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Duals of K-fusion frames
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Abstract

In this paper, we consider the notion of K-fusion frames in Hilbert spaces, which is a new generalization
of fusion frames. Our main purpose is to reconstruct the elements from the range of the bounded operator
K on a Hilbert space H by using a family of closed subspaces in 9. For this end, we introduce the
notion of duality for K-fusion frames and characterize duals of some K-fusion frames. Also, we survey
the robustness of K-fusion frames under some perturbations.
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1. Introduction

Let H be a separable Hilbert space and I be a countable index set, a sequence
F := {fi}ier € H is called a K-frame for H, if there exist constants A, B > 0 such
that

AIKAIP < UK PP < BIFIP,  (f € HD). (1)

iel

K-frames [5] were introduced to reconstruct elements from the range of a bounded
linear operator K € B(H). Clearly, if K = Iy, then F is an ordinary frame and so
K-frames arise as a generalization of the ordinary frames. Authors in [1] introduced
the notion of duality for K-frames and presented some approaches for construction and
characterization of K-duals.

Fusion frame theory is a natural generalization of frame theory in separable Hilbert
spaces, which is introduced by P. Casazza and G. Kutyniok in [2]. Fusion frames are
applied in signal and image processing, sampling theory, filter banks and a variety of
applications that cannot be modeled by discrete frames. In the following, we review
basic definitions and results of fusion frames.

Let {W;};c; be a family of closed subspaces of H and {w;}ic; a family of weights,
ie. w; > 0,i € I. Then {(W;, w;)}ics is called a fusion frame for H if there exist the
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constants 0 < A < B < co such that

AP <" wflimw fIZ < BIFIZ,  (f € H), @)
iel
where 7y, denotes the orthogonal projection from Hilbert space H onto a closed
subspace W;.
The constants A and B are called the fusion frame bounds. 1f we only have the
upper bound in (2) we call {(W;, w;)}ic; a Bessel fusion sequence. For each sequence
{W;}ies of closed subspaces in H, the space

D oW = {{f,-},»el L fre Wi ) IAIP < oo},
icl icl
with the inner product ({ f;}ies, {gi}icr) = Dici{fi» i) 1s a Hilbert space. For every Bessel
fusion sequence W := {(W;, w;)}ic; of H, the synthesis operator Ty : Y jc; ®W; — H is
defined by Ty ({fi}icr) = Dies wifi» for each {fi}ic; € D ic; ®W;. The analysis operator,
is given by T},(f) = {winw,(f)},;» f € H and the fusion frame operator Sy : H — H
isdefined by Swf = Yies a)iznwt. /> which is a bounded, invertible and positive operator
on H [2].

Throughout this paper, we suppose [ is a countable index set and I is the identity
operator on H. For two Hilbert spaces H; and H, we denote by B(H;, H,) the
collection of all bounded linear operators between H; and H,, and we abbreviate
B(H,H) by B(H). Also we denote the range of K € B(H) by R(K), and the
orthogonal projection of H onto a closed subspace V C H is denoted by 7y .

2. Main results

In this section, we introduce the notion of dual for K-fusion frames in Hilbert
spaces. Then we, try to identify and characterize duals of some K-fusion frames.

Definition 2.1. Let {W;};c; be a family of closed subspaces of H and {w;}ic; be a family
of weights, i.e. w; >0, i € 1. We call W = {(W;, w;)}ic; a K-fusion frame for H, if there
exist positive constants 0 < A, B < oo such that

AIK*FIP < 3" limw fIP < BIFIE,  (f € H). 3)
iel
The constants A and B in (3) are called lower and upper bounds of W, respectively.
We call W a minimal K-fusion frame, whenever W;Nspan . ;.;W; = {0}. Obviously, a
K-fusion frame is a Bessel fusion sequence and so the synthesis operator, the analysis
operator and the frame operator of W are defined similar to fusion frames, however
for a K-fusion frame, the synthesis operator is not onto and the frame operator is not
invertible, in general.
Now, for a K-fusion frame W = {(W;, w;)},c; and a Bessel sequence V = {(V;, v))}ies»
we define @y, Dies Vi = Xies ®W; by

Gl filier = tmw,(S 3 K fidier-
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Clearly ¢,,, is a bounded linear operator, and we will have the following definition,
where is a generalization of duality introduced by Géavruta in [4].

Definition 2.2. Let W = {(W;,w)}ic; be a K-fusion frame. A Bessel sequence
{(Vi, ui)}ier is called a K-dual of W if
Kf = TwowTyf = ) wwmw Sy Knvf,  (f € H). @)
i€l
It W := {(K*S ;[}ﬂSW(R(K))I/V,»,wi)},-E] is a Bessel sequence, then we can easily see
that W is a K-dual for W it is called the canonical K-dual of W. However, in the next

example we construct a K-fusion frame for which not only W is not a Bessel fusion
sequence, but also it has no K-dual.

Example 2.3. Let H = I? with the standard orthonormal basis {en})”,. Define

w |l .
Dimel L Cm-1 i=1,
Kei = 0 i=2,
esm i=m+2, (meN)

Then K € B(H), and if we consider the subspaces W, = span{e, + es}, Wy =
spanfe; + e4}, and W, = span{e,}, for all n # 2,4. Then {(W,, 1)} is a K-fusion
frame. Moreover, a direct calculation shows that every sequence V = {(Vi,v))}2,
satisfies (4) is not a Bessel fusion sequence, i.e., W has no K-dual.

It is worth noticing that, when {(7s &) Wi, wi)}ier is a Bessel fusion sequence,
then W is also a Bessel fusion sequence. In the next proposition we show that for
some K-fusion frames many K-duals may be exist.

Proposition 2.4. Suppose that K € B(H) is a closed range operator and W =
{(W;, w)}ier is a K-fusion frame. If W is a Bessel fusion sequence, then W has at
least a K-dual different from the canonical K-dual.

The next result characterize all K-duals of minimal K-fusion frames.

Theorem 2.5. Let W = {(W;, w;)}ic; be a minimal K-fusion frame for H and W be a
Bessel fusion sequence. Then a Bessel fusion sequence V = {(V;, w;)}ics is a K-dual of
W if and only if K*S ) ns,,wxyWi € Vi, for all i € 1.

3. Perturbation of K-fusion frames

Stability of fusion frames have been considered in [3]. In this section, we study
robustness of K-fusion frames under some perturbations.

Theorem 3.1. Let W = {(W;, w;)}ic; be a K-fusion frame for H with bounds A and
B, respectively. Also, let Z = {(Z;, 2i)}ie1 be a (1, Ap, €)-perturbation of W for some
O<A,h<lande>0,ie,

(wimw, = zimz) fll < Aillwircw, fIl + Aollzinez || + ewil K £1,


http://www.sid.ir

F. ARABYANI

forallieIand f € H. such that

(1-A)VA
KIS s )72

Then Z is a K-fusion frame for H.

Finally, in the following theorem we show that under some small perturbations,
K-duals of a K-fusion frame turn to the approximate K-dual for perturbed K-fusion
frame.

Theorem 3.2. Let W = {(W;, w;)}ics be a K-fusion frame for H with bounds A and B,
respectively. Also, let Z; C H be closed subspace of H for all i. If € > 0 such that

(i)
(ii)

(1]

(2]
(3]

(4]
(5]

I(Ty = TSI < ellK” fI.

If0<e< VA, then Z = {(Zi, wi)}ies is a K-fusion frame with bounds (VA - ¢)
and ( VB + &||K 1), respectively.

If € > 0 is sufficiently small, then every K-dual V = {(V;,v;)}ic; of W satisfies
IK = T26,.T; Il < 1.
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