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Solving the wave equation with shearlet frames

M. AmiN kHAH", A. Askart HEMMat and R. Raist Toust

Abstract

In this paper, we apply parseval shearlet frames to solve the wave equation. To this end, using the
Plancherel’s theorem, we calculate the shearlet coefficients.
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1. Introduction

In the context of seismic oil and gas exploration, the wave equation is the important
factor to establish the link between the earth properties and the observed data at the
surface. In the past, several traditional methods are proposed for solving the wave
equation, including the finite difference method [1], the pseudospectral method [2], the
finite element method. In recent years, wavelets are used to solve the wave equation.
Compared with wavelets, it seams that shearlets are more efficient for solving the wave
equation [5].
A discrete shearlet system associated with ¢ € L>(R?) is defined by

Wik = ag W(SkA - =m) ¢ j.k € Zom € Z%), ag > 0, (1)

where the parabolic scaling matrices A,, and the shearing matrix S are given by

ap 0 1 %
Ay = i, Sk = . 2
[0 ag] ’ [0 1] @

The discrete shearlet transform of f € L*(R?) is the mapping defined by
[ SHyfGokom) = (folm)s  (ikom) € ZXZX 22,
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2. Main result

We start with the construction of a tight frame of shearlets for L>(R?). Let ¢ be the
scaling function of a Meyer wavelet. For & = (£1,&,) € R?, let D(¢) = (&), &) =

P(ENP(&2) and

Wi©) = Wi, &) = 222,22 - 0261, 6).
It follows that

D(),6) - Y WHE,278) = 1, for (61,6) € 2.

720
Notice that W12, = W}(27%.). In particular, the functions sz_, j = 0, produce a smooth
tiling of the frequency plane into Cartesian coronae: Y, ;50 Wi(27%¢) = 1, for & €
R?\[—5. §]* € R%. Next, let W, € C*(R) be chosen so that suppW, C [1,1] and
IWa(¢ = DP + IWa(OF + W2 + DI =1, forld] < 1.

In addition, we will assume that W»(0) = 1 and that Wé")(O) = Oforalln > 1. Using
this notation we state the following definition [3, 4].

Definition 2.1. For & = (&), &) € R?, the shearlet system for L>(R?) is defined as the
countable collection of functions

Wik:720, -2/ <1<2 keZ?, )

where ; ' ‘ e
Uj1(&) = |detAs T W1 (27 E)Wa (€A, S THeP™ A S TH,

and Ay, S 1 are given by (2).

Using the above observation it can be shown that the shearlet system (3) is a tight
frame [3].

Theorem 2.2. The shearlet system (3) is a tight frame for L*(R?).

Because of the shearlet system (3) forms a tight frame, we can expand a function
f € L*(R?) as a series of shearlet

f= Z(f RUSIIINS “4)

Jilk

We denote the shearlet coeflicients (f, ;) by C;;x. According to the Plancherel’s
theorem, we have

Ciuge = (fotbjux) = Foljun)

1 A=
- fR NGING 5)

1 A 3. - — —_
= —(271,)2 f]R; f(f)z_ilwl(2—2]§)W2(§A4JSl—l)ean§A4 s, kdf
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Now with the aid of shearlet coefficients we solve the wave equation. We consider the
wave equation as follows

Fu(x,n)
T =cC AM(X, l),
ou(x,t
u(x, Hli=o = u1(x), E)t )|z:0 = us(x),

where x = (x1, x2) € R? and Au(x, 1) = % + %. The shearlet coefficients (5) for
1 2
u are defined by

| P —
Ciik = n2 fR i WEW j1x()dE,

1 — =
o8 - L fR BT

k= (27)2
By the properties of Fourier transform for derivative, we have
Aué1,£) = (&) + (£))E) = —EPa@). (6)

Finally, setting (6) in (5) and applying a change of variables, we obtain the coefficient
shearlet associated to u. substituting the coefficient shearlet in (4), we obtain the
desirable result.
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