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Abstract

Nowadays, flow shop is the most common production
environment in industrv. However, the need to increase or
balance the capacity in different production stages has led
to having more than one machine at some stages. The flow
cshops are wusually categorized as hybrid flow shop,
multi-processor flow shop, flexible flow shop or flow shop
with parallel machines. This article deals with the hyvbrid
flow shop scheduling problem with unrelated and eligible
machines along with fuzDy processing time and fu-zy due
date. The objective is to minimize a linear combination of
total completion time and maximum lateness. A mixed
integer mathematical model is presented for the problem. A
numerical example is worked out and various randomly
generated test problems are wused to investigate the
efficiency of the proposed mathematical model.

Keywords:
Hybrid flow shop, mathematical model, fuzzy numbers,
bi-objective programming.

Introduction

Scheduling 15 a form of decision- maling process that plays
a pivotal role in manufacturing and service systems. It is a
process of allotting available and limited resources, such as
machines, material handling equipment, operators, and
tools, over a specific ttme to perform a collection of
required tasks in order to achieve certain objectives. The
first studies on scheduling appeared in the 1950s with the
paper of Johnson [1] Since then, scheduling has attracted a
vast body of interest.

Different types of scheduling problems were addressed 1n
the literature with different performance measures. Single
machine scheduling, flow shop scheduling, parallel
machine scheduling, job shop scheduling, HFS scheduling
and project scheduling are some of the important types of

scheduling environments [2]

The flow shop scheduling problem has attracted many
researchers since Johnson’s seminal paper. In the classical
flow shop problem, a set of jobs flow through multiple
stages in the same machine order, where each stage consists
of only one machine. Nowadays, in some companies, the
need to increase the capacity of the shop floor or to balance
the capacity between different stages has led to the
duplication of some machines at some stages In other
companies, the mncreasing demand of customized products,
1.e. special packaging, sizes or features has tnggered the
need to purchase additional machines at some stages in
order to dedicate some of them to these special products [3].
This extended layout 15 usually addressed as hybnd flow
shop, flow shop with multiple machines (processors),
flexible flow shop, multiprocessor flow shep, or flow shop
with parallel machines In this study, we will refer to this
shop floor configuration as hybrid flow shop (HFS).

The HFS scheduling problem, which 1s one of the most
applied and well-known production scheduling problem, 1s
an extension of two particular types of scheduling
problems: the parallel machine scheduling (PMMS) problem
and the flow shop scheduling (F53) problem [3]. This type
of environment 1s relatively common and has a vanety of
applications 1n real -world industries such as chemical, steel,
automobile, food, textile, paper, pharmaceutical,
semiconductor and electromics manufactuning, printed
circuit board etc.

In hybnd flow shop scheduling problems, 1t 15 assumed that
a set of M jobs must be sequentially processed on a set of

k production stages or machine centers, each of which has
several machines operating in parallel. Some stages may
have only one machine, but at least one stage must include
multiple machines, which introduces the additional
flexibility to the production process. Machines at each stage
can be identical, uniferm or unrelated and s2ach machine
within each stage can process one job at a time. Moreover,
the job must be processed by exactly one machine at every
stage. There is no specific assumption on the similanty of
the machines at each stage. Each job is processed first at

stage one, then at stage two, and finally at stage ¥ Each
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stage has m_ (1 =1,2,...k) number of parallel processors.

It 15 convenient to view a job as a sequence of & tasks —
one task for each stage — where the processing of any task
can commence only after the completion of the preceding
task. The purpose of HFS scheduling is to determine the
jobs and their processing order on each machine The layout

of a Kk stage hybrid flowshop scheduling 1s shown 1n
Figure 1 where M, represents the machine in the 77 th

parallel and K th stage [2] This definition 15 very general
and is the basis of the papers reviewed.
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Figure 1- Layout of the hybrid flow shop environment [2].

Eesearch efforts on production scheduling generally
consider a static environment with a fixed number of jobs,
deterministic processing time, and no unexzpected events
that would influence job processing when the schedule 1s
executed Eeal manufacturing is, however, dynamic and
subject to a wide range of stochastic uncertainties, such as
machine breakdown, stochastic processing time, and rush
order. Therefore, production scheduling under uncertainty
has indeed attracted much attention in recent years. [4]

In additien, there are vancus factors involved 1n real -world
scheduling problems that are often imprecise or uncertain in
nature. This 15 especially true when human-made factors are
constdered into the problems Therefore, parameters are
often encountered with uncertainties.  Accordingly,
production scheduling problems can be divided into two
general categories: determimistic scheduling and uncertain
scheduling problems [5] There are essentially two
approaches to deal with uncertanties, including the
stochastic-probabilistic theory and possibility theory or
fuzzy set theory [3]. In this study, fuzzy set theory 1s used
to deal with the uncertainties in production scheduling

The inmitial paper in HFS scheduling problem was proposed
by Arthanan and FEamamoerthi [6]1n 1971 and studying over
this field has attracted many interests over time. Gupta [7]
in 1988 considered a two-stage HFS with 1dentical parallel

machines at each stage and objective of C', . He proved

that the problem is NP -complete and proposed a branch and
bound algonthm to find an approximate solution 1 a
specific condition in which the second stage contains one
machine. Consequently, it was claimed that HEFS scheduling
problems with two stages are NP -hard, even 1f there 15 only
one machine and two machines at stage 1 and stage 2,
respectively.

Brah and Hunsucker [8] presented a branch and bound

algorithm to minimize maximum completion time 1n flow
shop scheduling with multiple processors. Eiane et al. [2]
constdered a problem of scheduling # jobs on a three
stages hybrid flowshop with the objective of mimimizing
the makespan and proposed two heuristic procedures to
cope with it. Buz et al. [10] proposed a mixed integer
programming model and some heuristics for the problem of
scheduling M jobs at 71 stages where at each stage there
15 a specified number of unrelated machines. The
optimization criterion considered was the makespan
minimization. The MIP model and the heunstic proposed
were tested against a comprehensive benchmark and the
results were evaluated by advanced statistical tools that
make use of decision trees and experimental designs.
Amin-Naseri and Beheshti-INia [11] studied the problem of
parallel batch scheduling 1n a hybnd flow shop
environment with minimizing makespan. Since the problem
was NP-hard, three heunistic algonithms were introduced to
give near optimal solutions and to further enhance the
solution cquality, a three dimensional genetic algorithm
(3DGA) was also developed. Several test problems had
been solved using 3DGA and the results indicated its
superiority to the other heuristics. Mahdavi et al. [12]
constdered a multi-stage flow shop scheduling problem
with equal number of unrelated parallel machines and the
objective of makespan minimization for a given set of jobs
in the system. They proposed a mized integer linear
programming formulation for the considered production
model. To solve the problem, they used a hybnid heunstic
method and the results obtained by proposed heuristic were
compared with optimal selutions reported by the Lingo 8.0
package applying the branch and bound approach. The
results showed that the proposed hybnid method was more
efficient when the problem sizes had been increased.

Wang et al. [13] studied a hybrid flow shop scheduling
problem with multiprocessor tasks in order to minimize the
makespan. They developed a simulated annealing (SA)
algorithm and a new neighborhood mechanism was
combined with the proposed SA for generating neighbor
solutions. Ziaeifar et al. [14] presented a new mathematical
model for a hybrid flow shop scheduling problem with a
processor assignment that minmimized makespan and cost of
assigning a number of processors to stages. In this problem,
it was assumed that there were a number of parallel
identical processors which were assigned to all of the stages
with an unlimited intermediate storage between any two
successive stages. The processors could be transferred
between stages and cooperate with processors at each stage
in order to perform the operations To solve the proposed
problem, genetic algorithm was used.

Attar et al [13] presented a mathematical model for a
hybrid flow shop scheduling problem with unrelated
machines, limited waiting time between every two
successive processing operations and ready time of jobs.
The aim of this paper was to model and solve the addressed
problem by applying an efficient metaheunstic algonthm,
entitled biogeography-based optimization (BBO) To assess
the propesed BBO, two experiments were conducted and
their results in terms of solutions quality, as well as
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computation efficiency compared against two popular
algorithms, namely impenalist competitive algorithm and
population- based simulated annealing.

Mousavi et al. [16] aimed to determine a schedule for
hybnd flow shop problem that minimized a convex
combination of the makespan and total tardiness A
meta-heuristic procedure was proposed based on the
sitmulated annealing/local search (SA/LS) The performance
of the proposed algorithm was compared with a genetic
algorithm which had had been presented in the literature for
hybrid flow shop with the objective of minimizing a convex
combination of the makespan and the number of tardy jobs
Wang and Liu [17] considered a bi-ebjective optimization
problem in a two-stage HEFS scheduling problem with

preventive maintenance and sequence-dependent setup time.

The objectives were to minimize the unavalability of the
first stage machine and to minimize the makespan
simultaneously. Due to complexity of the problem, a
multi-objective tabu search (MMOTS) method was used and
the performance of the method was compared with that of a
multi-objective genetic algonthm.

Problem description and mathematical model

The HFS scheduling problem considered in this work
consists of & stages 1 Series. Each
stage £ (K=1,2,...,5) consists of I (1=12,.,M)
machines 1n parallel It 1s assumed that machines at each
stage are unrelated, meaning that they have diverse speed

for each job type. V}, isthe speed of machine [ at stage

k to process job type £. Asetof N independent jobs

L

with due date dl,dj,...,d" and different job types has to
pass through & stages consecutively and be preocessed on
anyone of the machines available at each stage. Each job
J of type t,1<t<[, has a P, fixed processing
time at stage K. Processing time is the time required to
process a job at a stage. The objective is to minimize a

linear combination of total completion time and mazimum
lateness, which are briefly described as follows:

N
ZCJ. - Total job completion time at the last stage
F=

L .. Mazimum lateness which is computed as follows:

Em = max(fj) = max(f‘j —EJ.), F=Tp N

Where EJ. is due date of job J [18].

Completion time 15 the moment at which the job 1s
completed at a stage. Completion time of job [ at stage

k is equal to sum of its starting time and processing time

at stage K. A job processing at first stage can be started if
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the job is ready. Job J ready time 15 the moment at which
the job j 1s avalable for processing. Each job should be
assigned to exactly one machine at each stage Job
processing can be started at a stage only when it has been
completed at the previous stage.
In order to solve the HFS scheduling problem, the
following assumptions are considered in this paper:
* The number of stages and machines the at each
stage are known in advance
¢ All jobs and machines are available at the
beginning of scheduling.
¢ Preemption 1s not allowed for job processing.
¢ There 1s no breakdown for machines and machines
are always available.
¢ Job setup and transportation time are sequence
independent and are included in the processing
time.
# Parallel machines at each stage are unrelated and
eligible
e Infinite buffers exist between two consecutive
stages.
¢ Each job can be processed on one machine at a
time.
¢ A machine can not process more than one job at
the same time.
* Job processing time and due date are uncertain and
are considered as fuzzy numbers.
* Parallel machines at each stage have different
processing speed for each job type.
¢ Jobs are independent and there 1s no precedent
constraint between them.

Prior to present the proposed model, we describe indices,
parameters and decision variables.

Indices

h,j: Tobindex h, j €{1.2,...,N}

q - Sequence index, § €{1,2,..., N}
k: Stage index, K e{l,2,...,5}

i: Machine index, 1€{1,2,....M}
f-Job typeindex, 1 €{1,2,...,L}

Parameters

N : Total number of jobs.
S - Number of stages.

M - Maximum number of machines at each stage.
L - Total number of job type.

€., If machine [ at stage & can process job type [, 1
otherwise 0.
W, - If job J isoftypel, 1 otherwise 0.
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T4 IEmachine I exists at stage £, 1 otherwise 0.

Vi Machine | Speed at stage & to process job type .
E,: Fuzzy processing time of job type [ at stage k.
dj: Fuzzy due date of job j .

U - A positive large number.

Decision variables

In this part, decision variables of the model are designated.
Two kinds of decision variables are used in this study:
binary variables and continuous variables. In the following
both of them are clanfied.

In order to determine the eligible machine by which each

job at each stage 1s processed, the binary variable Xh'm' 1§
used:

Xh.m.: If job ] at stage K is assigned to sequence

of machine [, 1 otherwise 0.

Furthermore, continuous variables are required to determine
completion time of each job. These variables are described
as follows:

Chm Fuzzy completion time of job ] 1in sequence §
of machine i atstage k.,

E_f: Fuzzy lateness of job  J .

Mathematical model

According to the aforementioned notations, the proposed
mathematical model for this problem is as follows:

m N N
DHWAN w
i=l g=1 j=l
Fy=max(Cyy—d,, i=12..m, g=12 N, j=12..N) (2)
F=min(aF + (1-a)F,) (3)
o
L
X £ we,,
L= o kit
Z‘ (4)
F=12,..5 i=12..m, =12, N, =12 ..N
m N
> Xy =1, k=12,..,5, j=12,..,N (5)
i=l g=1
N
DXl k=12 8 9=12om, g=12,. N (6)
J=1
B _ .
), I>ZX,, Hwe,, i=12,..m, j=12, N (7

P,

Cug + U~ ,wj>zcm lhi"'ZX -V—ugem
Lt
i=1..m g=1.. N, j=1L N, g>l
E,
Coa, +U(L- X, }:}Ezcx—l;r +EX1.1,. L
ral gl kir 9)
k=1..,S i=L..,m j=1..N, k=1 (
Cog TUU= X y) 2 m“@ Z c(t—l)rq: : Z Cta(q—m) 2
7l g
(10}
ZX .—we ; BERL ST
Vi
ZX o K e i TS (11)
J#h
X0, i=L..m j=1_N k=1_5 ¢g=1..N (1

In the above formulations, constraints (1) and (2) define
total job completion time and mazimum lateness,
respectively. Constraint (3) gives linear combination of
total job completion time and mazimum lateness.

Constraint (4) ensures that X.i:r'q;l' is 1 only if job | iz of

type [ and machine [ at stage K is eligible to process
it. Constraint (5) forces each job 1s processed only on one
machine at each stage. Constraint (&) guarantees that only
one job 1s assigned to each sequence of a machine at a
moment. Constraints (7) and (8) calculate job completion
time in first and gth (¢ >1) sequence at first stage,
respectively. Constraints (%) and (10) calculate job
completion time in first and g th (g >1) sequence at

stage k(K >1) , respectively Constraint (11) ensures that if

no job is assigned to a machine sequence, subsequent
sequences have to be remained empty Constramnt (12)
demonstrates binary vanables of the proposed problem.

Solution methodology

Fuzzy numbers and calculations

In this study, processing time and due dates have been
constdered as tnangular fuzzy numbers. According to these
parameters, the fuzzy completion time and lateness are
proposed based on the concepts of subtraction and
maximum of two fuzzy numbers, which are defined by
using the well-known “Extension Principle” in fuzzy sets
theory The objective function 1s taken as the weighted sum
of fuzzy lateness and sum of fuzzy completion time through
the concept of addition numbers.
objective funchon turns inte a

among fuzzy
Consequently, the
fuzzy-valued function Hence, in this part we introduce
fuzzy numbers and then elucidate how fuzzy completion
time and fuzzy lateness are calculated Finally, the way in
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which the objective function 1s computed and defuzzified 1s

described. ~ (:C—ar)/(a—ar) if nhtr<n
The fuzzy subset @ of HR 15 defined by a

function f4; : R —[0,1], which 1s called a membership M (x)=4(a" - x}/(g“ —-a) if asxsn”,
function. The ¢ level set of @ , denoted by Ha, 15

defined by 4, ={xeR:j(x)2a} for al 0 otherwise,

L

& €(0,1] The O-evel set @, 1s defined as the closure of

the set dy ={x € R: 1, (x) =0}[19]

ok Hy (X)
Definition: The fuzzy subset & of R is said to be a
fuzzy number if the following conditions are satisfied: i et A Lt LG L i el
(1) d is normal, ie, there exists an X K such /// :\\
/ : \\
that &,(x) =1, -~ ! S
- s : : ' L = ¥
(i) &5 15 | quasi-concave, 1e, o u o
Ga (Ex+(1-18)») Z2min{ &5 (1), 55 ()} for Figure 2- Triangular fuzzy number [19]
te[0.1]; =
. ; ; The of -level setof @4 1sthen
(i) & 13 upper semi continuous,
e {reR:&(X) = a} is a closed subset of E’m =[(1- CZ)(II +aa,(l- a)a" +aal.
R foreach @< (0]1];
(1v) The Odevel set Eu 15 a closed and bounded Suppose that & = I:a:,a,a“) and 5‘= (br,b,b") are
subset of R . two triangular fuzzy numbers. Some arithmetic operations

on tniangular fuzzy numbers can be described as follows:
Keep in mind that if & is a fuzzy number, Then the
@ devel of & 1s denoted by Efa = [E;,Efg] [19] Addiion

x: F®b =(a',a,a")® @ ,b,b")=(a' +b',a+b,a" +b")

Proposition 3.1. Let & and b be two fuzzy numbers.
Then ﬁ@g, &@b and ma’i{&“,g} are also fuzzy

numbers. Furthermore, we have

Subtraction

E@g: (a.i',a,au)@(bf,b,bu): (al' —b'[,a—b,a“ _b!)
@®b), =[a, +b,.,3; +5;]

The multiplicatton of a TFMN and a crisp walue

— T ] T o~ =
(&@b)m :[aa: _ba 2y _ba,] .’:’,kERJ 15 defined as:
(max{@,b}), =[max{a,,b,}, max{a; b, }]

ki =k(a',a,a")=(ka' ka,ka)
Triangular fuzzy number (TFI) 15 one of the most useful

fuzzy numbers which is denoted by In this paper, processing time and due date have been
= I:{JI,45'!,(1’“},:.’1I £a<€@" The TEN & can be considered as b= (pi.r,pht,p;) and
expressed as “around @7 or “being approximately equal to dj _ (dj d ad;}) P,

7. We also say that g 15 the core value of § meaning

M=(a)=1, and a' and a" are left and right spread

- ; - Fuzzy completion time calculation
values of @ , respectively A TFN & can be denoted by

its membership function:
As mentioned before, completion time has a direct relation

with processing ttme So, when processing time 1s a fuzzy
number, completion time 15 also turned into a fuzzy number
Here, according to fuzzy processing time and by using
fuzzy operations, the completion time 15 calculated.

If processing time is a triangular fuzzy number, ie.
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~ L u ; 2
P = (Ph-,-,pm,ph-f), then completion time would be a Cpy +U-X,, )>max(zz i ch-t-.-—llk}"'

e ("wl g'=l
; L o
triangular fuzzy numberas C,_ = (C,. ,C. . C. ).
E % ke ( il hq") ZX e, Yh>1 g2l i,
It should be noted that 1n completion time calculation, 1t 15 Fou
- ‘Pk: B i .
requisite to calculate and since [}, is a fuzzy U
Vh‘; i kg Calculation:
number, Vh‘: which 15 a crisp number, 15 transformed to a
fuzzy number: " L p=1
1 - .
, . @ BN Ny Wi F Ll J Ll
— — =1 li
- (VH!’FHU Vh't}_ (Vh'f?Vh'I’VHf } " I g
C‘ HUQ-X,)2 (2 X, ——w.e,
According to the proposed model, fuzzy completion time a- l"ﬂ) Z Liy-1)4 :2=1: lig 1I'I gl
are calculated as follows: _ "
i=1...m, g=1,,.N, J=1,...N, g>1
C'iq Calculation:
o m N 1 Y
L)
- P: | | C, tUd-Xx,,)2 Z A Qo ¥ Xy o W s
>Z - V‘T' Wy, 1=Loom, j=L. N =1 g=l =l o
" k=1..8, i=1..,m, j=1.,N, kF>1
cr
+UQ- ang}:} o Xy I Wil o
..W Z litg-ih Z o Vm C _|_U(1 X }}‘-max(zz C‘”c Nyigi? chltl.l_m]—i—
i=1l..,m, g=1..N, j=1..,N, g>1 , ” e s
P
P! > X iig e Wiy VE>1, g>1, 1, ]
ot ki TGk 1 ka2
c: +U(- Xh};)}zzclml,_,, +ZX111; 1 Witk = Vi
i=l g'=l L"
k=1,..,5 i=1L..m, j=1.,N, k>1 Thus, according to these relations and operations, final
triangular fuzzy completion time 1s calculated as
:" +UQ-X,, ):’ﬂlﬂx(zzcknw Z +|..—|x Cw=(Cé 2 Chig Chq]) for each job.
i'=l =l Rz
b g The following method, which was used by Behnamian and
P . ” . :
Z Xm[ e, Vk>1, g>1, 1. Z.andlehE_'U']. is u_sed to pradu_ce dge date of jobs. |
Vht Firstly, Sum of job processing time at all & stages 1s
calculated (itis assumed that [ th jobis of type ©):
C'h.m. Calculation: P Z : YjeN, tel.
I P Then, due date of each job 1s generated as follows:
1 ; ;
Cyi = Z Xy =Wl i =le,m, j=1..,N N
= L P d,=Q+randomx=3)x(S/min(m, ) xp ., Vjen,
ks
Clr}q;' + U= liq;) = Z Ch(q—l)h it Z Xlicjr 7 Wy
_ h”_ b In which random is a random number with a uniform
i=1..,m, g=1..N, j=1..,N, g=>1 distribution in (0,1)
m N Pk
4
cm_: +UQ- Xm;) P ZZ C(k gy T ZXkrl_r Wiy .
i'=l g'=l Vm Fuzzy lateness calculation

k=1,...8, i=lL..m, j=1.. N, k>1
Apart from fuzzy completion time, fuzzy lateness of jobs
have to be calculated also. When completion time is greater
than due date, there 1s lateness In classic scheduling
problems, alateness 1s calculated as following:
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In which, dj., CJ. and LJ are due date, completion time

and lateness of job  , respectively.

In fuzzy problems, completion time C'J. and due date dj.

are considered as fuzzy numbers.
Therefore, the lateness 1n fuzzy space 15 described as:

L,=C,0d,

7

i~

According to aforementioned relations, Lj. 15 a fuzzy

number. Consequently, by using & -level it can be
constdered as following:

orilE gl i
L.}'a = CJ"a: _d.i'ex’
=u gt ) 5 L
Lia = CJ';: —dja

Defuzzification method

It 15 crystal clear that objective functions are fuzzy numbers.

2o, to find optimum amount of final objective function,
these fuzzy numbers should be changed into crisp numbers.
This operation 15 called defuzzification and 15 conducted 1n
diverse manners.

Defuzzification 1s a reverse process of fuzzification and 1t
converts a fuzzy number into a crisp value. The “ Center of
Area” (COA) defuzzification method 1s one of the most
prevalent and physically appealing defuzzification method.

It returns the center of area under the curve. Let 4 be a

fuzzy number and [, its membership function

Defuzzification of A by the COA method is denoted by
O0(A) andreturns the crisp value of x

J- M, (x).xdx

x =68(4) = ;
j i, (x)dx

For a TEN A= (p,q,r). x =6(A)=(p+q+71)/3
and it represents the centroid of the tniangle

((7,0);(g.1):(7,0)) it can be observed in in Figure 3.

1] » (p+rii2 q r

'\5
S
&
P
)

Figure 3- Center of area defuzzificatton method for a
triangular fuzzy number [ 71]

Ranking method

Eanking two numbers is quite important in a scheduling
algorithm. Panking 1s quite easily performed since the
operands are all crisp numbers. However, 1n this paper,
since fuzzy processing time and due date are considered,
fuzzy ranking methods have to be used. In literature,
several fuzzy companison methods have been proposed,
such as the Hamming distance method, the probability
distribution method, pseudo-order fuzzy preference model,
new fuzzy-weighted average, signed distance method, and
so on. In this study, “mean-variance”™ method 15 used. To

rank two TFIN A = (ﬂl ,ﬂj ,as) and .B = (bl'-‘b] ,b3) i
mean and vanance should be calculated for beth of them:

() =

a; +d, +d,

(@) +(a)’ +(a,) - (@a, +aa, +a,a,)
18

S(A) =

w(@)= At

@) +®:) + ) - (b, + by +bb)
18

5(8) =

TFIs can be ranked by mean-variance method as follows:

A>B if ¥(4)>%(B).
A>B If ¥(4)=%(B) ad 6(4)<JI(B).

Numerical example

In order to evaluate and walidate the effectiveness of
proposed mathematical model, solving procedure is
explained in details for a small size test problem.

Assume that there are 3 stages, 5 jobs and 2 job types. The
number of parallel machines at each stage 15 2, 2 and 1,
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respectively and a similar speed of 1 has been considered
for all machines to process all jobs. Table 1 shows fuzzy
processing time and fuzzy due date and Table 2 denotes
eligible machines at each stage to process jobs. It is
noteworthy to be mentioned that, 1n order to compare the
solutton obtained from the mathematical model and a
random solution, due dates are generated randomly from
uniform distnibution [1,300] and then considered as fuzzy
numbers in the model. The presented mathematical model
for this small size test problem 1s performed 1n GAMS
optimization software and the results were compared with
results obtained by a random sequence The results obtained
from both methods have been represented 1n Table 3 to 6
Tables 3 and 5 demonstrate objective functions and the

amount of Xhigs variables are presented in Table ¢ and .

For instance, x =1 means that job 3 in stagel is

1123
processed in sequence 2 of the first machine.

Table 1- Test problem parameters

Xy =1 Xy =10 x5 =1
4 ) . . _ _

Tos = 1 Xo134 | X348 = 1
5 x =1 =x =1 x =1

1135 2145 3155

Table 5- Objective functions resulted from GAMS

e G oS T USETOL S
1 73 25

2 94 -39

3 18 31 25 580 3025

4 12 4

5 167 -107

Table 6- xh.q:.variables resulted from GAMS

—

job ;‘:’E R, B B d,
| | (Ve dnay)  (EnEv.Ea) [CRAERED! (EAEALA)
¥ ¥ (iaxars)  (rerire)  (YeN1 YY) (ATTEATYAYTY)
v X (vayard)  (rvrire) (Yo Y) (ViR VEANER)
£ ! (e (EvEviea) (a0 ) (ITEvENTE)
e { (o) (EREV.EA) [CRAEREY [YVETYVETVE)

P Stage
kigy 1 2 3
: Yy =1 Xy =1 x5, =1
: o =1 X = Xyay =1
E : Xigas =L Fygs = X3 =1
* X134 =1 Xopag =1 Xzpae = 1
: Xpps =1 X =10 x5, =1

Table 2- Eligible machines at each stage to process each job

Stage \ ¥ Y

| {1x} iy ("

Y (v} {17} ()

Job r {7} (1.7} (1
¢ (rv} ) ("

o (. %} {1} (")

Table 3- Objective functions resulted from random seolution

b Chia I L Ch 0.5%5C, +05xI
1 07378 [
2 (P09498)  (-43,39.35)
30 (48121 (353127 (253035 (618 540,562) (3215335348.5)
$ 0 (4R154150) (253039
5 (95201207)  (-79:73.67)
Table 4- th.variables resulted from random
solution
. Stage

g 1 2 3

& =1 Ty =1 x5, =1

12 =1 =1 =1

Ko = Inp = X300 T

According to Table 5, the optimal objective function
obtained by GAMS 1s 302.5 that is better than defuzzified
objective function obtained by random solution (333)

Here, we solve some small size test problems with GAMS
software and evaluate its computation ttme In order to
generate test problems, six parameters are considered
These parameters and their considered levels are
demonstrated 1n Table-7

Table 7- Levels for input parameters

Parameters Levels

Total number of jobs (n)

3.4,5,10,15,20

Total number f stages (5) 234

Maximum number of
Uniform [1,3]
machines (m)

Total number of job type (L)
Machine speed (V)

Uniform [1,3]
Uniform [0.5,1.5]
Uniform [10,50]

Processing time ()

Because processing time 15 a fuzzy number, 1t 15 generated
as follows:

B =(P,P+1,P+2).
Previously, we explained how to calculate fuzzy due date.

Eesults of these numerical examples are demonstrated in
Table 8. Computation time 15 the average computation time
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in 3 run

Table 8- computational results of GAMS for small size
problems

Problem data
Sample Stage Job Aver.age r status
time®
number | number

1 2 3 00:00:0 2412 Optimal
2 3 3 00:00:0.6158 Optimal
3 4 3 00:00:0.4918 Optimal
4 2 4 00:00:0.6024 Optimal
3 3 4 00:00:1.278 Optimal
6 4 4 00:00:2 6852 Optimal
ki 2 5 00:00:04108 Optimal
3 3 5 00:00:2 2886 Optimal
9 4 5 8:00:00 Local
10 2 6 00:00:1.0952 | Optimal
11 3 6 00:00:16.6176 | Optimal
12 4 6 12:00:00 Local
13 2 8 00:04:26.7766 | Optimal
14 3 8 01:03:1.651 Cptimal
15 4 8 12:00:00 Local
16 2 10 12:00:00 Local
17 3 10 12:00:00 Local
18 4 10 12:00:00 local

a computation time (hour:minute second)

Conclusions

In this paper, a mized integer mathematical model was
presented for bi-objective HES scheduling problem.

The proposed mathematical model included unrelated and
eligible machines along with fuzzy processing time and
fuzzy due date. The objective 15 to minimize a linear
combination of total completion tme and maximum
lateness.

The obtained results showed that the proposed
mathematical model 15 able to solve a small size problem in
a reasonable computation time. But when problem size is
increased it takes more time to solve the problem in a way
that the optimal solution for a HFS problem with 10 jobs
was not achieved after 12 hours. So, it reveals that to solve

a large size and complex bi-objective HFS scheduling
problem with unrelated and eligible machines in fuzzy
space, some other solving methods like meta-heunstic
algorithms have to be used.
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