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Abstract  
 

In this paper we present a quantum mechanical study of a circular and stadium billiard. By 

using the gyration radius we study chaos in circular and stadium billiard. In quantum the 

coordinate of the collision zeros of wave function on the boundary of billiard are used for 

calculate the gyration radius. Then we analyze the results obtained in quantum billiards.  
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Introduction 
The first notion of chaos came at the end of the 19th century . Chaos is a ubiquitous 

phenomenon in everyday life. It is seen in population dynamics, the weather, and many other 

places . Chaos is defined as the extreme sensitivity to initial condition .. However, many other 

interesting involve waves, such as quantum mechanics, electro magnetism, and electrical 

transport properties of nanoscale quantum dots. Clearly, the notion of chaos as it is usually 

defined is classical, because quantum mechanics is a theory of wave, not trajectory .. One has 

to consider wave systems that have high-energy properties that display "ray chaos" the 

extreme sensitivity of system evolution to initial ray directions . A model system often studied 

in chaos is the two-dimensional billiard. Two dimensional billiards have long been used as 

paradigm systems for studying classical and quantum dynamics. The dynamical behavior of 

the billiards is highly dependent on the geometry of the boundary. A billiards can exhibit 

either fully integrable (regular) dynamic, fully chaotic dynamic, or mixed integrable/chaotic 

dynamic . Rectangular and circular shapes are examples of integrable systems, while 

Bunimovich stadium and Sinai billiards are completely chaotic . Billiards are an important 

class of systems showing a large variety of dynamical behavior ranging from integrable 

motion, over mixed dynamics to strongly chaotic behavior . This dynamical behavior is 

directly reflected in properties of corresponding quantum systems, like eigenvalue statistics or 

the structure of eigenfunction . The quantum dynamics of systems that are classically chaotic 

has been subject of considerable interest for nearly three decudes .This paper is organized as 

follows. In section II, we introduce the gyration radius. In section III, we present the 

numerical computations of the gyration radius in the limit of quantum state.  

 

2. Gyration radius 

lets consider the gyration radius 2

sR . It is defined as: 

2 2 2 (1)s cmR R r   

 
2

2

2

1
(2)

2
s i j

i j

R r r
N

   

Where N  is the number of collision points with boundary and ir  is the position vector.  

 

 
Figure1: The billiard boundary  is approximated by a polygon with N  vertices   

 

In this paper for calculating the gyration radius in quantum states we can use of the coordinate 

of the collision of zeros of wave function on the boundary. 
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3. Gyration radius in quantum billiard   
Quantum chaos deals with the quantum mechanical properties of classically chaotic system. 

The single most outstanding feature of the quantum world is its smooth and wavelike nature. 

This feature leads to the question of how chaos makes itself felt when moving from the 

classical world to the quantum word. In quantum chaos we have no local formation of the 

degree of chaoticity, being available in classical chaos via Lyapunov exponents and Poincare 

sections from phase spase. Exponential separation of trajectories is a purely classical concept, 

and can not be used as a signature of chaotic quantum mechanics. A classical billiard system 

is just what one would expect from the name-a particle bouncing around a walled system. The 

quantum analogue is a wave packet moving around a 2D cavity for example, the cue ball 

might now be an electron, and it is thus  small enough that quantum effects be noticed. The 

obvious quantities to study for a quantum system are the energy levels and wave functions if 

the system is closed or scattering states if the system is open.  

In this paper we examine the quantum circular and stadium billiards, which is a two-

dimensional, billiard shaped region of zero potential (denoted by Ω) enclosed by a 

boundary ( ) outside of that potential is considered infinite along with a function   defined 

on   which satisfies the Halmholtz equation with Dirichlet boundary conditions( 0


  ). 

The circular billiard constitutes an integrable system the number of constants of motion is 

equal to the number of degrees of freedom. In quantum the plotted eigenstates for the circle 

show a regular tending of having small values in the middle the corresponds to the classical 

analogue-aparticle bouncing around inside the circle will tend to have a trajectory that keeps it 

away from the center. Examples of the eigenstates are shown in Fig2. 

            
Figure2: The eigenstates of the integrable circular billiard  

 

Ordinary two typical eigenstates exist for stadium, one of the states shows quite clearly the 

scarring that occurs due to the back and forth bouncing motions that the horizontal walls 

cause. The other state shows clearly the chaotic nature of the stadium. It is spread out over the 

whole system, the way a particle would bounce over the whole system. The Fig3 shows 

example of bouncing ball and irregular states in stadium with 0.5  . 

 

 

                               
Figure3: The eigenstates of the stadium billiard with 0.5    
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The other subject to study is the pattern nodal curve on the surface and the distribution of 

zeros of wave function on the boundary of billiard. This is shows in Fig4. 

 

 

 
 

Figure4: the pattern nodal curve distribution of zeros of wave function on the boundary of billiard. 

 

Thus for calculating the gyration radius in quantum states we can use of the coordinate of the 

collision of zeros of wave function on the boundary. In this case, we use the following 

equation 2 2

sR R  because the center of mass in this collision is at the center of billiard.  

In circular billiard distribution of zeros of wave function on the boundary is regular and 

distance of the collision on billiard boundary until the center of billiard is constant than the 

quantity gyration radius in circular is equal 2R .But in stadium distribution of zeros of wave 

function on the boundary is fully chaotic thus we can by using this property and the 

coordinate collision calculate the gyration radius in different energy levels in billiard. 

Fig5 shows examples of the eigenstates in stadium with 1   for different energy levels and 

Fig6 shows relationship the maximum of gyration radius to bouncing ball states in stadium. 

 

 

 

 

               
                    2                                                          6                                                    8 

                 
                   11                                                         13                                                  16   

Figure5: Examples of the eigenstates of the stadium billiard with 1    
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Figure6: The maximum of gyration radius is relation the bouncing motion in stadium with 1   

 

We obvious the maximum of gyration radius is relation the bouncing ball states and with 

increase regular this states the value gyration radius becomes large. Examples of this states 

are shown in Fig7: 

 
 

                 
                            .sR 2 2 91                                    .sR 2 3 3                                              .sR 2 3 2    

Figure7:Examples of the bouncing ball states in stadium billiard with 1   

 

Here, we consider the changing gyration radius in stadium with 0.5   for different energy 

levels. To illustrate this changing, we show in Fig9 for examples are shown in Fig 8 for 

stadium with 0.5  .  
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                2                                           3                                     4                                       7 

              
                8                                       12                                       13                                       16  

Figure8: Example of the eigenstates of the stadium billiard with 0.5    

 

 
Figure9: The maximum of gyration radius is relation to the bouncing motion in stadium with 0.5   

 

We know most of the eigenstates in stadium are chaotic or bouncing ball than for recognize 

this states we calculate the gyration radius .In Figs6 and 9 we see that the difference among 

the gyration radius for various states. In fact the maximum of gyration radius is relation the 

bouncing ball states because in this states is the ratio number of collision zeros of wave 

function with circle boundary at number of collision zeros of wave function with straight 

walls bigger than the other states. Thus we can by using the gyration radius parameter distinct 

bouncing ball states than the other states. When energy levels become large then the value 

gyration radius for chaotic states becomes almost equal together. 

When discussing chaotic behavior and dynamical systems, we find out regular orbit sideway 

states in classical and regular bouncing ball in quantum exist in stadium with different 

parameter and the maximum value gyration radius is relation this states. Examples of this 

states are shown in Fig10. 
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                                .sR 2 1 42                                    .sR 2 1 934                                .sR 2 3 272    

Figure26: The maximum of gyration radius is relation to to the bouncing motion in stadium in stadium 

 with different parameter 

 

If we think carefully to this states we find out in classical the particle not contact with the 

straight walls boundary and in quantum the number of collision zeros of wave function with 

the straight walls boundary is few thus we observe having something in common for this 

regular states, first the value gyration radius is maximum, second collision points with the 

straight walls stadium is minimum. 

 

4. Summary 

Thus in section we saw the gyration radius parameter is suitable parameter for consideration 

chaos in billiards because by using of this parameter we can distinction chaotic billiards 

(stadium) than regular billiard (circular) and also we can distinction regular than irregular in 

chaotic billiards.. 
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