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ABSTRACT. We introduce two equivalence relations on semihypergroups.
Also we discuss on some properties of these two relations and investigate
on quotient semihypergroups via these relations.

1. INTRODUCTION AND PRELIMINARIES

The theory of algebraic hyperstructures which is a generalization of the
concept of ordinary algebraic structures was first introduced by Marty [4]. Since
then many researchers have worked on algebraic hyperstructures and developed
it. A short review of this theory appears in [1]. A recent book [2] contains a
wealth of applications. Via this book, Corsini and Leoreanu presented some of
the numerous applications of algebraic hyperstructures, especially those from
the last fifteen years, to the following subjects: geometry, hypergraphs, binary
relations, lattices, fuzzy sets and rough sets, automata, cryptography, codes,
median algebras, relation algebras, artificial intelligence and probabilities.

A map o: H x H — P*(H) is called a hyperoperation or join operation.
A hypergroupoid is a set H with together a (binary) hyperoperation o. A
hypergroupoid (H, o), which is associative, that is xo(yoz) = (zoy)oz,Va,y,z €
H, is called a semihypergroup (see [2]).

A semihypergroup S is said to have zero element, if there exists a unique
element e € S such that ex = x = ze, for all x € S. Note that we identify the
singleton set, {z} with z. Also a semihypergroup S is called commutative, if
xy = yzx, for all z,y € S.

In the sequel, by S we mean a semihypergroup, unless otherwise specified.
Definition 1.1. Let (S,.) be a semihypergroup. A nonempty subset 7 of S
is called a subsemihypergroup of S if (7,.) is a semihypergroup

Let S be a semihypergroup and 6 be an equivalence relation on . Naturally
we can extend 6 to the subsets of S denoted by @ as follows.(see [1], [2])

For nonempty subsets A and B of S. Define

AB <= VYaec A FbeB, afb and VYbe B Ja € A, ba,
where by a#b, we mean (a,b) € 6.
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An equivalence relation 6 on S is said to be regular if for all a,b,z € S we
have

afb = (az)0(bz), and (za)f(bx).
2. REGULAR RELATIONS

Definition 2.1. Let S be a semihypergroup. A subsemihypergroup 7 of S is
called invertible if for all z,y € S we have

rey7 <= yecaT7 and ze€Ty<—ycTzx.

By 7T <; §, we mean 7 is an invertible subsemihypergroup of S.

If § is a semihypergroup, then it is clear that S itself is an invertible subsemi-
hypergroup. Also if S has identity, then {e} is an invertible subsemihypergroup.
Definition 2.2. Let S be a semihypergroup and {7}};‘:1 be a family of sub-

n
semihypergroups of S, then the product of 7;s is denoted by H’Z} and is
j=1

n n n
defined by H'Z} ={teS|te Haj,ﬂaj € 7;}. Tt is easy to see that H?} is
j=1 j=1 j=1
a subsemihypergroup.

Proposition 2.3. (i) Let S be a commutative semihypergroup and {7;}’_,

n
be a family of invertible subsemihypergroups of S, then H 7; is an invertible
j=1
subsemihypergroup. ’
(ii) Let {S;}7_; be a family of semihypergroups and 7; <; §; forall 1 < j <
n. Then 77 x Ty x ... x T, <; S1 X Sy X ... X S,,.
Proposition 2.4. Let §; and S; be two semihypergroups and f : &1 — Ss
be an on-to homomorphism. If 7 is an invertible subsemihypergroup of Si,
then f(7) is an invertible subsemihypergroup of Ss.
Definition 2.5. Let S be a commutative semihypergroup with identity and
T < S. Define the relation A7 on S as follows:
x A7y if there exist invertible subsemihypergroups 7; and 75 of S such that
11,7, C T and 27, ~ y7Ty, where by A~ B we mean AN B # (.
Theorem 2.6. Let S be a commutative semihypergroup with identity and
T < S. Then A\ is a regular equivalence relation on S.
Theorem 2.7. Let (S,.) be a commutative semihypergroup with identity and
S/Ar = {Ar(x)| x € S} be the equivalence classes of S with respect to Az.
Then (S/\7,®) is a commutative semihypergroup with Az(e) as an identity
element, where © is defined as follows:

A1 (z) © A7 (y) = {7 (2)] 2 € Ar(z)Ar(y)},

Definition 2.8. Let S be an commutative semihypergroup with identity and
T < S. Define the relation p7 on S as follows:

xpTy there exist invertible subsemihypergroups 77 and 75 of S such that
71,73 C I and 277 = yTs.
Theorem 2.9. Let § be a commutative semihypergroup with identity, then
pPT = AT.
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Corollary 2.10. Let S be a commutative semihypergroup with identity. Then
pT is a regular equivalence relation on semihypergroup S. Also (S/pr,®) is a
commutative semihypergroup with identity, where ® is defined as follows:

pr(x)Op1(y) = {pr(2)| 2 € 2y},
Note 2.11. It is easy to verify that, if 73 C 7 is an invertible subsemihyper-
group of S, then for all x € S, we have 27; C pr(z) = A7 (z).
Lemma 2.12. Let S be a commutative semihypergroup with identity and
71,75 < S and 7; C T5. Then pr(x) € T3/p7 if and only if z € T5.
Theorem 2.13. Let S be a commutative semihypergroup with identity and
71 CT5. Then 7o < S if and only if To/pr, < S/p1;.
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