���V# ��1# 18�3¹'
�e' �� :�$� E!� (' 
'1m�I' Nh# ��3�41;I �(�I(�� �'�� 41��# Q�� �}%I�F��1#1� U;& ��
,$�8�� (' [9 ������\I 
�#( @�# %I��� E8' �� 0,I' 
'1m�I' Nh# �/1!9 =�& 2�"/' �%/�#���%�!�
:�$�B �b/ �� ,X� 
�#( 
'1F&�:� ����!� 
�� sI1� �/1!9 �� �8 ���!� ��# 
�#( �� ��/1!9 ��3�41;I

�#(L �I�9 �!h�# �� ��^& �R� =!;>� ��:���V# �3 �� ��� 
�!� 21I gm� �� :H �1p�
��3 0�1��%#
δi �B�
�./ :���V# E8' �� 0�1��%# ��!B��('�/' �,I' ���!� ,!�)� �B�
�!� :H ��B�
�./ �!h�# J,X�

0�1��%# �8��� �8( @�1��:�

δi :

⎧⎪⎨
⎪⎩

� ,I' ��( [9 '� �/1!9 �8 ���# 2'i ���!�
K ,I' ��� ���� :���V# (' 2'i ���!�

[9 
'1m�I' Nh# �/1!9 ,$�8�� �'�� ��b�/' 
�#( %X�H ��3�!h�# �7�� �� ����
�!� �!h�# �� �'��3 :�
�3 �'�� �JX�L �/1!9 =�& (' =?A ���!� ��%X$1/��H ���� � J��# C* �� X�L ����!� �!m.� ('

0�/�� ,?e � ��!B��('�/' :���V# ,>� ���!� u� (' Z8
���!� ��& 41p ��:/�!# ��� %X�H �!h�# �� E8' ��'WB �e' %-/1-G ��:���V# %I�F� �1#1� U;& ��

1!I�B� 4�# �!h�# �� E8' �e' ��:���V# y�3 �� E8' �� �F� 0��'� %8'N� ,!�3' 
'1m�I' Nh# �/1!9 (' [9

��1��%# :�$�B �b/�� �8( @�1��:� 21I gm� �� ����
�!� C��V# +�I' �� :/�!#
Ti = βK + β�X�i + β�X�i + εi, i = �, . . . , u�

��3�V� �3εi � 4�# 21;�#�/ ��3��#'��9 (j = K, �, �) �βj �,X� 
�#( U�8��-� Ti �!h�# 
M �� :H
0�F�3 =?A �� ����%$��# ��3�%B{8� �'�'� � 4�#

gm� �� ����%$��# Q�� (' �����I' �� 7�� 4�# %/1!I�B� ��3�C8�) �'�:VR/ ���'�� gm� E8' ��
:���I J�L ��:V�'� +�I' �� JβL �3��#'��9 �'��� ���� q} 
�F!�p' ��:!*�/ [\I 0�F8M�%# ,I� :� 21I
n��U!/ %��"� %8��F�I�� Q���:� 4�# ��3��#'��9 Z� Z� �'�� ���� q} 
�F!�p' ���(�� ���/' �� 0�1��%#

0�/1��%# :?I�># J=?A gm� �� ��� %$��#L
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�R� =!;>� �� 
M �����H� %��"� %8��F�I�� ,$�!3����

	�� ���	% ���+b,< ������ 85-
@'�!!h� ��:F#'� 0�F8M�%# ,I� :� J�L ��:����# =* (' :/�!# 
1!I�B� 4�# ��3��#'��9 �'�:VR/ ���'��
��:�� ��3�S��� (' %X8 :H S��� (' �����I' �� Q�� E8' �'� ' �'�� (�!/ ��1# ��:!��' �'�R# � �3��#'��9
�����I' �� '� :/�!# 
1!I�B� 4�# S��� E8' 0�8M�%# ,I� :� �8( @�1��:� �,I' �'N$'�2�/ ��
�� �'��3 %/1!I�B� ��3�C8�) ���'�� �8( �� 0�FH�%# ���'�� J�KK�L �1/�@�19 sI1� ����%$��# Q�� ('

0,I' ��#M �3�
M ���� q} ���(��
���F�# 
�F!�p' ��3��(�� � 4�# ��3��#'��9 ��:!��' �'�R# &- ���9

�F!�p' ���(�� E!8�9 �* 
�F!�p' ���(�� �7�� �* β̂i = bi

−�� 	�}	K �� �	K�� −K� �u�iq
K� K�u�iK K� K���� K� K�	quK
−K� K���} K� KKi�q −K� KK�K�

� ��1�& ��3�s� �� '� =��* ��3�:VR/ � ���H U!R� ,�A �K :� '� ��#M ,I� :� ��3��(�� (' Z8 �3
(' �'�:&1�"# C!��� E8' :� 0�8M ,I� :� �3�:VR/ (' :X?� Z8 :H� ��1p�:� �U!FH�%# =k�# �-8�X8 :� %R$'

0�1��%# =��* �8( @�1��:� 4�# ��3��#'��9 �'��� �'�� EX�# ��3�'�R#{
(bKi, b�i, b�i)

∣∣∣bKi = −�� 	�}	 +
i

��
(

�� �	K� + �� 	�}	
)
,

b�i = K� K�u�i +
i

��
(

K� K����− K� K�u�i
)
,

b�i = −K� K���} +
i

��
(

K� KKi�q + K� K���}
)
, i = �, . . . , �K

}
.

��3�l�� �� � �3�� :"!�/ '� Sn(β) S��� 2�/ E8���ZG1H :H �'��� 
M �3�'�R# E8' 
�!# ��
n∑

i=�
pi = � �

n∑
i=�

piWni = K

E8' �'� ' (' [9 0U8�!B�%# �b/ �� :/�!# 
1!I�B� 4�# ��3��#'��9 �'�:VR/ ���'�� 
'1F&�:� '� �FH ���
��8M�%# ,I� :� �8( @�1��:� :�$�8 Q('�� 
1!I�B� 4�# ��3�:;*�#

mi = med(Ti|X�i, X�i) = K� q�K�� + K� K�q�iX�i + K� KK���X�i
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K� KKKK�iuq	 K� KK�u��i�	K �� KKK�u�K��K
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K� K�	��q	} 	 K� K�q}�K	K i K� K��u	q�� � K� K��u	q�� }
K� K�}uK�i} �� K� K�iq	u�K �� K� K�	uq�	� �K K� K�	��i�q q
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K� K�uKq�K� �u K� K��	}��K �� K� K�}K	K}� �� K� K��q}}u} ��
K� K�}K�i�� �	 K� K��u}��	 �i K� K��u	�qK �� K� K�u�u	�q �}
K� K��}�q�� �� K� K����	�} �� K� K����	�} �K K� K����K�K �q
K� K�K�q}Ku �� K� K���u�KK �} K� K�Ki��q} �u K� K��iu��} ��
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K� K�q�ui�q u� K� K�q}�u�} u� K� K�q�uiK� u�
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⎡
⎢⎢⎣

�
X�i
X�i

⎤
⎥⎥⎦
{
I(Yi � K� q�K�� + K� K�q�iX�i + K� KK���X�i)
�− Ĝ(K� q�K�� + K� K�q�iX�i + K� KK���X�i)

− �
�
}
.
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g(λ) =
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i=�
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Wu�i

� + λ′Wu�i

)
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�U8�'� '� �8( ��3�:V�'� ��F�3 4���*' �'�R# �3pi :H C;V# E8' E�$�B �b/�� ��
K < �

u�
( �

� + λ′Wu�i

)
< � ⇒ � + λ′Wu�i �

�
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�s(βj) = min
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∥∥∥∥∥∥
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�!# ���(�� 
��� �3�
M �� ���F�# n��U!/
��F8M�%# ,I� :� �8( @�1��:� �3��#'��9 (' Z8 �3 �'�� ���� q} 
�F!�p' ��3��(�� Q�� E8' �'� ' ��

�3��#'��9 �'�� %��"� %8��F�I�� 
�F!�p' ��3��(�� &4 ���9

�F!�p' ���(�� E!8�9 �* 
�F!�p' ���(�� �7�� �* β̂i �3�C8�) �'�:VR/ ���'��
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