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Abstract

The np-chart is used to monitor the number of
nonconforming items in a sample. The performance of the
np-chart in Phase Il depends on the accuracy of estimated
parameter in Phase I. Despite the fact that taking large
sample ensure the performance of estimated
parameter charts, it can be impractical for attribute control
charts. Recently, the performance of traditional c-chart and
np-chart with some adjustments have been studied. In
practice, high gualify processes with very low rate of
nonconformities are aften observed. The traditional control
charts suffer a serious inaccuracy in control limits

sizes

specification in this way. Having all this in mind, this paper
presents a new np-chart based on simple adjusiments
derived from Cornish-Fisher expansions to improve such
inaccuracy with the application of bootstrap. Based on the
conditional in-control average run length (ARLy), their
performances are compared through a simulation study.

Keywords:
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Introduction

Control charts are the most popular tool of statistical
process control for monitoring a stable process to detect
assignable cause(s) when impress the process. For selecting
the suitable control chart for monitoring, the type of data
being collected must be considered which 15 manly
classified into variables and attributes. Attnibute data, such
as discrete and/or categorical data, are monitored using
methods that have been conducted by many researchers in
literature (see [1] and [2] for comprehensive review).
Among them, the traditional p-chart 15 the standard attribute
control chart used to monitor the fraction of nonconforming

products on the basis of a Binomial distnbution with
control limits constructed by the normal approzimation [3]

In determining control limits, noncenforming probability
for the in-control process must be known MNevertheless,
when this parameter 15 unknown, firstly 1t must be
esttmated Through m available in-control samples each of
size n, the parameter 15 esttmated. This takes place in Phase
I of the control chart designing (overview on Phase I
methods and analyses can be found 1n [4]) Following
Phase I, monitening of the process for quickly detection of
out-of-control conditions 1s considered which 1s generally
labelled by Phase Il 1n SPC.

During Phase II, a usual measure of performance evaluation
15 the average run length (ARL) The in-contrel ARL, or
AFLg, 15 the expected number of samples observed before a
false alarm, 1 e when there 15 no shift. Thus, larger value
for ARLg 15 desirable. On the other hand, the out-of-control
AERL, or ARLy, 15 the expected number of samples observed
before correctly detection of a shift. Tendency toward
rapidly detection of an assignable cause necessitates smaller
value for ARL:. Furthermore, the median of ARL (MDEL),
the average of ARL (AARL) and the standard deviation of
ARL (SDAERL), which 1s also referred to as
practitioner-to-practitioner variability, can be expressed as
other performance measures obtained from ARL sampling
distribution.

Due to different Phase I data sets, which lead to variation in
sampling distribution, the performance of control charts
with different estimated parameters, are substantially
affected than the situation with known parameter values.
On the other hand, since the centrol limits are constructed
using the estimated parameter and a pre-specified false
alarm rate (FAR), the accuracy of the estimation play a
significant role on determining the performance values [3]
In the recent control chart literature, the impacts of
parameter estimation on the performance measures, from a
practical as well as a theoretical standpoint, have gain
attentions of sewveral researchers to contribute 1n this area.
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Much of such works have focused on wvanable control
charts and little on attributes (for thorough reviews, refer to
[6] and [7]).

Eelying on recent studies, there are mainly two major
points about parameter estimation that must be considered
as follows: a) There 1s no guarantee, even with far larger
sizes of Phase I samples, to reach the desired in-control
performance and thus the importance of SDARL should not
be neglected (as firstly mentioned in [8] by recognizing
from [9]), and b) In some cases, the suggested Phase I
sample sizes are umpractical to satisfactorily decrease the
variation in the in-control ARL between practitioners.

The overall conclusion indicates that an alternative method
15 necessary to overcome the challenges associated with
above mentioned reasons. Relating estimation with
simulation, Efron [10] introduced the concept of bootstrap
as a computer intensive estimation method FEequinng
fewer assumptions and giving more accurate results in
general together with the fast developments 1n computing
capability, the bootstrap method has turned into an
attractive technique to use for wide range of problems The
parametric bootstrap techmique, for CUSUM chart 1n [8]
and [11], was applied to determine adjusted contrel limits
based on the data collected to esttmate the in-control state.
Thus, 1t guoaranteed to achieve the desired in-control
conditional performance with a certain probability.
Afterwards, extensions of the proposed method for 52 chart,
E'WMA chart and c-chart were studied 1n [12], [13] and
[14], respectively Fecently, Faraz et al. [15] assessed the
np-charts with alternative control limits and with esttmated
parameters as well as applying the bootstrap method to
adjust control limits’ thresholds. Encouraging to use for
being effective, accurate and practical, they suggested to
further extension to the other type of attribute control charts
such as the Cornish-Fisher corrected p-chart [16] This
correction was performed later 1n [17] for the mp-chart
which is more convenient to monitor the number of
nonconforming items in practice.

In this paper, we investigate the performance of the C-F
corrected mp-charts such that the in-control performance
exceeds a desired value with a specified probability.
Accordingly, we expect to reduce estimation error when a
bootstrap-based methodology 15 used to adjust the control
limits. The rest of the paper 1s organized as follows In
Section 2, we review the improved np-chart using
Cornish-Fisher expansion. In the next section, Bootstrap
adjusted limits for the improved np-charts 15 described and
the procedure 1s presented in some steps Section 4 includes
some simulation experiments for investigating the sampling
distribution of the in-control performance for the improved
np-chart and, then, companng the results with
bootstrap-based methodelogy. Finally, conclusions and
future research possibilities complete the paper.

Improved np-charts using Cornish-Fisher
expansion

A common approach to modeling the number of
nonconforming items 15 to use the Binomial distnbution.
For a stable process with known in-control nonconforming
probability pp, 1t is assumed X7, X3, , Am to be an
independent sequence of m initial samples each of size m;
that 1s, X;~ Bin (n, po) for i=1,... ,m. However, the value of
po 15 typically unknown 1n practice and, thus, 1t must be
estimated from initially sampled data. This parameter is
esttmated as follows [3]

m

Sn DK
i=1 =1

_Ez—

m mn

(1)

The upper and lower control limits of Shewhart np-chart,
for monitoring the plotted sequence of X; values over time,
are considered as following equations, respectively:

UCL=[np +51013ynP (1~ B)] o
LCL=max(0,[nP— ) o241 (1- D))

where zree 15 1-w/2® percentile of the standard normal
distibution. MNote that when LCL<0, the lower contrel limat
holding no meaning, lies on zero and thus, the upper control
limit 15 changed by substituting z1.x 1nstead of Z1.am
Because of recent high-tech developments, high-quality
processes with very low rate of nenconformities are often
detected in practice where using the traditional chart leads
to high false alarm rate and consequently, unnecessary
increasing of inspection costs. For these reasons, alternative
methods have been proposed recently [18] Winterbottom
[16] introduced an improved p-chart with one correction
term, based on the Cornish-Fisher expansion. According to
their results the improved p-chart: a) shows false alarm risk
much closer to the reference risk, and b) allows working
with smaller p values. The upper contrel limits of this
expansion accommodated for np-chart are as follows [17]:

(ciai2—DA-27)
6

UCL = np +51_y 2 [np (- D)2 + (3)

where Utf*[.l denote upper control limits with one C-F

correction term. When =z, .0 15 substituted by zan, lower
control limit can be obtained Setting z,p,=3 and zj qn,=-3,
the Shewhart np-chart can be corrected as follows:

- _ — 41-2
UCL =[np +21_pya4/np(1— p) +¥]

’ 4(1-2
LCL = maz(0,[np — 21 g2 Vm-'_%])

In [15] the alternative control limits were also denived for
the np-chart in order to: 1} adjust the control limits so that
ARTg 15 at least the desired value, 2) avoid masking the
problem of practitioner-to-practitioner variability using the
three-sigma limits, and 3) split @ as equally as possible

)

between the two sides of the chart The equations are as
Follows:
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LCL=F Y ai2.np)

Fl-al2np) if LCL=1 ()
Flll-eanp) ifLCL=0

where F3a, n, pg) is the inverse cumulative distribution
function of Bin (n, pp) at point a.

Despite the fact that the ARLp comes to be a random
variable in Phase II, the conditional ARLg given the

estimated nonconforming probability can be obtained as
follows:

U(f'L:{

2. 3
ARLg|p = ——:

—:. dp=0 (6
&

where
ép = s o D

1-F(UCL,n, pg) if LCL=0
where F(x, », pp) 15 the cumulative distribution function of
Bin (n, pg) at point x. Note that LOL and I7C'L are general
terms and their subscripts can be changed according to
equation (3). Using a simple example, we compared
different np-charts in Table 1.

{1—F(Uéﬁ,n,pD}+F(LéL—1,n,p,,) if LCL=1

Table 1 — Companson of different np-charts for »=50,
po=0.01, a=0.0027.

np-chart LCL UCL o ART,
Shewhart 0 2 0.0138 72.4
altered in [17] 0 3 0.0016 | 626.5
C-F with one expan 0 355 00016 | 6265

When the number of Phase I datasets (m) 15 not adequate
enough, the probability of achievement to the desired
performance becomes to a smaller amount In order to
guarantee the desired 1n-contrel performance with
(1-)100%, 1t 1s proposed to adjust limits using the
bootstrap technique as described in the following section.

Bootstrap adjusted limits for the improved
np-charts

In previous studies, it has been revealed that the in-control
performance 15 effected from the Phase I sampling
variability obtained by different practitioners In fact, the
average in-control performance value might be close to the
target value, while a single in-control value can be vary
considerably. The bootstrap approach have been suggested
to reduce the effect of sampling variability on the ARL
performance with estimated parameters in recent literature.
cimilarly, in this section, we apply a bootstrap-based
methodology to adjust the limits of the C-F corrected
np-charts such that the conditional in-control performance
meets or exzceeds a desired wvalue with a specified
probability. The bootstrap algorithm 15 outlined below:

1 Estimate process parameter from a Phase [ dataset,

called “training sample”, using Equation (1).

2. Draw y; ~ Bin(mn, P)to estimate p; = 3 fmn .

3. Calculate the improved np-chart limits using the C-F
correction for each bootstrap estimates as follows:

LCL = F (@i 20, 1))

UL = F_llfl—a‘fln;p:) :jL?‘LE.:_rl t:3]
Fo(l-e,n p;) if LCL,=0
4 ERepeat Steps 2-3 a large number of times, called

bootstrap sample size, to obtaini = 1,.., B control limits:

{LED LCE,... . LCL3)
{UCL  UCL, ;.. .;UCLy)

5. Sort the B bootstrap control limits from Step 4 1n an
increasing order as:

CEC e By s EC Lo}

{UCLyy UCLyyy... . UCL gy}

6. Find respectiveleréL;andUéL; as the ™ and (10
percentiles to guarantee the in-control performance
with probability (1-1)100%. For cases with no lower
control limit, store only the (1-0)™ percentile.

Generally, it is exzpected that adjusted control limits
obtained based on the percentiles of bootstrap distnibution

-----

result 1n widened contrel limits to counteract the effect of
estimation errors caused by the unknown parameters.

Simulation study

In this section, some simulation experiments were
implemented with the purpose of exploning the effect of
parameter estimation on the behavior of the performance
measure. It 1s obvious that, when the process parameter 15
estimated, the calculated control limits and, as a result, the
ARLy measure turn into functions of p. Therefore, we

expect the performance measure becomes a random
variable with the mean and the standard deviation.
In this study, »=10,000 different Phase I samples were
simulated consisting of m samples each from Bin (n, po)
Choosing a desired false alarm rate, the control limits with
C-F corrections were calculated for each FPhase I dataset.
Tables 2 and 3, respectively for a=00027 and a=0005,
show the 10% and 25% percentiles, the median, the average
and the standard dewiation of ARL, distnnbution following
the computation of the control limits for various cases of
the stmulation (the case m==> relates to the situation with
known process parameter in which the performance
measure becomes a constant value). Some conclusions
about the effects of the number of Phase I datasets, the
sample size and the false alarm rate on the amount of
guaranteed performance are summarnzed as following:
® The effect of m: for example, when pp=0.2, n=100,
and a=0 0027, we have Og2s=547 for m=25 That 15,
with 50 Phase I datasets, the desired ARLy=370.4 can
be guaranteed with probability 75%. Also, Qoo goes
beyond the desired value for the first time when
m=75 which means 75 samples are enough to

guarantee Pr{ARL;>370.4)=%0%.
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Table 2 - The distnbution of ARLy for improved np-chart with one C-F correction term for different values of », m, and py

when a=0.0027.

n 50 100
Lower Quartiles Lower Cuartiles

Fa m Coo O as MAERL; AARL, SDAERL, o Coas MARL, AARIL, SDAERL,

0.01 25 7237 626.50 62650 140712 216371 201 35 291 .35 201 35 957 80 145020
50 626.50 626.50 626.50 006.25 1338.65 201 35 291.35 201 35 §62.30 34401
75 626.50 626.50 62650 705 66 1039 63 201 35 291 35 201 35 76350 74641
100 626.50 626.50 626.50 §00.51 63904 20135 201.35 20135 747.13 T15.77
125 626.50 626.50 626.50 669.61 52042 201 35 291.35 201 35 675.15 67748
150 626.50 626.50 62650 65020 38381 201 35 291 35 201 35 G661 88 669 35
200 626.50 626.50 626.50 62775 88.21 201 .35 201 35 201 35 42240 64203
w0 626.50 626.50 626.50 626.50 0.00 20135 201 .35 20135 201.35 0.00

002 25 311.55 311.55 311.55 1037.12 1353.16 246 18 24618 24618 76524 1085 86
30 311.55 311.55 311.55 867.22 226.82 24618 246.18 24618 648.36 480.63
15 311.55 311.55 311.55 769.35 778.29 24618 246.18 24418 610.51 410.72
100 311.55 311.55 311.55 718 31 74740 24618 24618 24618 62090 421 87
125 311.55 311.55 311.55 457.14 704.03 244618 246.18 24418 623.02 411.89
150 311.55 311.55 311.55 620 84 674 40 246 18 24618 24618 61711 411.28
200 311.55 311.55 311.55 50272 64014 24618 246.18 24618 603.28 409 69
0 311.55 311.55 311.55 311.55 0.00 24618 246.18 24418 246.18 0.00

0.05 25 31364 31364 31564 701.05 811.40 23396 23394 632.90 616.30 664 36
50 31364 31364 31564 G06.45 489.06 23396 23394 632.90 522.23 35145
75 31364 31364 31364 561 98 443 64 23396 23394 63200 507.71 266 34
100 31364 31364 31564 53847 420.57 23396 23395 632.00 502.97 244 67
125 31364 31364 313 64 52098 407 98 23396 23394 63290 508 53 236 30
150 31364 31364 31564 40073 39130 23396 23394 632.90 509.06 22257
200 31364 31364 313 64 47107 366.21 23396 23394 63200 51215 219.27
o 31364 31364 31364 31364 0.00 68290 68290 63200 468290 p.oo

0.1¢ 25 106.90 31057 31057 60641 61422 21830 218 30 50542 551.65 511.19
50 31057 31057 31057 541.64 371.09 40872 40872 83553 73236 284 45
75 31057 31057 31057 502 82 31864 40872 40872 88553 72697 245133
100 31057 31057 31057 40041 30250 40872 408.72 88553 71574 119.90
125 31057 31057 31057 48126 206 64 46673 408 72 88553 714 40 212.07
150 31057 31057 31057 45582 18031 43474 408.72 83553 722.00 204.55
200 31057 31057 31057 43041 267.74 43474 40872 83553 717.39 201.57
w0 31057 31057 31057 310.57 0.00 838553 88553 83553 885.53 0.00

0.20 25 36084 39504 888.80 §30.02 48062 20354 547.22 54722 549042 179.03
50 360 84 39596 888 80 820724 397.70 31195 547122 547122 57649 157 04
T8 36084 39504 888.80 798.18 315.23 54722 547.22 547.22 585.26 141385
100 360 84 388 80 888 20 80672 27245 54722 547122 547122 50545 138 40
125 36034 888.80 885.20 808.32 23270 54722 547.22 54722 506.94 134.07
150 36084 288.80 888.80 §12.30 21095 54722 547.22 54722 50009 132.05
200 360 84 388 80 888 80 52070 184 32 54722 547122 547122 607 83 14112
w0 388 80 288 80 888 20 588 80 0.00 54722 54712 547122 54712 000
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Table 3 — The distibution of ARLyp for improved np-chart with one C-F correction term for different values of n, m, and po

when a=0.005.
n 50 100
Lower Quartiles Lower Cuartiles

Fa m Coo O as MAERL; AARL, SDAERL, o Coas MARL, AARIL, SDAERL,

0.01 25 7237 7237 62650 556 .44 31308 5447 291 .35 201 35 484 16 571.23
50 7237 626.50 626.50 541.86 387.18 201 35 291.35 201 35 362.04 36731
75 7237 626.50 62650 533.18 207 39 201 35 291 35 201 35 32518 25120
100 7237 626.50 626.50 563.99 175.31 20135 201.35 20135 30331 161.74
125 626.50 626.50 626.50 574 .08 162.19 201 35 291.35 201 35 105.08 100.03
150 626.50 626.50 62650 50192 134 05 201 35 291 35 201 35 20218 61461
200 626.50 626.50 626.50 50012 12009 201 .35 201 35 201 35 20254 4470
w0 626.50 626.50 626.50 626.50 0.00 20135 201 .35 20135 201.35 0.00

002 25 5631 311.55 311.55 420 64 543 06 64 58 24618 24618 37182 454 93
30 311.55 311.55 311.55 36988 338037 24618 246.18 24618 303.64 24526
15 311.55 311.55 311.55 326.01 220.72 24618 246.18 24418 276.87 179.36
100 311.55 311.55 311.55 314 94 11563 24618 24618 24618 168 94 148 45
125 311.55 311.55 311.55 313.93 104.77 244618 246.18 24418 257.02 100.20
150 311.55 311.55 311.55 31216 64 74 246 18 24618 24618 25180 7917
200 311.55 311.55 311.55 311.60 37.90 24618 246.18 24618 24077 59.20
0 311.55 311.55 311.55 311.55 0.00 24618 24618 24618 246.18 p.oo

0.05 25 84.84 84.84 31564 351.01 378.38 87.17 23394 23396 20004 28346
50 84 84 31364 31564 208.17 201.34 87.17 23394 23396 266.72 176.89
75 84 84 31364 31364 20215 13675 87.17 23394 23394 150.29 129 86
100 84 84 31364 31564 20201 101.55 23396 23395 23396 241386 102.95
125 31364 31364 313 64 20171 76.50 23396 23394 23396 237 68 84 84
150 31364 31364 31564 20777 64.26 23396 23394 23396 237.50 74.16
200 31364 31364 31364 30378 4009 23396 23394 23394 23476 5162
o 313.64 31364 315364 313.64 0.00 23396 23395 23396 23394 0.00

0.1¢ 25 106.90 106.90 31057 30376 276.74 20398 20398 434 74 30702 20510
50 106.90 31057 31057 266.87 160.12 20398 205.98 43474 414 31 137.14
75 106.90 31057 31057 26210 171 80 20398 363.31 434 74 408 58 162 38
100 106.90 31057 31057 264.23 104.02 20398 43474 43474 407.80 141.06
125 31057 31057 31057 2168 49 0022 20398 434 74 434 74 410.09 119 54
150 31057 31057 31057 272.69 83.73 203.98 43474 43474 40097 110.58
200 31057 31057 31057 278.93 74.60 20398 43474 43474 410.10 00.95
w0 31057 31057 31057 31057 0.00 434 74 434 74 434 74 434 74 p.oo

0.20 25 154.96 360.84 36934 375.28 157.88 157.82 25093 25747 1D1.85 03,30
50 15496 360 84 369 24 386.50 143 65 25093 25093 257 47 306.89 8573
T8 36084 36084 369234 30403 13542 25093 25093 25093 J11.78 g84.10
100 360 84 360 84 369 34 30726 12711 25093 25093 25093 314 .67 82.52
125 36034 36084 369 234 30537 120.63 25093 25093 25093 316.51 8198
150 36084 360.84 36934 306.62 116.34 25093 25093 25093 316.29 8144
200 360 84 360 84 369 24 300 81 0008 25093 25093 25093 314 36 8019
s} 36084 36084 369234 36934 0.00 25093 25093 25093 250.93 0.00

1 3th International Conference of Industrial Engineering®**Mazandaran University of Science and Technology®*Mizhan
International Hotel, 22nd and 23rd February 2017

[, SID.if


http://www.sid.ir

® The effect of #: for the above mentioned example, we
have SDARIL=179.03 while for n=50 this wvalue
increases to 489 62, That is, for larger sample sizes,
the desired ARLp can be obtaned with smaller
standard dewiation and, thus, with more precision.

¢ The effect of a: the results are remarkable for

a=0.005. In fact, the desired AELy 15 guaranteed with
probability 75% for m=50 and larger However, 1n
order to reach desired ARLy with probability 90%, at
least m=125 samples are required. INevertheless, there
are some exceptions where m=25 samples are enough
to have Pr{ARLy=2000=75% and m=350 samples are
enough to have Pr{ARLy>200)=20%.
As indicated, there are cases where no practical amount of
Phase I datasets can guarantee the desired ARLg wnth
probability 90% andfer even wnth probability 73%.
Therefore, the control limits should be adjusted For this
reason, similar study was performed for the chart with
bootstrap adjusted lumits by considennng B=5300. The
gathered results in Tables 4 and 5, respectively for
a=0.0027 and a=0.005, indicate that the values of desired
ARLy are satisfied with probability 90% using the bootstrap
adjusted limits, while poor in-control performance are
observed for unadjusted limits.

Moreover, incensement in distributional wvalues are
significant. For example, when pg=0.2, »=100, m=200 and
a=0.0027, we obtain Jpe=986.32 with bootstrap adjusted
limits. Whereas the result with unadjusted limits 15 374.22.
The comparison of ARLy distnbutions for the improved
np-chart using one C-F correction term with adjusted and
unadjusted limits is 1llustrated in Figure 1 for this case.

5000
4500
4000
3500
2000
2500
2000
1500

1000 g
=]

a

Figure 1 — The box-plot of the distnbution for in-control
AERL with and without limits adjustment for m=200, n=100,
pe=0.2, and a=0.0027. The reference line 1s at ARLg of 370

Such results indicate that the bootstrap adjusted limits have
better in-control performance On the other hand, if the
amount of Phase I datasets 15 not available for the np-charts

without adjustment, then the control limits should be
adjusted. Otherwise, with less chance we expect to have
goodin-control performance.

Accordingly, once using such limits by practitioners 1s of
primary concern, as when the parameter 15 unknown and/or
practical amount of Phase I datasets is unavalable, 1t is
desirable to estimate the thresholds so that they have a
standard guide to achieve the guaranteed performance with
probability 90%. The recommended upper and lower
thresholds for various values of parameters are shown in
Table 6.

Conclusion

In this study, the in-control performance of the improved
np-charts using Cornish-Fisher ezpansions and with
esttmated process parameters are appraised using some
measures. Moreover, the bootstrap-based methodology is
applied to adjust the control limits for reducing the effect of
sampling variability on the ARL; performance and
achieving or even exceeding the desired performance value
with a specified probability.
This methodology can be extended to other type of control
charts Particularly for the C-F corrected p-chart, Joekesa
and Barbosa [19] suggested a rule for selecting the suitable
chart as follows:

1. when np(l-p)=5 without correction

2 when np(lp) 20 25 one term of correction

3. when np(l-p) 20.08 two terms of correction
In this paper, the least value of np(1-p) was 0.495 and thus
the mp-chart with one C-F correction term studied For the
time being, we are performing a comprehensive study by
constdering all above mentioned conditions.
With fast and inexpensive computing developments, the
bootstrap has turned into be an attractive technique.
MNevertheless, its estimates are subject to bootstrap
(statistical) error and a simulation (Monte Carlo) error. The
first one, depends on the number of source data and its
accuracy, cannot be eliminated using Bootstrap. The second
one, due to inadequate randomness, can be reduced by
increasing B. Therefore, 1t was proposed 1n [12] to run the
algorithm for a specified number of times, for example
1000 times, to get the results. In practice, the value of B is
left to the expertmenter to choose IMote that the problem of
selecting the best Bootstrap sample size 15 also a potential
topic which was beyond the scope of this paper (refer to
[20] for more information).
The design of control charts from statistical andfor
economic aspects have been considered in the literature.
For example, a multi-objective economic-statistical design
(MOESD) of the improved mp-chart using Cornish-Fisher
expansions was presented and optimized in [17]. As another
future research, such economic-statistical designs can be
considered for Bootstrap adjusted limits as well.
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Table 4 - The distnbution of ARLg for improved np-chart with one C-F correction term and bootstrap adjusted limits for
different values of n, m, and po when a=0.0027.

n 50 100
Lower Quartiles Lower Cuartiles
Fa m Coo O as MAERL; AARL, SDAERL, o Coas MARL, AARIL, SDAERL,
0.01 25 626.50 636392 686392 278526 85884681 187079 187079 1406793 151169 3173779
50 626.50 6363.02 686302 7805.65 13800.08 187079 1870749 187079 534794 7348.27
75 626.50 626.50 6863092 5422 84 4302 08 187079 137079 187079 3043 17 401056
100 626.50 626.50 686392 4546.10 301443 1870790 187079 187079 219216 2105.01
125 626.50 626.50 686302 426791 3074.01 187070 187079 187079 192637 127022
150 626.50 626.50 62650 370903 311831 187079 137079 187079 1858 38 811.24
200 626.50 626.50 626.50 1864 40 200207 1870.79 187079 1870.79 170071 327 .46
w0 626.50 626.50 626.50 626.50 0.00 20135 201 .35 20135 201.35 0.00
002 25 2091.10 2091.10 a091.10 144713 36464 69 1073.03 107303 5281.61 101878 2597470
30 2091.10 2001.10 2091.10 401381 6184.14 1073.03 1073.03 1073.03 3470.62 3806.59
15 2091.10 2091.10 2091.10 283082 3362.07 1073.03 1073.03 1073.03 135140 2073.60
100 2091.10 2091.10 2091.10 135928 192543 1073.03 1073.03 1073.03 173475 1544 34
125 2091.10 2091.10 2091.10 207524 1123.47 1073.03 1073.03 1073.03 1457 84 1230.19
150 2091.10 2091.10 a091.10 2001 24 54247 1073.03 107303 1073.03 1247 04 856 16
200 2091.10 2001.10 2091.10 108255 42504 1073.03 1073.03 1073.03 1107.18 427 26
0 311.55 311.55 311.55 311.55 0.00 24618 24618 24618 246.18 p.oo
0.05 25 1322.78 1322.78 6306.63 841075 17144.00 63290 2158.55 2158.55 6876.05 10312.10
50 1322.78 132278 132278 315027 3540.35 632.90 682.90 2158.55 144082 2211.98
75 132278 132278 132278 2112796 1387.77 68290 68290 21158.55 1736.23 1197 64
100 1322.78 1322.78 132278 1618.20 1261.82 63290 682.90 632.00 1426.01 836.32
125 132278 132278 132278 1409 60 818.30 68290 68290 63290 1217 33 71685
150 1322.78 1322.78 132278 131851 555.88 63290 682.90 632.90 109326 663.20
200 132278 132278 132278 125835 20117 63290 68290 63200 ap3 55 521800
o 313.64 31364 315364 313.64 0.00 638290 682.90 632.90 682.90 0.00
0.1¢ 25 00540 00540 3507.29 6479 33 14611 40 123828 2054 39 710643 7374 86 5853.00
50 00540 00540 00540 246427 237004 1198.85 2054 30 1054 30 301844 252930
75 00540 00540 095 40 1699 36 123573 1198 85 1108 85 21054 30 180620 1579 85
100 00540 00540 00540 1355.52 01078 1198.85 11D08.85 2054 30 2460.90 1161.82
125 00540 00540 095 40 118234 71417 1198 85 1198 85 2054 30 2206 .42 047 a7
150 00540 00540 09540 1052.82 481.71 1198.85 1108 85 1198 85 1031.54 304 14
200 00540 00540 00540 a79.19 267.98 1198.85 1108.85 1198 85 1740.22 810462
w0 31057 31057 31057 31057 0.00 88553 88553 88553 88553 p.oo
0.20 25 208564  2085.64 8587.62 763977 6350 81 132352 2415.16 3488.32 4108.21 2513.86
50 1056.20 2085 64 1085 64 3808.13 245375 1272722 1631.12 241516 2411.90 0e3 77
T8 1056.29 1948.02 2085 64 2733.66 1276.00 1277.22 123322 1631.12 184218 60573
100 1056.29 1056.29 2085 64 232347 00094 122723 123722 1631.12 1567 30 457 95
125 1056.29 1056.29 1048.02 210772 853.90 08632 129723 1227.22 140247 35782
150 1056.29 1056.29 104802 1878.55 797.21 08632 086.32 1227.22 129317 31888
200 1056.29 1056.20 1056.29 156833 640 44 08632 08632 03632 1151.39 278 56
s} 288.80 888.80 888.80 §88.20 0.00 54722 547.22 54722 547.12 0.00
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Table 5 — The distribution of AR Ly for improved np-chart with one C-F correction term and bootstrap adjusted limits for
different values of n, m, and po when a=0.005.

n 50 100
Lower Quartiles Lower Cuartiles
Fa m Coo O as MAERL; AARL, SDAERL, o Coas MARL, AARIL, SDAERL,
0.01 25 626.50 626.50 686392 §10008 2702523 201 35 137079 187079 4665 57 055214
50 626.50 626.50 626.50 3001.25 317583 201 35 1870749 187079 1839.05 2141.72
75 626.50 626.50 62650 195712 2556 06 201 35 291 35 187079 137870 03344
100 626.50 626.50 626.50 1217.58 132747 20135 201.35 187079 1210.90 779.05
125 626.50 626.50 626.50 040.64 1364.79 201 35 291.35 201 35 104095 788.73
150 626.50 626.50 62650 750 98 00273 201 35 291 35 201 35 a01 64 760 14
200 626.50 626.50 626.50 64272 317.67 201 35 201 35 201 35 700.11 601 32
w0 626.50 626.50 62650 62650 0.00 201 35 201 .35 201 35 201135 p.oo
002 25 311.55 2001.10 a091.10 4885 64 10199 43 246 18 1073.03 1073.03 335338 5636.30
30 311.55 311.55 2091.10 1836.56 1926.45 24618 1073.03 1073.03 1360 48 1360.27
15 311.55 311.55 2091.10 1431.37 1057.68 24618 1073.03 1073.03 967 81 663.72
100 311.55 311.55 2091.10 123087 38037 24618 24618 1073.03 8564 87 43377
125 311.55 311.55 311.55 1042.23 87552 244618 246.18 1073.03 780.00 418 81
150 311.55 311.55 311.55 87104 32629 246 18 24618 1073.03 73016 41093
200 311.55 311.55 311.55 G41.34 691.93 24618 246.18 24618 619.42 411.51
0 311.55 311.55 311.55 311.55 0.00 24618 246.18 24418 246.18 0.00
0.05 25 31364 1322.78 132278 286203 4400 44 63290 682.90 2158.55 183723 7447 .30
50 31364 31364 132278 1266.27 1174.93 23396 682.90 632.90 1030.90 24103
75 31364 31364 132278 937.23 56941 23396 68290 63200 747 67 480 93
100 31364 31364 31564 803.14 516.21 23396 682.90 632.00 G31.66 32583
125 31364 31364 313 64 406 82 48001 23396 23394 63290 57840 23276
150 31364 31364 31564 606.09 457.86 23396 23394 632.90 54393 218.24
200 31364 31364 313 64 47005 374 43 23396 23394 63200 408 30 22090
o 31364 31364 31364 31364 0.00 23396 23394 23394 13396 p.oo
0.1¢ 25 31057 00540 005 40 283695 7717.00 119885 1198 85 2767 59 1812 .45 2373.21
50 31057 31057 00540 1024.10 1127.13 40872 1108.85 1198 85 143005 690.07
75 31057 31057 095 40 769 34 463 68 40872 88553 1198 85 1075 65 373.00
100 31057 31057 00540 456.94 351.99 40872 88553 88553 921.74 19122
125 31057 31057 31057 567.39 33174 40872 88553 88553 84103 247 96
150 31057 31057 31057 522.06 316.60 43474 408.72 83553 77495 231 42
200 31057 31057 31057 419.10 15027 43474 43474 83553 71174 216.65
w0 31057 31057 31057 310.57 0.00 43474 43474 43474 43474 0.00
0.20 25 1056.29 1056.29 2085 64 154064 1302.41 637.30 1227.22 1631.12 1691.28 34006
50 388 80 388 80 1056.29 140792 63572 614 10 §30 20 03632 1057 60 378 41
T8 288.80 888.80 888.80 1137.15 485.07 54722 547.22 02632 §50.04 263.02
100 388 80 388 80 888 20 962 59 358.07 54722 547122 62503 76782 216 69
125 39596 888.80 885.20 888.28 134 64 54722 547.22 628.03 608.29 198.77
150 36084 288.80 888.80 853.17 23357 54722 547.22 54722 641.32 169.53
200 360 84 388 80 888 80 51384 19009 41566 547122 547122 567 67 112.67
w0 369 84 369 84 369 24 369 84 0.00 25093 25093 25093 25093 000
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Table 6 — The bootstrap adjusted lumits for the improved np-charts with one C-F correction term to guarantee

Pr(ARL>B)=90%.

B 200 3704
n 50 100 50 100 50 100
Fy, m LCL; UCL, LCL, UCL, LCL; UCL, LCL, UCL,
0.01 25 0.00 4.14 0.00 5.56 0.00 4.56 0.00 4.07
50 0.00 301 0.00 5.28 0.00 431 0.00 5.76
75 0.00 3.80 0.00 5.14 0.00 4.18 0.00 5.50
100 0.00 372 0.00 5.05 0.00 4.00 0.00 5.50
125 0.00 3.67 0.00 4.09 0.00 4.04 0.00 543
150 0.00 3.63 0.00 4.05 0.00 4.00 0.00 5.38
200 0.00 358 0.00 4.89 0.00 304 0.00 5.31
o 0.00 3.23 0.00 4.48 0.00 3.56 0.00 487
0.02 25 0.00 5.52 0.00 7.80 0.00 5.08 0.00 8.38
50 0.00 5.22 0.00 7.44 0.00 5.60 0.00 7.09
75 0.00 5.08 0.00 1.27 0.00 5.53 0.00 7.82
100 0.00 5.01 0.00 7.17 0.00 545 0.00 7.71
125 0.00 4.05 0.00 7.10 0.00 5.38 0.00 7.63
150 0.00 4.00 0.00 7.08 0.00 533 0.00 7.58
200 0.00 4.85 0.00 §.08 0.00 3.27 0.00 7.50
o] 0.00 4.45 0.00 6.51 0.00 4.83 0.00 6.07
0.05 25 0.00 8.61 0.00 13.12 0.00 g.31 0.00 13.87
50 0.00 8.25 0.00 12.65 0.00 2.82 0.00 13.36
75 0.00 8.00 0.00 12.43 0.00 8.65 0.00 13.14
100 0.00 7.00 0.00 12.30 0.00 2.54 0.00 1299
125 0.00 7.02 0.00 1221 0.00 246 0.00 12.88
150 0.00 1.87 0.00 12.15 0.00 2.40 0.00 12.83
200 0.00 7.80 0.00 12.06 0.00 8.32 0.00 12.72
o] 0.00 i i 0.00 1146 0.00 7.80 0.00 12.07
010 25 0.00 12.75 1.41 21.35 0.00 13.48 1.04 22.25
50 0.00 12.31 1.87 2078 0.00 12.53 1.42 21.63
TS5 0.00 12.12 1.97 2052 0.00 12738 1.54 21.35
100 0.00 12.00 .04 20.36 0.00 12.65 1.62 21.18
125 0.00 11.91 2.00 20.27 0.00 12.57 1.6a 21.07
150 0.00 11.86 212 20.18 0.00 12.49 1.70 20.99
200 0.00 11.77 213 20.08 0.00 12.40 1.74 20.36
o 0.00 11.22 250 19.34 0.00 11.30 .07 20.07
020 25 1.87 2038 7.97 34.25 1.35 21.16 7.27 35.34
50 211 19.00 g.32 33.61 1.67 20.65 7.68 34.62
75 222 19.67 8.57 33.31 178 2040 7.87 34.28
100 110 19.54 g.a0 33.14 185 20.25 8.00 34.00
125 133 19.44 8.77 33.01 1.90 20.16 8.08 33.96
150 237 19.37 8.33 32.02 1.93 20.07 8.15 33.38
200 142 19.27 8.01 32.79 1.98 1098 8.23 3372
oo 275 18.63 0.46 31.92 1.31 1020 2.80 32.80
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