43'd Annual Iranian Mathematics Conference,
27-30 August 2012
University of Tabriz

Talk HIGHER-ORDER ASYMPTOTIC FORMULA FOR THE EIGENVALUES OF STURM-LIOUVILLE ...  pp. 562-570

Higher-order asymptotic formula for the eigenvalues of
Sturm-Liouville problem with indefinite weight function
in the case of y(a) = y'(b) =0,9'(a) = y(b) =0

F. Dastmalchi Saei

Department of Mathematics, Tabriz
Branch, Islamic Azad University,

Tabriz, Iran

Abstract
In this paper, we investigate the asymptotic behavior of the differential equation

Y+ (Mr(z) — q(z))y =0, 0<z<1,

where [0, 1] contains a finite number of zeros of r(x), A is a real parameter and
the function g(z) is bounded and integrable in [0,1]. Using a technique used
previously in [7], we derive the higher-order asymptotic distribution of the positive
eigenvalues associated with this equation for the SLP (in the boundary condition

of, y(0) = y'(1) = 0 or y'(0) = y(1) = 0).
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1 Introduction
We study the indefinite Sturm-Liouville spectral problem
y" + (A r(z) —q(z)y =0, a<z<b (1)

y'(a) =y(b) =0Vyla) =y'(b) =0,
defined on the interval [a, b] where X is a real parameter, 7(x), g(x) are real and integrable on [a, b];
moreover,

b
/ Vry(®)dt >0,  where  ri(z) =maz{r(z),0}. (2)

It follows from [2] that the spectrum of this problem is discrete and has no finite accumulation
points; moreover, only finitely many eigenvalues lie the outside the real and imaginary axes. In what
follows, we shall assume that A is a positive parameter. In [2] it was shown that the asymptotics
of the eigenvalues is of the form

nmw
e at

Our goal is to refine the asymptotics under the additional assumptions of smoothness of the func-
tions r(z) and g(x). In addition, we assume that r(z) has a finite number of zeros, which are called
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turning points.

The outline of our paper is as follows. First, we find the asymptotics of eigenvalues for one turning
point. Next, using a technique previously in [7], we derive the higher order asymptotic distribution
of the positive eigenvalues in the case of two turning points. Finally, in the case of an arbitrary
finite number of turning points it can be reduced to the two cases discussed above.

2.The case of one turning point
First, consider the case
r(z) = (z — z,)"h(z), h(z) > 0.

To simplify the formulas, we assume that x varies on the closed interval with endpoints a and b,
where r(a) < 0 and 7(b) > 0. The turning point x, lies between a and b.
We distinguish four different types of turning points:

I if I, is even and r(x) < 0 in [a, ]
IT  ifl, is even and r(z) > 0 in [a, b]
IIT ifl, is odd and r(z) < 0 in [z,, D]
IV if 1, is odd and r(z) > 0 in [z,, b]

T, =

is called of type z,,. By Langer’s transformation we can make zero of r(x) the origin. To be specific,
let us define the Langer’s transformation £(z) for different type of TP.
For a turning point of Type I :

{fﬂ”" —r)Y/2(¢ olt}Hz r <y
r(z) = { {f 1/2dt} 2 g, <z

For a turning point of Type II :

(o 2 dt}f%‘ z<w,
fll( ) {f 1/2dt}é+2 x, < x.

For a turning point of Type III :

11 (@) = {f“’lﬂ g esa
II7 7{1 1/2dt}e+2 z, < .

For a turning point of Type IV :

_ —{fw" 1/26115}“2 z <,
flV(I)— { {fzy 1/2dt}/+2 -TVSZ‘-

From [9] we rewrite showing the connection between the argument of complex valued solution of
(14) in the interval containing one of the turning point say, z,, and the argument of complex
valued solution of Sturm-Liouville equation with one turning point in = 0 in the same interval.
In fact the following result illustrates a crucial relationship between a general problem (14) with a
turning point at x, to a transformed problem in which is mapped to x = 0.We show that such a
transformation preserves the argument of any fixed complex valued solution.

Theorem 1.1. Let z be a strictly complex -valued solution of the differential equations

V@) @y =0, welo] (3)
and W be a solution of
W' (P (-)Me —R (W =0,  E€ed] (4)
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then on the interval [z, — €,x, + €]
argW (€(z)) = arg =
where r(x) = H;LZI(I - 33j)lj ¢o(z) and
_(BEppd 1 de

My = the number of turning of type (III) or (IV) in (xy,1) ,or one can see that (—1)M+ =

2
(—D)lntt c<c0<d, u? = %pa the transformation £(x) is Langer’s transformation.

)q((8))-

Proof: For proof see [9].
3.The main result
We begin by consolidating some results from [5,9] for completeness. For a complex-valued
solution Q(z, A), of
y' + A%y =0, (Eo)

we form the logarithmic derivative ro(x,\) = Q'(z,\)/Q(x, ), a quantity that exists for each
x € [a,b] since the real and imaginary parts of Q are linearly independent solution of (Ey). The
quantity 71 (z, A) is defined by setting

b
ri(z,A) = —/ q(t)e? Iz ro(s:A)ds gy
x

while the r,(z, A) are defined recursively (for n > 1) by

b nooot
rn+1(a:,/\):/ r2(z, \) eXp(ZZ/ ri(s, A)ds)dt

1=0
Tt follows (cf.[4]) that the function

r(@,A) =Y (@A) = S(x,\) +iT (2, )
n=0

is a series solution (in ) of the Riccati equation

v =q— Az —v?

from which one can reconstruct solutions of (14) with Neumann condition y'(a) = '(b) = 0 via
the following result:

Theorem 1.2. (see Harris-Talaricol4]) There exists Ao such that any real valued solution of

¥+ (Az® —q(z))y =0 (5)
can be expressed as :

Z(x,\) = creda SEN co5(cy +/ T(t, \)dt)

forz € la,b] (a <0<b) and || > Ao where c1,c0 € R. If Z(., \) satisfies

y(a) cosy +y'(a)siny =0 (6)
then
T .
o =:¢§ = ) if v=0
= arctan(T(al) N S(a, A) + coty) ify#0 (7)
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Similarly,if Z satisfies

y(b) cos -+ 3/ (b) sin f = 0 ()
then
b ™ ,
Co =:Cy = n7r+§ if =0
= nr+ arctan(T(bl, N S(b, ) + cot 5) if B#0 (9)

for all integer n.

It follows from (7) and (9) that the eigenvalues of (7),(6) and (8),i.e., our problem (14), are the
values of A for which

b
5 +/ T(t,\)dt = cb (10)

We see from [3], that the asymptotic distribution of the eigenvalues of (7),(6) and (8) is therefore
determined by the following transcendental equation:

b
nm + arctan(#S(b, A)+cotp) = / T(t, \)dt + arctan( S(a, ) + coty)

1
(b, \) T(a, \)

b
= %/ r(t, \)dt + arctan(

o0 S(b, A) + cot )

= %(/bro(t,)\)dt—f—/brl(u)\)dt-i-~-~)

+ arctan( S(a, A) + cot )

1
T(a,\)

(11)

b
= argQ(b,\) —argQ(a,\) — l/ wq(x)J2 (k™ INY 228 de 4 - -
0

2k

+ arctan(

T(;, N S(a, A) + cot ).

Note that we use the following result from [8],
b - b
s/ r(t, \)dt = arg Q(b, \) — arg Q(a, \) — ﬁ/0 wq(x) J2 (k™A 228 de.

By applying the above relation to approximate eigenvalues in the case of v = 0,8 =

Theorem 1.3. Consider the differential equation (1) on [a,b] under condition (2). Then the
positive eigenvalues admit the following asymptotic representation:

Casel: v=0,8= 3

(a) Let x, be of type IV. Then

nm— 7% 1 4y —-1)2-1

1
[P @dt E(sfj Jrodt 2

A, = H(B) +O( )

where

Hoy = [ L ) T

() 3/ da?
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and
~ ( dé- )2 4T (LE)
r=(—);"=———"-
dx (I +2)%(&(2))

(b) Let x, be of type I1I. Then

V=i LA L L) od)

TP ramd s et 2

where
H(a) = /ru(gg; — ﬁ%%(f—l/ﬁl))%d.ﬁ,
and
= (%)2 _ 47“(.’1))
dx (1 +2)2 (&)t

(¢) Let x,, be of type II. Then

o

v—1)2 - v—1)?—
L Aw=12 -1 dv =) 1,1H(a)7%H(b)}+0(%)

TP rat s /et 8 [0 \/r(t)ydt 2 n

where H(a) and H(b) are defined above. Casel: v=0,8= %
(a) Let x, be of type IV. Then

_onmm—f 1 Aw=1-1 1
m_ffmdt m(ssf:mdt 2

H(B) +0(-)

where
_ (M)
H(b) */ (7;(3:) 7:3/4 dZ‘Q (7" ))7“% di]'],
and
= (%)2 _ 47‘(37)
da (I+2)2(&(2)"

(b) Let x, be of type III. Then

Vi = e e H(@) 40l )

Jraydt s [P e dt 2

where

= (8D ) S,

rlx)  73/4 da? rs
and

§)2 _ 4’)"(.’[)
dr” (I+2)*(&()"

=
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(¢) Let x,, be of type II. Then

_onm 1 4Aw-1)2-1  4r-1)°*-1 1 a1 1
@—f:\/@dt o gffumdﬁ{gfimdt SH(@) = SHO)} +0(-3)

where H(a) and H(b) are defined above.

Proof: Let us proof only case (la), from [14] for & = 4n £ 1 and z < 0 we know that
Q(z, \) = e™/2|z|V2H (€777 p|x|?), and from [1, (9.2.7)], Hankel's expansion the form

[2 . x
H,El)(z) = 761(2_%M’_Z)M(2), (-7 < argz < ),
Tz

where M (z) is bounded away from the origin and M(z) — 1 as |z| — oo in the sector.

Now since Q(z,\) = ip_”e_““r”(e““’p|ac|’“)”Hl(,l)(e"k”p|x|’“)7 where k = 2 = %ﬁ and

kv =1, by using ([1],(9.1.30)) we find @/ (z,\) = ikeik”p|x|k_3/2xH£17)1(ei’”p|x\k). Therefore

(1)
Q/(x7)\) —_ kpeikﬂ'x | T |k_2 Hl,fl(z)
Q(x, A) Hél)( )
v —4 1
_ kn k—2 ikn &
kpe'™ " x|x|" "= (i + = o(;)), 2= e plz|
Then ¥(o.X) .
T v
? — k: k—2 _ k O
§RQ(az:,)\) prlz| 8|z] +0(3)
and o)
At _
> Qz,\) 0-
On the other hand,
2 a 7‘ S, S
S(aa )‘) o %TO(G,A)+%T1(Q7>\)+... éRgﬂ(a :\)) +§R{ f q t o(s,A\)d dt}—|—
T(a,A) — Sro(a,A) +Sra,X) +--- GEEN 4 G- [ g(t)e? o m(sA)dsdt} Y

Now we have:

b 0 b
/ g(t)e?JarolsNds gy — / g(t)e? faroleNds gy / g(t)e? Ja (e N ds 2 Jg ol ) ds gy
a

a 0

0
_ |Q( 1/\)|2/ q(t)|ﬂ(t,/\)|262i{argQ(t’/\)_argﬂ(a’)\)}dt
a7 a

b
00, A) 12 sifarg a0 —arg 2an)} o | LEA) 12 2ifarg (. A)—arg 2(0,0)}
T s ar s T, 5 ar y dt
+ [ Ol “laoe

e—2iarg Q(a,\)

b
_ {/ DIt NSt 1 [ (vl ) ar, = o).
|Q a, )\ 0

Similarly for & = 4n F 1 and & > 0 we know that Q(z,\) = x1/2H,£1)(px’“). Now since Q(z,\) =
p_”(pxk)”Hlsl)(pxk), by using ([1],(9.1.30)) we find Q'(x,\) = kxk_l/QpH,Si)l(pxk). Therefore

:k —_—
Q) T TED) 82

' (z, L HY () L Su—4 1
( ) k—1 1 k 1( +O(;))
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hen (2, \) 8 —4  Sy—4 1
x v — vV —
R ) — k—1 —k O(=
Q(z, N e 8pxk gz (zQ)’
and () )
o ) =k k—1 O(=
Sy e (=)
whence Qb ) S 4 )
v —
R L=k O(—
(b, ) s 0%
and (b, \) 1
S22 = kpb* !t = VAT + O(—
Qb VAT 4 0(),
also

Rr1(b, ) = Sri(b, N) = 0.
By substitution in (11) and using :
23

arctan:c:xf§+~~,

we have (the particulars of the calculations are omitted):

_onm— 7 _i4(u—1)2—1_1
Vo = [P\ /re(®)dt "”<8f:«/r(t)dt p ) + 0L

2 Main Result

The cases of two and n turning points

From now then, without losing generalization, we suppose that the coefficients ¢(z) and r(x) sat-
isfy:

(i) r(z) is real and has in [0, 1] n zeros z, of order [, € N ,1 < v <n where 0 < 21 < 2 < ... <
Ty, <1.

(ii) The function ¢o : I — R— {0}, — r(z)[[_,(z —x,) ! is twice continuously differentiable.
(iii) g(x) is bounded and integrable in I.

We shall use the symbol Qv (€, u) to signify the complex-valued solution of

W” n ’U,2§ZUW =0,

where € is corresponding Langer’s transformation of turning point of type IV. We will use the
symbols Q7 (&, u),Qr7(&,u) and Qyr(€, u)in similar case.

Now we can derive the following results on the distribution of the eigenvalues of (14) with Neumann
boundary condition .

We consider only the following case:

r(0) < 0,7(1) < 0.

laTh =1V, Ty =11II.

We suppose that the weight function r(z) has in [0,1] two zeros 1 and z2 where z; of type
IV and z3 of type ITI. By (11) the distribution of positive eigenvalue satisfies :
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1 o / 1 /
y 2y y 5(0,2) S(L,A)
nr = S/ “dx :%/ —dx—f—/ Z-dz) + arctan — arctan

0o Y ) (0 Yy @12 ) (T(())A)) (T

! 1 8u; — 4 Svy — 4 1, 4?1 4v3 —1
= Vs @dt + = —
piﬁ r+(0) 2 dp fo\/“*dt ”2\/“’dt) 4p(fx2\/447dt zé\/iajdt)

1 1
- %P(xl,x2)+0(ﬁ)a

(12)

where a2 € (w1, x2) is such that fam Vr(t)dt = fm \/r(t)dt (the existence of ajo follows by
Intermediate Value Theorem), and

T2
P(x1,22) = Prv(z1,a12) + Prrr(z2, ai2) = / Ery(z)dz +/ Erri(x)dz,
1

di2 R a2 d2 o
PIV(I'MOCIZ): o IV 5 / %_m@( 1/4 dl’ —/ EIV
and
_ o dE L, 4r(x)
r= (%)2 (l + 2)2(5( ))l,5(0512) - dl?vg(xl) - 0,6(0) = C12

onm—3 Ay —1)2 = 1]+ [4(re —1)2—1] 1 1
= —*P(l‘l,.ﬁg)}—f—O(f).
jjﬂ/r+(ﬂdt nﬂ{ 4 72 \/r(t)dt 2 n?

24T, =IV,Ty=Ts = ... =T, 1 = I[I,T, = III.
By applying the same method and using theorem (1),(2) we get:

1 2 2 2
m=1mr nr 1 41 —-1)°-1 4(ry—1)%— 4(1/2 -1)? -1
= o[ Vi - e (o + :
nm p/o T4 (t) 2 2 4P( fxf \r(t)dt fwf r(t)dt fx;’ r(t)dt
+ 4(1/3 — 1)2 4(1/3 — ) 1 4(I/n,1 — 1)2 -1 + 4(Vn 1 — 1)
S\/r(t)dt [l A/r(t)dt S/t Lo /rt)dt
4u -1 1 1
+ \/7dt 727P(I1,x2," 7I’n)+0($)7
where

1

E}FI(ZL’)%»\/ E][[(x)dx

(n—1)n

Qi41(i42)

a1z i+l n—2
P(l’l,l’g,'“ ,xn) :/ EIV d(E+Z/ II +Z/
T i=1v7T

1 Qi(i+1) i1

and by inversion:

569


http://www.sid.ir

43'd Annual Iranian Mathematics Conference,
27-30 August 2012

University of Tabriz
Talk HIGHER-ORDER ASYMPTOTIC FORMULA FOR THE EIGENVALUES OF STURM-LIOUVILLE ...  pp. 562-570
nr— % 1[4 —1)2 =1+ 42— 1)2 =1  [4(re — 1)2 = 1] + [4(v3 — 1)2 — 1]

= foﬂ/m(x)dx_ﬂ[ 4 [ \[r(t)dt * 47 /r(tdt

B (I e e S Tl Vil VS P 0(%). (12)

4 fif,l Vr(t)dt 2

REMARK. Note that the reader can obtain asymptotic distribution of eigenvalues in different
types of (TP) by consideration of combination of the above cases.
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