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On the continuous wave packet frames
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Abstract

Consider the wave packet group Go = H =g (K X K) where H and K are locally compact groups, K is also
abelian and ® : H — Aut(K X K) is a continuous homomorphism. In this article, we extend the notation
of Zak transform on L?(Gg) and introduce a frame condition to generate wave packet frames on Gg.
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1. Introduction

The Zak transform has been used in applications in physics and signal theory [6].
An approach to define the Zak transform on semidirect product groups of the form
G = H= K introduced in [3]. Many locally compact groups are non-abelian although
they can be cosidered as semidirect product of locally compact groups. Dual of non-
abelian locally compact groups is based on the dual group. But the dual of non abelian
locally compact groups is considerably more intricate and consists of all classes of
equivalence of its irreducible representations [2]. In this paper, by using a version of
duality for semidirect product group, we extend some classical results from abelian
case to non-abelian semidirect product groups which are compatible and useful in
application. Throughout this article, we assume G, = H». K is the semi-direct product
group of locally compact group H and locally compact abelian group K. The mapping
h — 15 is a homomorphism of H into the group of automorphisms of K such that the
mapping (h, k) — 7,(k) from H X K onto K is continuous. The group law is given by

(h,k).(W' k") = (Wl ktp(K')), (b, k) € Go).

Then G- is a (not necessarily abelian) locally compact group. Moreover, the left Haar
measure of G, is dmg_(h, k) = 6(h)dmp(h)dmg(k), where my and my are the left Haar
measures of H and K, respectively and the positive continuous homomorphism ¢ on
H is given by (15.29 of [5])

dmg (k) = 6(h)dm (Tj(k)). e))
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It is worthwhile to mention that the above 7-dual action on K 1nduces such 7-dual on
K. More precisely, we can define homomorphism 7 : H — Aut(K ) via h > T, given
by

Th(w) := wp, = wo Ty 2

for all w € j('\, where wp(k) = w(t,-1(k)) for all k € K. Also, the continuity of the
homomorphism 7 : H — Aut(E) given in (2) guaranteed by Theorem 26.9 of [5].
Hence, the semi-direct product Gz = H X7 Kisa locally compact group with the left
Haar measure

dmg.(h,w) = 6(h)~ : dmg(hydmz(w). 3)

Furthermore, the continuous action (%, k) — 7,(k) induces a mapping ® : H — (KX K )
given by h — @, where
Ok, w) = (Tp(k), wp). “4)

In [3], it is shown that @ is a well-defined homomorphism and (4, k, w) +— @h(k, w) is
continuous. Thus ® induces the semi direct product group Gg = H<g (K X K) which is
called the wave packet group. It is a locally compact group with the left Haar measure

dme(h, k, w) = dmy(h)dmg(k)dmg(w)

and the modular function
Age(h, k, w) = Ap(h),

for all (h, k, a)) € Gg, for more details see Theorem 3. 2 of [3]. For (k w) € K x Kand
feL*Kx K ) the translation operator 7 ) : : L2(K X K) — L*(K % K ) is defined by

T f(x,€) = f(xk™", E@).

Let H be a separable Hilbert space. A sequence {f;}>, € H is called a frame for H if
there are constants A, B > 0 satisfying

ANFIPS Y I PSBIFIP.
k=0
f {fi}:2, is a frame, the frame operator is defined by
StH—H, Sf=>(ff)f
k=0

The series converging unconditionally and S is a bounded, invertible, and self-adjoint
operator. This leads to the frame decomposition

F=8715F=) (A7)

i=1
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2. Main result

The Zak transform was first introduced and used in 1950 by Gelfand for a problem
in differential equations. Weil defined this transform on arbitrary locally compact
abelian group with respect to arbitrary closed subgroup. Subsequently the Zak
transform was redicovered in quantum mechanic by Zak. Finally the continuous Zak
transform for locally compact groups is established in [1].

Definition 2.1. The Zak transform of f € C.(Gy) is defined on K X K by
Z.f(h,w,x) = f Sf(h, y, Y)w)y(x)dm(y)dmg(y).

It is shown that Z, : C.(Gg) — CC(Z?;) is an isometry in L*-norms and so that it can
be uniquely extended into the Zak transform Z. : L*(Ge) — L*(Gg).

If f = f; ® g that f; € L*(H) and g, € L*(K x K) then
fi®wg € X(H)® LXK x K) = LX(HX K X K).
Also

I1Z.f115

S| [ Hg10. @Oy COdmi () dmig(y)Pdmpg (hydm(w)dmy (x)

L VA Rdmh) [, 21 . 810 YOO )z ()P (2)
TN

Therefore Z.f = f; ® g1 and

WZflla = lfillllgill2
= lfill2 llg1ll;
= lfiegl,
= |Iflz.

Let H be a locally compact group and K an locally compact abelian group with the
dual group K . For h € H and f € L*(K x K) define the dilation of f by h via

Dy fk, w) = f(T-1(k), Tp-1 (W)

Theorem 2.2. Let G = H =g (K x K) and ¢ € L*(K x K). Then F() =
{TwwDny; (hk,w) € Gy} is a continuous frame with bounds A, B if and only if
A<y, <Bae whereyy = [, (ZDyh)(&, y)dmy(h).
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