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Abstract

Consider a system consisting of n binary components with different contributions
(weights) on determining the state of the system. The system is known as weighted-k-
out-of-n system when it works iff the total weight of working components are greater
than a pre-specified value k. Suppose that this system has the property that, with
probability 1, operates as long as at least n—s+1 components operate (s < n). In this
paper, we compare two such systems with respect to their mean residual life function
under the condition that n —r + 1 components (r < s) of the systems are working at
time ¢.
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1 Introduction

Consider a system consisting of n binary components with different contributions on de-
termining the state of the system. Let w;, ¢ = 1,...,n, be the positive weight of the
component i. The system is known as weighted-k-out-of-n system when it works iff the
total weight of working components are greater than a pre-specified value k, that is,
Yo, wiX; > k where X; is the state of the component 4, ¢ = 1,...,n. The weighted-k-
out-of-n system was introduced by Wu and Chen (1994) and studied by many researchers
including Higashiyama (2001), Chen and Yang (2005), Samaniego and Shaked (2008) and
Eryilmaz and Bozbulut (2014).
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One of the most important characteristics of a system in the reliability theory is the
mean residual life (MRL) function. Let T" be the random lifetime of a system with survival
function F'. Then, the MRL function of the system at time t is given by

m(t):E(T—t|T>t):m , t>0.

We refer the reader to Kotz and Shanbhag (1980), Guess and Proschan (1988), Shaked
and Shanthikumar (2007) and Asadi and Goliforushani (2008) for some results regarding
the MRL function.

Now, consider a weighted-k-out-of-n system consisting of n components with lifetimes
Ti,...,T, and the weight vector w = (wq,...,wy). Suppose that this system has the
property that, with probability 1, operates as long as at least n—s+1 components operate
(s < n). We denote this sytem by s-weighted-k-out-of-n system. Under the condition that
at time ¢ at least (n —r + 1) components (r < s) are alive, the residual life of the system
is

(Tw—t|T(r)>t), r=1,...,s

where Ty, is the lifetime of the system and 7|, is the rth order statistics of T1,...,T).
The MRL function of the above system can be defined as

w

mi(t) = E[Ty — 1T}y > t]. (1)

In this paper, we are interested in the comparison of such weighted-k-out-of-n systems
(described above) with respect to their mean residual life function defined in (1).

We end this section by recalling the signature vector of a system and the usual stochas-
tic order that will be use later in the paper. Consider a system with lifetime T whose
component lifetimes T71,...,7T, are independent and identically distributed. Samaniego
(1985) defined the signature vector of the system as a probability vector q = (q1, ..., qn)
with

Qi:P{T:T(i)}, 1=1,...,n.

Let X and Y be two random variables with survival function F and G, respegtively. X is
said to be less than Y in the usual stochastic order (denoted by X < Y) if F(z) < G(x)
for all x € R.

2 Main results

Let Ty and Ty be the lifetime of two weighted-k-out-of-n systems with independent
and identically distributed component lifetimes T4, ..., T,, and 77, ..., T}, weight vectors
w = (wi,...,w,) and W = (w],...,w],) and signature vectors q = (qi,...,q,) and
q =(q,-..,q,), respectively.

Our first result is in the following theorem.

Theorem 1. Consider two weighted-k-out-of-n systems as above. If w < W', i.e. w; <
whi=1,...,n, thenq <4 q'.
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Proof. It is enough to show that Z?:j g < Z?:j ¢, for j=1,...,n.

Z%‘ = P(Tw > 1Ty))
=

_ 3 P(T;, <---<Ty,)
{G1sin)i>oh oy wip, 2k}

< 3 P(T, <---<T,,)
{(i,esin); k= wy, 2k}

= > P(T}, < <T})

{(1,0sin )i 205 = wi, >k}

n

= > 4
i=

Now, consider an s-weighted-k-out-of-n system (introduced in Section 1) with independent
and identically distributed component lifetimes 77, ..., T,. It is obvious that such a system
has the signature vector of the form q = (0,...,0,qs,qs+1,---,qn) - If T1,..., T, are
distributed according to a common continuous distribution F, then

mip (1) =
N, (M) (S O (F () = F()T R (r)da
232l S ()P mE ?

Theorem 2. Consider two s-weighted-k-out-of-n systems with weight vectors w and w’,
signature vectors q and ', both based on components with independent and identical
lifetimes with common distribution F. Let my (t) and m.;(t) be their respective mean
residual life functions defined in (1). If q <q o, then my’(t) < m2(t).

Proof. By interchanging the order of the summations in (2), we have that,

mi(t) =
m e 7 F O E (@) = F() P (@) da
§§(§%> W) it () e Frio)
r=ln-1 = n ny n-uy [ FU()(F(x) — F() " F"(z)dx
P> <2§1%> W) i ()P

=m_5(t).

The inequality follows from the assumption q <4 q'.
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The following corollary follows from Theorems 1 and 2.

Corollary 1. Consider two s-weighted-k-out-of-n systems given in Theorem 2. If w < w’,
then my’ (t) < mi7(t).
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