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Abstract

In this paper, we study the residual lifetime of coherent system with possibly de-
pendent identically distributed component lifetimes. These results are based on the
representation of system reliability function as a distorted function of common relia-
bility function of components.
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1 Introduction

Consider a coherent system consisting of n possibly dependent components with lifetimes
X1,...,X,. Suppose that these random variables are identical with common distribution
function F and reliability function F. The dependence among components is represented
by the joint reliability function of (X1, ..., X)),

F(zy1,...,xn) = Pr(X1 > 1, ..., Xpn > xp).

Using the Sklar’s copula representation, we have

F(z1,...,xy) = K(F(21), ..., F(zy)),

where, K (uy,...,uy,) is reliability copula and 0 < u; < 1. In fact, K is an useful tool for
modeling dependence between the components. Denote the lifetime of coherent system
with T = ¢(X1,..., X,) where ¢ is the structure function of system. Navarro et al. [1]
provided an useful representation for system reliability function as a distorted function of
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the F. Let T be the lifetime of a coherent system with identically distributed component
lifetimes having the common reliability function F' and the joint reliability copula K. Then

Pr(t) = Pr(T > t) = h(F(t)),

where, h is a function that depends only on copula K and system structure (minimal path
sets of system). The function h is a distorted function which is an increasing continuous
function from [0, 1] to [0, 1], ~(0) = 0 and h(1) = 1. The function h is called domination
function. If K (uy,...,u,) is exchangeable, i.e. it is permutation invariant, then

h(u):ZaiK(u,...,u, 1,..,1 ),
i=1 ~ v

i—times (n—i)—times

where, a = (a1, ...,a,) is the minimal signature of the system. . In particular, in the
ii.d. case, K is the product copula, hence hr(u) = Y ;" ; a;u’ As an example, consider the
system 7" = max (X, min(Xs, X3)). The minimal path sets are P, = {1} and P, = {2, 3}.

PT‘(T>t) Z‘P’I’()(P1 >t)+P7"(Xp2 >t)—P’I"(Xp1Up2 >t)
=F(t,0,0) + F(0,t,t) — F(t,t,1)
=K(F(t),1,1) + K(1,F(t),F(t)) = K(F(t), F(t), F(t)) = h(F(t))

where, h(u) = K(u,1,1)+ K (1,u,u) — K(u,u,u). If K is exchangeable then a = (1,1, —1)
is the minimal signature of the system.

In this paper, we study the aging properties and stochastic comparisons of residual
lifetimes of coherent systems with dependent identically distributed (DID) component
lifetimes. The results derived in this paper can also be applied to coherent systems with
exchangeable or i.i.d. components.

2 Main results

For a fixed ¢ > 0, the residual lifetime of the coherent system at time ¢, is denoted by
Tt = [T — t|T > t]. The reliability function of T* is

o t _ Pp(t+z)  h(F(t+1))
Fri(@) = Pr(l" > ) = =55~ = 1 Fu)

The hazard rate function of T* can be written as

roe(z) = r(t 4+ 2)a(F(t + 2)),

where, a(u) = UZ(IS)L) and r is the hazard rate function of F.

Theorem 1. If F is IFR and a(u) is a decreasing function of u € (0,1), then for the
conditional random variable Tt, we have

(i) Tt >p, T, fort <t

(ii) T is IFR for allt > 0.
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Note that part (i) implies that T > T ie. Tis IFR.
For the reversed hazard rate function of 7% we have
_ 1—h(F(t+z))

Fre(x) = 7(t + ) B(F(t + x))h(ﬁ‘(t ) —h(F(t+x))’

where, f(u) = %, and 7 is the reversed hazard rate of F.
Theorem 2. Suppose that F is DRHR, and 3(u) is increasing in u € (0,1).
(i) If 1 — h(u) is log-concave in u, then Tt >,, T fort <t
(ii) T' is DRHR for all t > 0.

The Glaser’s function (eta function) of T* can be written as

!
(@) = =22t 4w e+ 2 (P + )
fre(x)
=nt+z)+7t+2)YF(t+x)),
where, y(u) = u]’ll,/éilf),”y(u) = %, and 7 is the eta function of F.

Theorem 3. If the common density function, f, is log-concave and there exist a € [0, 1]
such that vy(u) is non-negative and decreasing in u € (0,a) and ¥(u) is non-positive and
decreasing in u € (a,1) then

(i) Tt >, TV, fort < t.
(ii) fre is log-concave for all t > 0.

Navarro et al. [2] showed that, if F'is NBU(NWU) and h(u)h(v) > (<)h(uv) for all
0 <wu,v <1, then T is NBU(NWU), it means that T' > (<g)T" for all t > 0. Now, in

the next theorem, we give sufficient conditions for some other stochastic orders between
T and T°.

Theorem 4. (i) If F is IFR(DFR) and a(u) > ()1, then T >p, (<ppe)TE for all
t>0.

(i) If F is DRHR and B(u) <1, then T >,, T for all t > 0.
(iii) If f is log-concave (log-convex) and vy(u) > (<)0 then T >y, (<)TY for all t > 0.

The following theorems provide conditions under which the residual lifetimes of two
coherent systems with DID components can be compared.

Theorem 5. Let Ty = ¢1(X1,...,X,) and Ty = ¢2(Y1,...,Y:) be the lifetimes of two
coherent systems with DID components having common reliability function F'. Let hy and
ho be their respective domination functions. Then, we have the following properties for all
t>0.

(i) Tt <g (>s)T% for all F if and only if Z?EZ; is decreasing (increasing) in u € (0,1).

(1) T¢ <pr (Zpe)TS for all F if and only if ng") is decreasing (increasing) in u € (0,1).
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(ii3) T} <phr (Zrne)Te for all F if and only if % is decreasing (increasing) in
u € (0,q).

(iv) Tt <pp (>1,)T% for all F if and only if Z%EZ; is decreasing (increasing) in u € (0,1).

Theorem 6. Let Ty = ¢(X1,..., Xy) and Ty = ¢(Y1, ..., Yn) be the lifetimes of two coherent
systems with the same structure and with DID component lifetimes having the same copula
and common absolutely continuous reliability functions F and G, respectively. Let h be
the domination function and assume that it is twice differentiable. Then, we have the
following properties for all t > 0.

(i) If X1 <& Y1 and h(u) is log-concave in u, then T <q Ti.

(i1) If X1 <p, Y1 and u}?(ll(g) is decreasing in u, then T} <p, T%.

1—h(u1) 1—h(u2)

(i1i) If X1 <ppr Y1, A—uwh'w) 4 increasing in u, and D —h(ar) < Flga)—h(az) for uy < ug,

1—h(u)
u1 € (0,q1),u2 € (0,q2),q1 < qo, then T} <,p, T3.

(iv) If X1 < Y1 and u}?,lé%) is non-negative and decreasing in u, then T} <;,. T%.
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