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Abstract

In this paper, we study U-cross Gram matrixes, which can be produced by frames and Riesz bases,
and their properties. Then we investigate some necessary or sufficient conditions for invertibility of this
matrixes and try to reconstruct the elements of £2. It is important in application to state the inverse of
U-cross Gram matrixes as the form of U-cross Gram matrixes.
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1. Introduction

In modern’s life, many applications in industry refer to signal processing and it’s
ground is frame theory. In some areas of applications for example, sound [3] and
physics [1] there are many problems that can be stated as operator theory. We know
that an operator U can be stated by orthonormal basis {e;};c; and described by a matrix
such that all it’s entries constructed by frames and their canonical dual, see [4]. Finally
by a good extension an operator developed for Bessel sequences, frames and Riesz
basis by Balazs, [2].

Throughout this paper H denotes a separable Hilbert space and I a countable
indexing set. The identity operator on H is denoted by I4.

A Riesz basis for H is a family of the form {Ue;};c;, where {e;};c; is an orthonormal
basis for H and U : H — H is a bounded bijective operator.

A family {f;}ic; in H is a frame if there exists constants A, B > 0 such that

ANFIP < Y KE PP <BIFIP,  (feH). (1)
i€l
A and B are frame bounds. If {f;};e; satisfies in the right hand of (1), then it is called a

Bessel sequence. We say that a sequence {f;};c; in H a frame sequence if it is a frame
for span{f;},c;. For a Bessel sequence {f;};c; defines the synthesis operator

T:0° > H, ({Ci}iel - Z Cifi)-
iel
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Its adjoint operator T* : H — (2, so called analysis operator is given by

T*f = {<fv fi>}iel P (f € 7{)

For a frame {f}ic;, S : H — H, which is defined by S f = TT* f = X;c; [, f) fi» for
all f € H, is called the frame operator.
Proposition 1.1. For a sequence {f;}ic; in H, the following conditions are equivalent:

1. {fi}ics is a Riesz basis for H.
2. Afilier is complete in H and there exist constants A, B > 0 such that for every
finite scalar sequence {c;}icj, one has

A el < || e

i€l i€l

2
< ) laf @)

i€l

2. Main Results
Definition 2.1. Let ¥ = {{/;}ic; be a Bessel sequence in H; and ® = {¢;}ic; a Bessel
sequences in Hy. For U € B(H,, H,), we call Gy oy given by
(GU,CD,\P)I"]‘ = <U¢/]9 ¢l> B (l, ] € I) > (3)

U-cross Gram matrix. If Hy = Hy and U = Iy, it is called cross Gram matrix and
denote it by G . Also, if ® =¥ then this matrix is Gram matrix Gy.

Let ® = {@;}ic; and ¥ = {;};c; be two Bessel sequences in H; and H, with upper
bounds B and B, respectively. For all U € B(H;, H5>), the following assertions hold.

1.  The U-cross Gram matrix Gy defines a bounded operator from ¢2 to ¢ and
||GU,¢>,\P|| < VBB'||U||. Furthermore,

Guoy = TeUTy.

2. (GU,<D,‘P)* = GU*,‘P,(D‘

Proposition 2.2. Let ®, ¥ and Z be Bessel sequences in H. Also Uy, U, € B(H). If
W' is every dual of ¥, then

. GuovGy,wvz=G6y.ovGuyz=Guu.o=
2. GuLovGuyz =Gy syu,0z

Theorem 2.3. Let ¥ = {};c; be a Riesz bases in H and A = {6;}ic; the orthonormal
basis of {*. Then Gy. , . Gy, 5y and GS; gy are identity matrixes.

In the sequel, we find an inverse for U-cross Gram matrix under some conditions.

Theorem 2.4. If ® and ¥ be two Riesz basis and U € B(H) is an invertible operator
then U-cross Gram matrix Gy has inverse and

-1
(Guow) =Gyagg
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In the following, we state some sufficient conditions for the invertibility of a U-
cross Gram matrix.

Theorem 2.5. Let ¥ = {{;}ic; be a Bessel sequence and ® = {¢};c; a Riesz basis with
bounds A and B, respectively. Then Gyo . is invertible, if

B
Ui — ¢ill < ,
2w el<

where By is a Bessel bound of ®.

Corollary 2.6. Suppose that ® and ¥ are two Bessel sequences in H with Bessel
bounds By and By, respectively. Also, Gy is invertible.

1. IfV € B(H) such that

1
U -V| < ,
||Gl_J,I<D,‘P” VBo By

then Gy is invertible.
2. IfE ={&}ies is a Bessel sequence in H such that

1
llegr; = &ill < ,
D AW R

i€l D,

then Gy oz is invertible.
3. If©® ={0;}ics is a Bessel sequence in H such that

iel

1
llg: — 6ill < )
DN 7 KT
then Gy ey is invertible.

Theorem 2.7. Let Gy be invertible. Then ¥ and ® are Riesz sequences.
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