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Abstract

In this paper, we consider a single-step network consists of n links and assume that
the links are subject to failure. It is assumed that the network can be in three states,
up (K = 2), partial performance (K = 1) and down (K = 0). Under different scenarios
on the states of the network and using the concept of two-dimensional signature, we
obtain the probabilities that ¢ links fail at time ¢; and j links fail at time ¢ . Several
stochastic and aging properties of the proposed probabilities are studied.

Keywords: Signature matrix, Bivariate increasing failure rate, Total positive of order
2, Stochastic order.

1 Introduction

In this paper, we consider a three-state network consisting of n i.i.d. binary links. We
assume that the network can be in three states, up (K = 2), partial performance (K = 1)
and down (K = 0). Let the network start to function at time ¢ = 0 in state K = 2.
Denote by T the lifetime of the network which remains in state K = 2. Also, denote by
T the network lifetime i.e. the entrance time into state K = 0. Using these notations,
the two-dimensional signature of the network is defined to be a probability matrix .S with
elements defined by

Sij = 7;]]3 1SZ<]§’H,

where n; ; is the number of ways that the ith and the jth links failure cause the state of
the network changes from K =2 to K =1 and from K =1 to K = 0, respectively.
Recently Erylmaz (2010) studied the distribution and expected value of the num-
ber of working components at time ¢ in a consecutive k-out-of-n system under the condition
that it is working at time ¢. Asadi and Berred (2012) studied the number of failed compo-
nents in a binary coherent system. In this paper, we assume that at time ¢; the network is
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in state K = 2 and at time t, it is in state K = 1 or it is functioning. Then, we present a
model for the probabilities that k and [, 0 < k <1 < n—1 links have failed at times t; and
t, respectively. Based on the notion two-dimensional signature, we obtain some stochastic
and aging properties of the proposed probabilities.

2 Main results

Consider a network consisting of n links. Suppose that X7, ..., X, denote the links lifetimes,
where we assume that X;’s are i.i.d with a common continuous distribution function F'(x).
Suppose that, we have some information about the states of the network at times ¢; and
t, t1 < t, for example, we know T} € A; and T' € A where A;, A C [0,00). Denote by N(t)
the number of failed links in [0,¢]. In such a situation, we are interested in the conditional
probability

pa Ak l)=P(N(t1) =k N{t)=1Th €e A1, T€A), 0<Ek<I<n.
In this paper, we consider two following cases:

(I) Suppose that at time ¢; the network is in state K = 2 and at time ¢, t > ¢1, it
is in state K = 1. In such a situation A; = (¢1,t) and A = (¢,00). In this case,
pa,,A(k, 1), which we denote it by py, +(k,1), is

pet(k,l)=P(N(t1) =k,Nt)=1lti <Th <t,T>t), 0<k<l<n-—1.

(IT) Suppose that at time t; network is in state k = 2, and at time ¢, it is functioning.
In such a situation, A; = (t1,00) and A = (t,00). In this case, pa, a(k,!), which we
denote it by ¢, +(k,1), is

@1k, 1) = P(N(t1) =k, N(t) = Ty > t;, T >1), 0<k<l<n-—1

In the following theorem, py, +(k,1) and gy, ¢(k,l) are computed.

Theorem 1. Consider a network consists of n links with i.i.d. lifetimes. Suppose that
F(x) denotes the common distribution of the links lifetimes and Ty and T are the lifetime
in state K = 2 and the lifetime of the network, respectively. Assume that S is the signature
matriz of the network.

(a) If Bry = Eé:kz-ﬁ-l Z?:l—&—l si,j then

BricrinFF(t1)(F(t) — F(t1)) = Fr(t)

Dt ,t(kal) = n— n— —
' S Brackin FR()(F(t) — F(t1))=k Fr=i(t)

,0<k<l<n—-1

_ n!
where ck1 = Fro=pnm=i-

(b) If Sk,l = Zi:k—i—l Z;’l:max{i,l}—{-l 84,5 then

Ck7l’ngk7le(t1)(F(t) — F(tl))l_kﬁm_l(t)

i (k1) = ——— —
Diet 2aji CigmSi () (F(t) — F(t1))— Fm I (t)

,0<k<l<n-1.
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In the following, we present results that compare the probabilities of the number of
failed links of two networks. Before it, we need the following definition.

Definition 1. Let fi(z,y) and f2(x,y) be two nonnegative functions. fi(x,y) is said to be
smaller than fa(x,y) in the total positive order (denoted by fi <rp, fa2) if fi(x)fa(y) <
A AY)fo(x Vy) for every x,y € R% where x Ay = (min{zy,y;}, min{xs,9}) and
x Vy = (max{z1,y1 }, max{xs,y2}).

Theorem 2. Consider two networks each consists of n v.i.d. links. Suppose that the links

lifetimes of two networks have the same distribution. Let S1 and Sy be the corresponding

signature matrices and 51(:1) = Y1 Dt Srig and S’I(cfl) =ik 2 mmax{idy+1 5rigs T =
1,2. Suppose that pg?t(k‘, l) and qg?t(k, 1) are the probability functions corresponding to 5,??

and S’gl), r = 1,2, respectively.
(a) If BY) <rp, BY) then iy (k,1) <zp, p2y(K, D).

(b) If S <rp, S then 4fly(k,1) <7, ai )y (K,1).

Recall that if in Definition 1, f; and fo are probability mass functions of (X1, X2)
and (Y7,Y3), respectively, then T'P, order is called likelihood ratio order and denoted by
(X1, X2) <pp (Y1,Y2).

In the following theorem, under some stochastic comparisons between links lifetimes of
two networks, we compare the probabilities of the number of failed links of two networks.

Theorem 3. Consider two networks each consists of n i.i.d. links. Assume that two
networks have the same structure and Fy and Fy are the corresponding distributions of

the link lifetimes. Suppose that pi?t(k, ) and qg)yt(k:, 1) are the probability functions corre-

sponding to F;, 1 = 1,2. Let (I{i), Iéi)) and (Jli), 2(1)) have joint probability mass functions

pg)’t(k,l) and qg?t(k‘,l), 1 =1,2, respectively. If F\ <,p, Fo, F1 <p, Fy and

(a) Br, is TP in k and | then (Il(l),IQ(I)) >0 (I{Q),If)).
(b) Spy is TPy ink and 1 then (J, J) >, (72, 7).

The following definition is an analogue to that of Harris (1970) in the continuous set
up.
Definition 2. The bivari_ate mass function p; ; with survival function 13” is said to be
BIFRif P, is TP, and % is decreasing in 1, j.
2,
Theorem 4. Let Py, (k,1) and Qt, +(k,1) be the survival functions corresponding to prob-
ability mass functions py, +(k,1) and g, +(k,1), respectively.

(a) If Biy is TP in k andl and % is decreasing in k and | then Py, +(k,1) is BIFR.

Siq is > 1 k an an Skttt 15 decreasing in k an then Qq, +(k,1) is
b) If Sk, TP k and l dskg,;;“ d k and | then Q, +(k,!
BIFR. ’

The following example present an application of Theorem 4.
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Example 1. Figure ?? presents a network consists of 5 nodes and 10 links. Assume that
links are subject to failures. The states of the network are defined as K = 2 if all nodes
are connected, K = 1 if nodes are divided into two disconnected sets, and K = 0 if nodes
are divided into at least three disconnected sets.

Lh
2

Figure 1: Network with 5 nodes and 10 links

The signature matrix (S) of this network is given in Gertsbakh and Shpungin (2012).
It can be seen that B4 = 0.0241, Bj,5 = 0.1183, Brg = 0.4049, By7 = 0.9166, k =0,...,3
and ,34’5 = 0.0942, 64,6 = 0.3808, ﬁ4,7 = 0.8972, 55,6 = 0.2866, ﬁ5,7 — 0.8221, 56,7 =
0.5951. It can be shown that Si; is TP; in k and [ and ’B'“Ek% is decresing in k and [.
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