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Abstract 
 

In this paper, a new exact formulation for calculating the elastic buckling load of semi-rigid steel frames with 

tapered columns will be obtained. The presented methodology is based on the precise solution of the governing 

differential equations for buckling of the uniform and non-uniform frames. Then, the effects of the non-prismatic 

members, with a parabolic stiffness variation, flexibility of connections, and lateral bracing on the buckling length 

factor and corresponding critical load of a portal frame will be investigated parametrically. Results show the 

combined effect of aforenamed parameter on the critical buckling load and corresponding equivalent buckling 

length factor of portal steel frames is very significant. 

Keywords: Buckling analysis, Tapered columns, Semi-rigid connections, Steel frames, Buckling length factor, Critical load. 

 
 

1. Introduction 
Tapered comparison members are extensively used in structural, mechanical and aeronautical engineering. The 

use of tapered members was first proposed by Amirikian [1] in 1952 for reasons of economy according to Lee and 

Morrell [2]. Nowadays, most of the civil engineering structures consisting of tapered columns with various cross 

sections to minimize the total weight and subsequently the cost of structures and sometimes to satisfy architectural 

and functional requirements. This paper deals with the stability analysis of tapered columns and 2-D frames 

consisting of linearly tapered elements with a second-order polynomial stiffness variation. 

In the search for analytical solutions of the buckling of frames, many research works are based on assumed 

stiffness distributions. Ermopoulos and Kouanadis [3] dealt with simple portal braced and un-braced frames 

comprising tapered lattice columns with a second-order polynomial stiffness variation and the buckling load were 

established in closed-form by means of bifurcation analysis. Using the same model, Ermopoulos studied the non-

linear buckling analysis of simple frames in non-sway mode [4]. Also, he presented results for tapered bars under 

stepped axial loads and utilized the same assumption to obtain the equivalent buckling length of non-uniform 

members on the basis of the slope-deflection method [5-9]. Moreover, this investigator and Raftoyiannis studied 

the effect of initial imperfections on the stability of tapered members [10].  

Based on the previous review, it can be seen that comprehensive studied on the stability of non-prismatic column 

rather than the frames involved non-uniform member and no attempt has been made for considering the joint of 

flexibility and elastic bracing system in steel portal frames with non-prismatic members. The purpose of this study 

is to determine exact expression accounting for aforenamed effects with various cross sections for the critical 

buckling load of frame. The methodology is based on the exact solution of the governing differential equations for 

buckling of the uniform and non-uniform frames. 

 

2. Buckling analysis 
It is intended to analysis the portal frames shown in Fig. 1. The frame in Fig. 1(a) has two pinned supports; 

while the frame in Fig. 1(b) is based on two fixed supports. Columns have both length lc, and moment of inertia is 

assumed to vary in the following form: 
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In this function Ii(xi) is the moment of inertia of the cross-section at a distance xi from the origin, as shown in Fig. 

1, and Ic is the moment of inertia at a distance a from the origin. According to Table (1), the shape factor, n, is 

equal to 2 for tapered members with varying depth and constant cross-sectional area, such as tower and open-web 

sections. It should be noted, for the uniform member, the shape factor n is equal to zero. The beam has length lb, 

and moment of inertia Ib. Each frame is subjected to two vertical concentrated loads, P1 and P3, on the centerline of 

columns. The beam is connected to columns via semi-rigid connections. It is assumed that both beam-to-column 

connections, has rotational stiffness Kc. The lateral elastic support is modeled by a horizontal spring with axial 

stiffness Kb, which is located at the top of the right column. 

 

 

 

 

 

 

   (a)    (b) 

Figure 1- Geometry and sign convention of non-uniform frames with: (a) pinned supports, and (b) fixed supports. 

 

Within the limitations of the beam-column theory, the governing forth-order differential equations for the 

columns and the beam are given below: 
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The general solutions of Eq. (2) for n = 0 and 2 are presented in Eqs. (3) and (4), respectively. 
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where Ai, Bi, Ci, and Di (i=1,2,3) are integration constants to be determined using boundary and kinematic 

conditions. 

In practice, both columns in a simple frame have the same sectional properties (i.e. I(x1)=I(x3)), and mostly loaded 

by equal compression forces (i.e. P1≈P3). Accordingly, it is assumed that P1=P3=P and I1=I3 . At this stage, by 

employing the boundary and kinematic conditions, and also the coming non-dimensional parameters, 
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C  , the following system of dimensionless equations can be found, when the shape factor, n, is 

equal to 2:  
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with respect to the dimensionless 

constants
3333322222211111 ,,,,,,,,,, DhCCBAhCChBBhAADhCCBA  . It should be noted that Eqs. 

(5) and (6) belong to pinned and fixed supports, respectively. By setting the determination of last equations to zero, 

and subsequently, the critical buckling load of the non-uniform semi-rigid frames with shape factor n=2, will be 

obtained:
 

)2,1(0]det[  iKi   (7) 

The matrices [Ki] (i=1,2) are given explicity in Appendix A (see Eqs. (A1) and (A2)). Similarly the corresponding 

matrices, [Ki] (i=3,4), for the uniform frames with pinned and fixed supports, are given explicitly in Appendix A 

(see Eqs. (A3) and (A4)). Accordingly, the critical buckling load of the these frame, could be respectively obtained 

as fallows:  

 det 0 ( 3,4) iK i   (8) 

By solving Eqs. (7) and (8), the non-dimensional critical buckling load, ρcr , is obtained, and consequently, the 

following critical buckling load of the frame is computed:
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Moreover, Eq. (10) leads to the equivalent buckling length factor, k, of the column , which has the next value: 

*
cr

k
P


  (10) 

It should be mentioned that P
*
cr=Pcrl

2
c/EIm , and Im is the moment of inertia at the middle of the column (i.e. for 

x=a+0.5lc). 

 

3. Parametric study 
Solving numerically the buckling equations Eqs. (7) and (8), the dimensionless critical buckling load factor, ρcr, 

can be computed for the frame with non-uniform (n=2) and uniform (n=0) columns, respectively. This solution is 

valid for any desired combination of the defined non-dimensional parameters, namely the stiffness ratio ν, the 

dimensionless rotational stiffness of semi-rigid connections K
*
c, and the dimensionless axial stiffness of lateral 

elastic support K
*
b. The stiffness ratio ν varies up to 4, which is a reasonable range of beam-column characteristic 

properties for commonly designed steel frames. Concerning the rotational stiffness values of the connections )( *

cK , 
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numerical results are presented for relatively low quantities )0.1,5.0,1.0( * cK , which correspond to bolted 

connections with low rigidity, as well as for higher ones ),10,5( * cK , that correspond to more rigid 

connections such as welded joints. Regarding the axial stiffness values of the lateral elastic support K
*

b, numerical 

responses are obtained for minimum value *( 0)bK   and relatively intermediate amounts *( 1, 10)bK  , that 

correspond to un-braced and semi-braced frames, respectively, as well as for maximum ones *( )bK   that 

correspond to fully-braced frames. It should be added, for tapered column, the taper ratio, r, varies in the range of 0 

< r ≤ 1, where r = 1 denote a uniform member and if r → 0, the member would taper to a point at the base, which is 

only a theoretical limit and is not practical 

 

3.1. Uniform section (n=0)  
The variation of the equivalent buckling length factor k , for the uniform frame with pinned supports, with 

respect to stiffness ratio ν for various values of the rotational stiffness K
*
c, and various amounts of the lateral 

support stiffness K
*
b, are plotted in Fig. 2. 

According to Fig. 2(a), in the case of the un-braced frame (i.e. 0* bK ), with pinned supports and ν→0, the 

equivalent buckling length factor tends to k→2, irrespective of the rotational stiffness K
*

c values. This case 

corresponds to a pinned-fixed sway column. Also, as the stiffness ratio ν→∞, the equivalent buckling length factor 

tends to k→∞ for all cases of K
*
c.  

For intermediate values of the stiffness ratio ν and low rotational stiffness amounts (i.e. K
*

c=0.1, 0.5 and 1) there is 

a substantial increase of the equivalent buckling length factor k , which is more pronounced when ν tends to low 

values. This effect is reversed in the case of high rotational stiffness quantities (i.e. K
*

c=5, 10 and ∞) as ν tends to 

high values. The same pattern pronounces also in the cases when an lateral support is present (i.e. 0* bK ), as 

shown in Figs. 2(b) up to 2(d). 

In addition, regardless of the rotational stiffness
*

cK quantities, when the stiffness ratio tends to ν→0, the 

equivalent buckling length factor tends to k→1.854, 1.243 and 0.699 for K
*

b→1, 10 and ∞, respectively. The latter 

case corresponds to a pinned-fixed non-sway column. Also, for all cases of K
*
c when the stiffness ratio tends to 

ν→∞, the equivalent buckling length factor tends to k→4.339, 1.402 and 1.000 for K
*

b→1, 10 and ∞, respectively. 

This last case (i.e. K
*

b→∞) corresponds to a pinned-pinned non-sway column. 

In Fig. 3, the same plots as above are depicted for the frame with fixed supports. More specifically, in the case 

of the un-braced frame (i.e. K
*
b=0) with fixed supports and ν→0, the equivalent buckling length factor tends to 

k→1, irrespective of the rotational stiffness K
*
c values. This case corresponds to a fixed-fixed sway column. On the 

other hand, for ν→∞, the equivalent buckling length factor tends to k→2, also regardless of the K
*

c amounts. This 

case corresponds to a fixed-free sway column. 

For intermediate values of the stiffness ratio ν and low rotational stiffness amounts (i.e. K
*

c=0.1, 0.5 and 1) there 

is a significant increase of the equivalent buckling length factor k which is also more pronounced as ν tends to low 

values. The similar pattern appears also in the cases when an elastic bracing support is present (i.e. 0* bK ), as 

shown in Figs. 3(b) through 3(d). 

It should be noted that regardless of the rotational stiffness K
*
c values, whenever the stiffness ratio tends to 

ν→0, the buckling length factor tends to k→0.980, 0.843 and 0.500 for K
*
b→1, 10 and ∞, respectively. The last 

case (i.e. K
*

b→∞) corresponds to a fixed-fixed non-sway column. On the other hand, for ν→∞, the equivalent 

buckling length factor tends to k→1.838, 1.237 and 0.700 for K
*

b→1, 10 and ∞, respectively. The latter case (i.e. 

K
*

b→∞) corresponding to a fixed-pinned non-sway column. 
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(a) (b) 

  
(c) (d) 

Figure 2- Buckling length factor k versus stiffness ratio ν for pinned support frame with prismatic columns (n=0) 

and various values of K
*

c and K
*
b  
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(c) (d) 

Figure 3- Buckling length factor k versus stiffness ratio ν for fixed support frame with prismatic columns (n=0) and various 

values of K*
c and K*

b 

 

3.2. Tower and open-web section (n=2)  
In Fig. 4, the variation of the equivalent buckling length factor k , with respect to stiffness ratio ν for various 

quantities of the rotational stiffness K
*
c, and various values of the lateral support stiffness K

*
b, and r=1/2, are 

investigated for the non-uniform frame with pinned supports. 

From Fig. 4(a), more specifically, in the case of the un-braced frame (i.e. 0* bK ), with pinned supports and 

ν→0, the equivalent buckling length factor tends to k→1.816, regardless of the rotational stiffness K
*
c values. This 

case corresponds to a pinned-fixed sway column. Also, as the stiffness ratio ν→∞, the equivalent buckling length 

factor tends to k→∞ for all cases of K
*
c. However, for the low values of the rotational stiffness in the un-braced 

frame, the solutions are unacceptable [3]. 

For intermediate amounts of the stiffness ratio ν and low rotational stiffness values (i.e. K
*

c=0.1, 0.5 and 1) there 

is a considerable increase of the equivalent buckling length factor k , which is more pronounced when ν tends to 

low quantities. This effect is reversed in the case of high rotational stiffness values (i.e. K
*

c=5, 10 and ∞) as ν tends 

to high values. The same pattern pronounces also in the cases when an lateral support is present (i.e. 0* bK ), as 

shown in Figs. 4(b) up to 4(d). 

Moreover, regardless of the rotational stiffness
*

cK quantities, when the stiffness ratio tends to ν→0, the 

equivalent buckling length factor tends to k→1.810, 1.757 and 0.726 for K
*

b→1, 10 and ∞, respectively. This latter 

case corresponds to a pinned-fixed non-sway column. Also, for all cases of K
*
c when the stiffness ratio tends to 

ν→∞, the equivalent buckling length factor tends to k→na, 5.904 and 1.033 for K
*

b→1, 10 and ∞, respectively. 

This last case (i.e. K
*

b→∞) corresponds to a pinned-pinned non-sway column. 

In Fig. 5, the same plots as above are presented for the frame with fixed supports. In the case of the un-braced 

frame (i.e. K
*
b=0) with fixed supports and ν→0, the equivalent buckling length factor tends to k→1.033, 

irrespective of the rotational stiffness K
*
c values. This case corresponds to a fixed-fixed sway column. On the other 

hand, for ν→∞, the equivalent buckling length factor tends to k→2.4, also regardless of the K
*

c amounts. This case 

corresponds to a fixed-free sway column. 

For intermediate values of the stiffness ratio ν and low rotational stiffness amounts (i.e. K
*

c=0.1, 0.5 and 1) there 

is a substantial increase of the equivalent buckling length factor k which is also more pronounced as ν tends to low 

values. The similar pattern appears also in the cases when an elastic bracing support is present (i.e. 0* bK ), as 

shown in Figs. 5(b) through 5(d). 

It should be noted that regardless of the rotational stiffness K
*
c values, whenever the stiffness ratio tends to 

ν→0, the buckling length factor tends to k→1.032, 1.021 and 0.521 for K
*
b→1, 10 and ∞, respectively. The last 

case (i.e. K
*

b→∞) corresponds to a fixed-fixed non-sway column. On the other hand, for ν→∞, the equivalent 
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buckling length factor tends to k→2.383, 2.247 and 0.726 for K

*
b→1, 10 and ∞, respectively. The latter case (i.e. 

K
*

b→∞) corresponding to a fixed-pinned non-sway column. 

 

  
(a) (b) 

  
(c) (d) 

Figure 4- Buckling length factor k versus stiffness ratio ν for pinned support frame with non-prismatic columns (n=2) and 

various values of K*
c and K*

b (r=1/2) 
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(c) (d) 

Figure 5- Buckling length factor k versus stiffness ratio ν for fixed support frame with non-prismatic columns (n=2) and 

various values of K*
c and K*

b (r=1/2) 

 

The equivalent buckling length factor, k, for both mentioned frames and for various values of the above 

parameters are presented in Tables (1) and (2). Furthermore, the results of the non-uniform frames are given by 

considering r=1/2. From these values of k, it is evident that the increase of the lateral stiffness K
*
b from low or zero 

values (corresponding to the un-braced frames) to infinity (corresponding to the fully-braced frames), will lead to a 

significant decrease of the equivalent buckling length factor. Consequently, the critical buckling load of the frame 

increased substantially. The similar pattern follows also in the presence of the rotational stiffness K
*

c. When the 

rotational stiffness K
*
c reduced from infinity (corresponding to the rigid connections) to very low or zero values 

(corresponding to the pinned connections), the buckling load of frame changed strongly. These patterns are more 

apparent when the shape factor increases. Furthermore, these effects are more pronounced in the case of the frame 

with pinned supports. 

Comparing the Figs. 2 through 5 and the authors' results, a substantial reduction of the frames critical buckling 

load will be seen, which is caused by effects of the shape factor of the columns, lateral support, and the flexibility 

of joints. In addition, this reduction is declared for low values of the rotational stiffness as the stiffness ratio ν 

decreases and for high connection flexibility when ν increases. From Figs. 2 up to 5 one can see that the effect of 

the joint flexibility on the buckling load is higher in the cases of the un-braced frame, especially for the non-

uniform frame, than in the braced ones. 

 
Table 1a- Equivalent buckling length factor k for the uniform frame (i.e. n=0) with pinned supports and various values of ν, K*

c and 

K*
b 
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Table 1b- Equivalent buckling length factor k for the non-uniform frame (i.e. n=2) with pinned supports and various values of ν, K*

c 

and K*
b 

 
 

Table 2a- Equivalent buckling length factor k for the uniform frame (i.e. n=0) with fixed supports and various values of ν, K*
c and 

K*
b 

 
Table 2b- Equivalent buckling length factor k for the non-uniform frame (i.e. n=2) with fixed supports and various values of ν, K*

c 

and K*
b 

 
 

4. Conclusions 
Based on a developed buckling analysis portal frame, the paper has first presented a closed-form expression for 

computing the "exact" critical load and corresponding equivalent buckling length of non-uniform frames with semi-

rigid connections and elastic bracing system. The methodology is based on the exact solution of the governing 

differential equations for buckling of the uniform and non-uniform frames. Also, the proposed formulation can be 
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used for the tapered column with various end boundary conditions in the particular cases. From the parametric and 

numerical solution point of view, the following results are concluded: 

1. The combined effect of the shape factor, taper ratio, elastic bracing system, and joint flexibility on the 

critical buckling load and corresponding equivalent buckling length factor of portal steel frames is very 

significant. As a result, these effects should be considered in design of such structures. 

2. The connection flexibility will reduce critical buckling load of the frame. Consequently, it increases the 

corresponding equivalent buckling length factor. These effects are similar to the elastic bracing system. 

3. The equivalent buckling length factor of the non-uniform portal frames will increase, when the shape factor 

as well as stiffness ratio increases. For the un-braced frames with pinned supports, this effect is even more 

pronounced. 

Appendix A 
The unknown constants matrixes, K1 and K2, for the fixed and pinned supports' frame with shape factor n = 2, 

respectively, have the next values: 
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The following parameters are used in the last matrices: 
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The unknown constants matrixes, K3 and K4, for the fixed and pinned supports' frame with shape factor n = 0, 

respectively are defined by the next relationships: 
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